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Studies in Contact Potentials 

The Condensation of Potassium and Sodium 
on Tungsten 

By R. C. L. Bosworth and E. K. Ridead, P.R.S. 

{Received 18 March 1937) 

[Plate 1] 

Recent work on the adsorption of gases has emphasized both the im- 
portance and the difficulty of ensuring the cleanliness of metal surfaces. 
Methods which involve the ‘‘flashing'* of a filament of the metal thus 
present several advantages over the more usual experimental arrangements. 
With such a filament several physical methods may be employed for 
investigating the effects of adsorbed films thei‘eon, and a study of "the 
accommodation coefficient (J. K. Roberts 1935 ) has already yielded much 
new^ information. Of the three electrical methods of examination of the 
film^covered surface, the thermionicj work function, the ydiotoelectric work 
function, and the contact potential, the last is to be preferred, for many 
films are mobile even at low temperatures, thus precluding use of the 
thermionic method. In others the photoelectric threshold is so far in the 
ultra-violet as to render its measurement difficult. From the c^)ntact 
potential the dijx)le moment of the chemi-adsorbed complex may bo 
obtained. Its value and any variation with the packing density of the 
film-forrning material are required both as a basis for evaluating the true 
form of the adsorption isotherm as well as for obtaining further insight into 
the mechanism of chemical reactivity at such surfaces. 

The measurement of contact potentials by studying the infra-saturation 
currents in a thermionic tube originated in the work of Richardson and 
Robertson ( 1922 ). Oatley { 1936 ) (cf. also Monch 1928 , 1930 ) obtained values 
for the contact potential difterence of molybdenum, zinc and platinum 
against tungsten in quite satisfactory agreement with the best thermionic 
determinations of the work function; but, in general, the results obtained 
by contact-potential measurements are not always in satisfactory agree¬ 
ment with thermionic atid photoelectric measurements, particularly when 
dealing with films. Although part of the discrepancy may be due, as 
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Compton and Langmuir ( 1930 ) have jK>inted out, to the fact that in in¬ 
homogeneous surfaces the contact-potential method measures the mean 
work function of the surface, while the other two methods measure the 
minimum work function, it would be well to survey the experimental 
technique to choose a procedure which will avoid the more usual difficulties, 
Langmuir and Kingdon ( 1929 ) have laid down a set of conditions to be 
observed if reproducible results are to be obtained, but it would appear 
that still closer <lelimitation of the experimental conditions is required to 
render the method generally applicable. Let A and B be two filamenta of 
any nature whatever, A hot and B cold; if A is kept at a fixed temperature 
the current to B is det^ermined solely by the total potential difference 
between A and B. For negative (retarding) potentials the current, deter¬ 
mined largely by the distribution in velocity of the emergent electrons, 
varies exponentially with the potential. At small positive potentials this 
form of variation changes over to the two-thirds power law required for a 
space-charge limited current, and finally at higher voltages to the Schottky 
relation, the whole curve current v. potential being |)erfectly definite and 
single valued. If, now, this current-volts characteristic is obtained with A 
at a certain temperature and JB in a given state (a), and then tlie state of B 
is altered to (/?) by forming or changing a film on the surface, and the current- 
volts characteristic is remeasured, this second curve will in general exhibit 
a lateral displacement relative to the first, and this displacement will 
measure the contact potential diff’erenc^e between B in the two states {(i) 
and (a). If either or both of these states do not correspond to homogeneous 
films, the field irregularities due to the patches on B will average out at the 
surface A and the method will measure the mean contact potential of the 
inhomogeneous surface. If the film instead of being formed on B is formed 
on A, a similar but opposite displacement will be obtained, and from it the 
contact potential may be read off. If, however, the film formed on A is 
inhomogeneous the field at the surface of A —the emitting surface—will be 
irregular an<J the shape of the whole infra-saturation current-volts curve 
will be di3turbed, so that the two curves obtained will no longer be parallel 
and no reliance may be placed on the contact-potential difference by the 
method above. In the work of Nelson ( 1931 ) filament A was a tungsten 
strip partially covered with barium and B a collecting anode of a special 
form. Nel 8 on *8 current-volt characteristics with A in different states of 
activation exhibited non-parallelism, and the contact-potential differences 
could only be measured by the displacement in the points of breakdown of 
the exponential variation of current with retarding potential—-a fact first 
established by Schottky ( 1914 ). The accuracy, however, with which the 
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position of these kinks can be measured does not compare with the accuracy 
with which the displacement of two parallel curves can be measured. More 
recently, Anderson ( 1935 ) has carried out measurements forming barium 
films on the collector electrode, and his value is in much more satisfactory 
agreement with thermionic measurements than Nelson’s. 

It may therefore be stated that on© further experimental condition for 
satisfactory contact potential measiirements is that: 

( 1 ) The electron source should be an homogeneous surface and should 
remain constant during the exj)eriment 8 . 

Another similai- condition is: 

( 2 ) The (dectron source should be as nearly as possible equipotential. 

This condition, i.e. using a short portion only of the emitting filament, is 

desirable, because if the potential difference between the source and the 
collector is spatially variable the relative contributions of the different parts 
of the source will change when the potential of the collector is changed, 
and change differently according as the potential change in the collector is 
homogeneous or patchy. Furthermore, it is desirable that the current 
should vary as rapidly as possible with the voltage, and the integral of the 
current-volts curve over a finite range will always vary less rapidly than 
the current itself. 

One final condition is to be noted; it is only a modification of two of the 
conditions of Taylor and Langmuir ( 1933 )—tlioir conditions ( 2 ) and (3). In 
their work guard rings were used to eliminate end-efi’ects, and they em¬ 
phasised the care necessary to prevent photo-electrons from the metal plate 
vitiating the results. To minimize tins danger it is desirable that: 

(3) As little metal as possible should be used in tli© experimental tube, as 
every additional electrode is an additional mxxrce of both impurities and 
possible stray electrons. 

The conditions above as well as Langmuir and Kingdon’s requirements 
were all fulfilled in a recent paper by Reimann ( 1935 ), who measured the 
current-volts characteristics with the cold filament first clean and then 
covered with oxygen—no guard rings were necessary on account of the 
geometry of the arrangement, and his value of 1 *70 V for the W-WO contact 
potential can be regarded as the first really satisfactory measurement of 
this quantity and the resolution of the difficulty of the impossibly large A 
found in Kingdon’s ( 1924 ) experiments on the thermionic emission from a 
WO surface. Kingdon’s value for the Richardson A and b were 6 x 10 ^^ 
and 9*24 e-volts respectively, and as the theoretically maximum value for A 
is l 20 /> {p the roughness factor) his experiments con only be reconciled with 
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theory on the assumption that his b was falling with rising temperature, 
and Reimann was indeed successful in showing that the oxygen films were 
unstable over the temperature range used by Kingdon. 

It is interesting at this stage to note that practically all the thermionic 
measurements on the electro-positive films agree in making A much less 
than 120 ; or, on the theory of the temperature variable work function of 
Becker and Brattain ( 1934 ) and Reimann (1934 u, 6 ), in making the work 
function for these surfaces increase with increasing temi^erature, A large 
positive teTnj)erature coefficient of the work function may prove to be an 
intrinsic property of these films; it is, nevertheless, precisely the change to 
be expected if the positive films, like Kingdon’s electronegative film of 
oxygen, were migrating away or evaporating at the temperature at which 
the thermionic measurements were obtained, and we are not without 
evidence from the photoelectric side that at least some of the electropositive 
films have a work function with a negative temperature coefficient (de 
Boer and Veenemans 1935 ; Suhrmann and Theissing 1932 ). 

Another source of trouble arises since the current-volts curve of such a 
tube is strongly curved, making it a good rectifier for A,C. disturbances. 
At low voltages the curves are concave upwards, so that any A.C. will be 
rectified as a positive current, while at higher voltages the curves are 
concave downwards and A.C. is rectified as a negative current. The 
nett effect of A.C. on the cell is then to flatten out the current-volts curve 
and render the tube less sensitive to potential changes- Much of the 
trouble due to A.C. disturbances may be eliminated by the proper use of 
shielding. 

A third point which arises is in connexion with the filament temperature. 
This, of course, should be kept constant, for the infra-saturation current is 
never, as sometimes indicated, independent of the temperature, although 
the temperature has progressively less effect at lower potentials. It is 
important to use as low a potential on the tube as will give a reasonable 
current. It seemed desirable before extending the method to the adsorption 
of gases 10 examine the behaviour of potassium and sodium films, as some 
information on their properties is already available from thermionic and 
photoelectric examination. 

In a recent paper by one of us (Bosworth 19366 ), it was shown that an 
electronegative layer between a film of potassium and a tungsten substrate 
increased the electropositive nature of the surface film, and it seemed 
desirable to investigate whether this result was due to an increase in the 
|K)lari»ation of the surface atoms or in decreasing the depolarizing forces 
which have been shown to be active in concentrated films. 
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The Condensation of Potassium 

To satisfy the conditions given above the two filaments are placed at 
right angles to one another and skew so that the centres clear by a distance 
of the order of a millimetre only, and then practically the whole of the 


C 



current measured flows irom a small length of a few millimetres only at the 
uniform centre of the hot filament to the centre of the cold filament. 

Incidentally this arrangement with suitable springs holding the filaments 
taut fulfils better than Reimann’s the requirement latent in condition (6) 
of Langmuir and Kingdon—viz. that the clearance between the filamente 
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should not change when they are heated. For the source A a horizontal 
filament of tungsten wire 0*10 mm. diam. was used, and for the collector B, 
a vertical filament of tungsten ribbon 2-02 mm. wide. Pig. 1 gives a sketch 
of the arrangement. 

Filament B was held taut by a weight J and filament A by the natural 
elasticity in the leads. The external loads of A were connected by a centre 
tap resistance, the central point G provided an external point which had 
the same potential as the centre of the emitting surface, no matter what the 
heating current. 

A cylindrical bulb P, sealed on by a narrou- tube to the main bulb and 
placed in the same horizontal plane as the point of intersection of A and B, 
contained purified potassium. The vapour pressure in P could be raised to 
any desired value by means of a furnace E, and so a molecular beam of any 
desired intensity could be fired on to the centre of the strip filament. This 
beam could be cut off at will by means of a magnetically operated shutter P. 
That part of the beam which failed to deposit on the filament was trapped and 
condensed in the wide side tube O immersed in liquid air. The whole 
apparatus was shielded from electric disturbances by earthed metal screens 
and evacuated through the side tube H. 

Method of Working 

After the vessel had been evacuated, the potassium purified by multiple 
distillation and both filaments glowed out at as high a temperature as 
possible, the emission from A to P was measured over a range of potentials 
from - 2 to + 6 V, filament A being held at a fixed temjwature. Filament B 
was then reflashed and hydrogen at a pressure of 10 ~®mm. admitted to the 
vessel as soon as the flashing current was switched off. After 10-20 sec. 
the hydrogen was pumped out, and then 1 min. later A was flashed to remove 
all hydrogen from its surface and returned to the working temperature and 
the current to B measured over the same range of potentials as before. This 
process was then repeated admitting oxygen instead of hydrogen. The 
voltage displacements in the curves thus obtained gave the contact poten¬ 
tials of WH and WO surfaces against W. These two contact potentials have 
already been shown to be of the same sign and of the same order of magni¬ 
tude by J. K. Roberts ( 1935 ), and the present work in which the changes in 
these two potentials is studied as the filament is gradually cleaned by 
heating at a high temperature to remove adsorbed and occluded gas has 
shown that the WH-W potential is always about 70% of the WO-W 
potential. As the clean-up of the surface proceeded both potentials increased 
at the same rate until after the filament had been heated to over 2400° K. 
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for such a length of time that the glass walls were warmed by the radiation 
to nearly 400 ° C., so that all the potassium and other impurities in the vessel 
were distilled into the Uquid-air trap, the contact potential difference 
between the clean and the oxygenated or hydrogenated iUament became 
constant and proved to be unaffected by any further heating of A. It was 
noted also that these potential differences were independent of the tem¬ 
perature of A, Fig. 2 shows the current-volts curve for the filament in the 
three states thus obtained, the filament A being held at a temperature of 
2050° K. Curve A represents the emission with filament B bare, curve B 
with filament B covered with hydrogen, and <mrve C, B covered with oxygen. 
These curves give the following figures for the contact-potential differences:* 

W-WH -^ 1*20 V, 

W-WO --1*74V. 

These figures may not rei)re 8 ent the final values for these quantities and 
a more detailed determination is being undertaken, but they do, however, 
represent accurately the proy)ertie 8 of the actual surfaces on whicli the 
deposition of potassium has been studied. 

The method of operation consists in heating the oven around the potassium 
reservoir up to some standard temy)erature with the shutter closed, flashing 
filament B, and by means of curve A choosing some suitable |K)tential such 
that the emission is small but not too small on switching on filament A at 
2050° K. As soon as the current becomes steady it is noted and the shutter 
is opened; as the positive film builds up on B the current grows and curved 
enables the current change to be interpreted as a change in the contact 
potential. It has been found, however, experimentally advisable, as the 
film builds up, to make the external potential connexions to B progressively 
more negative and so keep the current fairly small; in this way the readings 
obtained are far less susceptible to error arising from fluctuations in the 
temperature of filament A. The reading of the contact-potential difference 
after a given exposure to the potassium beam may be confirmed by closing 
the shutter and measuring a complete current-volts characteristic. In all 
eases where this has been done the curves obtained were parallel to the 
curves shown in fig. 2 , so that one is given confidence in the readings obtained 
above by a single measurement of the current at a definite voltage. 

The whole process is then repeated with the single difference that filament 
B is exposed to hydrogen immediately after flashing, so that now the change 
in contact potential is followed as the potassium film builds up on a hydrogen 
surface, curve B (fig. 2), of course, being used to convert the current change 
♦ The surface on the left w taken as negative to that on the right. 
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into a potential change. Finally, the formation of a potassium film over a 
WO surface is studied in a similar manner. , 

It is found that in all oases as the concentration of the fihn increases the 
(iontact potential rises, at first rapidly and then more slowly, finally be¬ 
coming practically steady. This behaviour is not what one would at first 


o 
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sight expect, for the photoelectric threshold of diflFerent metals partially 
covered with potassium or other alkalis has been shown by Ives and Olpin 
(1929) to rise with increasing concentration, to teach a maximum, and then 
to fall asymptotically to a final value. But when it is recalled that, as shown 
recently (Bosworth 1936a), the surface-diffusion coefficient rises rapidly 
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with concentration so that, at a certain concentration, the potassium might 
be expected to diiFuse away from the central patch as fast as it is deposited» 
This, indeed, has proved to be the case. If, after depositing a not too con¬ 
centrated film, the shutter is closed, the contact potential remains steady, 
showing that the central patch is stable and relatively immobile; but if a 
certain concentration is exceeded, then on closing the shutter the contact 
potential falls to a final steady value a few tonths of a volt lower than the 
contact potential at the moment of shutting off the beam. As far as can be 
asiiertained by the somewhat crude method of shutting off the beam at 
different times, the concentration at which de(iay is first noticeable is much 
the same for WO, WH, or W surfaces. This observation lends support to the 
thesis advanced before by the authors—viz. that the rapid spreading 
observed in concentrated films is effected by the mutual repulsion of the 
adions. 

The existence of this mobility sets a limit to the concentration at which 
the contact potential can be measured by the present method, and although 
the surface changes have been followed at three different rates of deposition 
(three different oven temperatures), it is doubtful whether with this apparatus 
the full monolayer value was ever reached. 

Results 

Tables I-III give the contact-potential difference of the surface against 
the same surface of zero concentration of potassium as a function of the 
time of exposure to the potassium beams arising from three different oven 
temperatures, the zero of time being measured in each case from the time 
of opening the shutter, and the contact potentials of K on WH films, for 
example, being measured from the WH surface taken as zero. 

These are the final values, and exposure of the filament to the potassmni 
beam for a further 10 min. j)roduced no more change and no evidence for 


Table I—Oven Tempekatttke 21 O'’ C. 




Contiict potential 


Time (f) after 

on W 

t)n W H 

on WO 

opening shutter 

V 

V 

V 

0 

0‘00 

0-00 

000 

30 scic. 

010 

0-10 

O'lO 

1 min> 

019 

0-21 

0-20 

2 „ 

0*38 

0-38 

0*36 

3 „ 

0-50 

0-48 

0-50 

4 „ 

0*68 

0-61 

o*eo 

0 M 

0‘70 

0-78 

0-80 


0-74 

0*90 

0-90 
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Table II- 

—Oven Temperature 244° C, 

Contact potential 


Time (0 after 

on W 

on WH 

on Wd 

opening shutter 

V 

V 

V 

30 sec. 

0-29 

0-30 

0*30 

60 „ 

0-48 

0-58 

0-58 

00 

0 60 

0*78 

0*80 

2 min. 

0*72 

0*94 

1*02 

3 „ 

0*90 

1-22 

1*36 

6 „ 

M6 

1*62 

1*80 

7 .. 

1-32 

1*78 

2*12 

10 ,, 

1-50 

210 

2*54 

10 

1-80 

2*36 

2*76 

20 „ 

1*84 

2*26 

2*86 


Table III —Oven Temperature 287° C. 




Contact jiotential 


Time (t) after 

on W 

on WH 

on WO 

opening shutter 

V 

V 

V 

30 sec. 

0*82 

1*06 

1*26 

60 „ 

MO 

1*70 

2*16 

90 „ 

1*66 

2 12 

2*54 

2 min. 

1*86 

2*38 

2*74 

3 „ 

2*10 

2*86 

3*10 

5 „ 

2-46 

3*24 

3*54 

10 

2*64 

3*64 

4*04 

.18 „ 

2*84 

3*88 

4*32 

30 „ 

2*90 

4*04 

4*48 


a maximum in the contact-potential curve was obtained, because, as stated 
above, surface migration prevents a layer thicker than a certain optimum 
thickness ever being built up. It would, of course, be easy to increase the 
intensity of the beam so as to cover all the available tungsten surface; but 
this, how»verj has been found to lead to the deposition of photosensitive 
films on the glass walls and filament leads and so give rise to parasitic cur¬ 
rents. In short, no serious attempt has been made to study thick films, and 
the steady final value of the contact potential has been taken, provisionally, 
to be that due to the complete monolayer. 

These contact potential differences are 


W-WK 2-90 V, 
WH-WHK 4:04 V, 
WO-WOK 4-48 V. 
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But since for the electronegative films used 

W-WH -1-26V, 
W-WO -1-74 V, 

it follows that 

W-WHK 2-78 V, 
W-WOK 2-74 V. 


Now the contact potential Ijg between two surfaces ( 1 ) and ( 2 ) whose 
thennionic properties are expressed by the equations 

= AiT^expt-V^elkT) 

and I 2 = A^T^expt — V^elkT), 


can easily be shown to be 




_T_ 

11,600 


InAJAi, 


80 that the contact potential difference between two surfaces is equal to 
the difference in their electronicj work functions plus a small Peltier term. 

In the theory of the temperature variable work function which has been 
referred to above, Ai and are to be taken as nearly equal, and. the 
apparently large or small values found experimentally for certain surfaces 
are taken as due to a temperature variable factor in the corresponding V. 
Thus the Peltier tenns above are quite small and may be neglected. 

Figures for the thermionic properties of potassium on tungsten and 
oxygenated tungsten may be obtained from the results of Killian ( 1926 ). 
They are: 

K^forWK 1-71 V, 
i; for WOK 1‘60 V. 

And Tj, for tungsten at 300^K. on the as 8 umj>tion of an ideal value for A, 
is 4*56 V. 

Thus the contact potentials are 

W-WK 2*85 V, 

W-WOK 2-87 V, 


figures which agree satisfactorily witli the measm’ed values. 

If, however, the experimental are accepted and the Peltier terms 
allowed for, the agreement between the calculated and measui*od contact- 
pot/ential differences is not nearly so good. In the case of WHK films, the 
contact-potential method indicates a work function of 1-78 V which does 
not compare particularly well with the 1*34 V obtained photoelectrically, 
although the 1-66 V for the work function of WK compares very well with 
the photoelectric value of 1*72 (Bosworth 19366 ). 
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It will be noted that for those concentrations for which the potaissium 
film deposited is not mobile the value of 6^ the surface concentration with 
respect to potassium, should be proportional to the time of exposure to the 
beam and to the beam intensity; assuming, of course, that the condensation 
coefficient for potassium behaves in the same way as for the caesium films 
studied by Taylor and Langmuir ( 1933 ), viz. remains unity for all values 
of d. The relative intensities of the beams at the three different temperatures 
used are in the ratio of the vapour pressure of potassium at these tem¬ 
peratures, viz. 1:4-0: 18-5, so that if the times (/) from Tables I-TII be 
weighted in these ratios the three tables may be fitted into one; and from 
this a curve may be drawn showing how the contact-potential differences 
vary with 6 from small values up to the point at whicih surface mobility at 
room temperature becomes appreciable, i.e. the point at which the contact 
potential at any given 0 begins to vary with the rate of deposition—roughly 
the 0 at which for WK attains the value 1*8 V, for WHK 2-4 V and for 
WOK 2-8 V. 

Analysis of Tables I~III shows that at very low concentration the addition 
of films of potassium of equal concentration to W, WH or WO surfaces 
produces equal changes in the contact j)otential, while at higher concen¬ 
trations the addition of potassium to the surface produces an effect which 
decreases in magnitude as the electron affinity of the surface is decreased. 
The contact-potential difference produced by a film at concentration <r is 
related to the dipole moment {i of the adsorbed ions by the following 
equation: 

V12 == 2 n/i(T. 

Thus in very dilute films the dipole moment of the potassium adions is 
independent of the nature of the surface on which they are adsorbed, but, 
as the concentration increases, the dipole moment, ixnder the influence of 
the mutually depolarizing forces acting between adions on the surface, 
falls. These depolarizing forces are most pronounced and begin to exert an 
influence at lowest concentration on the surface of lowest electron affinity, 
the W surface; and are least pronounced on the surface of highest electron 
affinity, the WO surface. As a result of this the dipole moments of the 
potassium ions on the surface, at all concentrations at which the de¬ 
polarizing forces are operative, are in the order 

WOK>WHK>WK. 

In order to obtain an absolute measure of this dipole moment we require 
the absolute value of tr. 
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Practically every potassium atom (ionizing potential 4-32 V) striking a 
hot bare tungsten filament will be ionized, so that the strength of the ionic 
beam may be computed by heating filament B and observing the positive 
emission when the shutter is opened. The area of the patch formed on B 
may be estimated from the dimensions of the orifice of the oven, distance of 
the filament from the orifice and the distance and size of the visible patch of 
potassium ultimately formed in the side tube G (fig. 1); then, provided the 



patch formed is reasonably uniform, <r may be computed. In this way 
fig. 3 has been obtained. Fig. 3 shows the contact potentials against bare 
tungsten plotted against tr, from o-«0to(r = 2x 10*^. Higher values are 
not given, because the existence of surface mobility renders doubtful the 
measurement of at higher values of <r. 

From fig. 3 the values of <r may be calculated, and these values are given 
in Table IV on the assumption that the real values of <r are 1/1-3 of the 
apparent value, viz. that the roughness factor is 1-3 (Ijangmuir). There are 
addended also certain figures obtained by Bosworth for the dipole values 
of potassium films estimated from surface diffusion forces. These figures are 
given under Wjp in Table IV. 
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Tabljs IV 


<T Ul 


10** atoim/»q, cm. 
of apparent smfacc 

ATO 

003 

22*0 

0-06 

22*0 

0*10 

21*6 

0*12 

21*2 

018 

20*7 

0*24 

20*2 

0*30 

18-7 

0-48 

17-8 

0*60 

16*6 

1-0 

13*6 

1*5 

112 

2*0 

9-8 

2*4 

— 


i.>ipolo moinont/ of K on 


WH 

W 

Wj , 

22-0 

22*0 

— 

22*0 

22-0 

23*0 

21*5 

21-0 

— 

21*2 

20*7 

21-0 

20*6 

18*6 

— 

19*7 

16*6 


180 

13*7 


16*1 

12*2 

13*0 

14*8 

11*0 


11*8 

8*7 

— 

9*8 

7*4 


8*3 

0*2 

— 

— 

— 

0*0 


These changes in dipole moment may be attributed to polarization 
induced by the electric field in the surface. Its measure is defined by 
P = where is tlie dipole moment at infinite dilution. 

The field exerted on any one pole of a selected dipole is the algebraic sum 
of the vertical components of the field due to the other dipoles, viz. 

(I) 


where r is the distance between any two dipoles on the surface. Different 
numerical evaluations of ii” ^ are obtained according to the surface structure 


jMjstulated. If with Topping ( 1927 ) and Langmuir ( 1932 ) we assume a face- 
centred square lattice structure which expands uniformly on dilution we 
obtain 


E 


4/4 1 _ 


where a and h are the parameters determining the lattice co-ordinates 


oO>a>l, oo5>6>0. 


This equation reduces to E = 9*02/t<Hi, 

1 


( 2 ) 


since 
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If, on the other hand, we regard the lattice points as fixed and the pro¬ 
bability of any given point being filled simply as 6 equation (1) reduces to 

E = or &’ = 9-02/*o-cri, (3) 

where <ro = 4, i.e. the surface concentration at ^ = 1, 

^0 

In (2) all interaction between the adions and metal surface which tends to 
prevent the lattice structure from remaining uniform on expansion is 



JSx 10““ m o.g.H. units 


Fio. 4 


ignored, whilst in (3) all interaction between difterent adions which tend to 
make the actual distribution more uniform than that assumed in calculating 
(3) is ignored. Thus the true field when both forces are ojjerative must 
clearly lie between (2) and (3), and to a first approximation we may take 
the geometrical mean 

JS = 9-02/itrf (tJ, (4) 

until a more complete solution of the rather difficult summation of 2" — 
is obtained. 

In fig. 4 is shown P = plotted as a function of £' given by (4) for 

films of potassium on tungsten A, tungsten hydride Jt, and oxide C re- 
siiectively. The curves, as might be anticipated, are of the same form as the 
1, H curves obtained in the study of magnetization due to increasing field 
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strength, and it ie of interest to note that the Longevin equation is apj^oable 
to this system, viz. 


P 


P^ooth^E- 

oo 


2aE' 


where a is the polarizability of the dims, and Pa, the final value of P for 
large values of E must be less than /e^, i.e. less than 22 Debye units. 


In fig. 5 is shown a plot of P against cothyffiS — 



including all the 



experimental points on the three curves taking Pa, = 21 x 10**c.g.s. units, 

p 

and fi so chosen in each case as to give agreement at the point ■p- ■= 0*6. 

The agreement is good, and the values of the polarizabilities obtained 
from the curve are 


a •= 300 X 10”** o.g.s. unite for K on W, 
■= 160 „ „ for K on WH, 

« 100 „ „ for K on WO, 
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figures which are considerably larger than 8*1 x 10"'®* c,g,B. units given by 
Van Vleok (1932, p. 225) for gaseous potassium ions* 

The magnitude of the depolarizing fields created by the film are worthy 
of note; thus for K on W at the highest concentration examined this field 
is 4 X 10^ V/cm, 

The effect of Hydrogen on the Potassium Filins —The effect of exposing a 
clean tungsten filament to hydrogen is to lower its contact potential by 
1 -26 V* On the other hand, it has been showii (Bosworth 1936 6) that there is 
no effect of exposure to molecular hydrogen on the photo emission of 
potassium. It was interesting, therefore, to examine the effect of exposing 
a tungsten filament partially covered with potassium to hydrogen. Table V 
shows the result of such a series of experiments. It gives the contact potential 
change produced by exposing to hydrogen a film of potassium on 
tuxigsten whose contact potential with respect to pure tungsten was 
originally 


Fia 

Table V 

j2 


0-00 

- 1'26 

2‘90 

1-90 

- 0*60 

2-40 

2-0() 

- 0-40 

2-92 

2'78 

- 0-04 

2-88 

2'90 


2-90 


The effect of hydrogen progressively decreases as the concentration of the 
potassium is increased, i.e. the hydrogen can only be chemiadsorbed on 
those lattice points which are bare. Likewise it is found that dilute films of 
potassium on WH or WO are unaffected by exposure to molecmlar hydrogen 
at low pressures because hero there an? no bare spots. 

On the not unreasonable assumption that the dipole moment of four 
hydrogen atoms besides being of the opposite sign to a potassium adion is 
about 2/5 or more accurately l-2fi/2*90 of the latter's value, the films above 
correspond to almost complete mixed film monolayers, for on reversing the 
sign of multiplying by 2*90/1'20 and then adding to the 

figures are obtained which are given in column 3 of Table V. These figured 
indicate that when four hydrogen ions are replaced by a potassium ion (four 
hydrogen ions occupy the same number of surface lattice points as one 
potassium ion), a fairly complete monolayer of potassium is formed. 

We have, thus, evidence for the existence of a type of mixed film where 
electropositive and electronegative constituents occupy neighbouring 
lattice points in the same layer. The presence of such a film can only be 
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shown by the contact-potential method which measures average work 
functions; for both the thermionic and photoelectric methods would measure 
the minimum work function of this surface and indicate only the presence 
of an unsaturated })otassium film. 


Tun CONOJfiNSATION OF SOOIUM 

Since the vapour pressure of sodium is much lower than that of potassium, 
a simplification of the a])paratus was f)ossible. The arrangement of cross¬ 
filaments previously desf*ril)ed was sealed into a cylindrical glass bulb, and 
after evacuation and baking out, a little sodium was distilled in vacno into 
the bottom of the bulb from a side tul)e whic.b was then sealed off. 

The experimental bulb could now be immersed in water or glycerine 
thermostats up to a temjieraturo of so as to adjust the sodium 

vapour pressure to any desired value. This pressure could also be made 
negligible by immersion of the bulb in liquid air. In some of the experi¬ 
mental tubes used, tungsten ribboji of the type employed before was used 
lor the collector filament, while in others a wire filament 0*10 mm. diameter 
was tised; a difference in the behaviour of tliese two types of surfaces w ill be 
alluded to below. When a filament is cleaned by tlaslung and exj)owed to 
sodium vapour at a constant pressure the thermionic current (/) w^hich 
flows to that filament from a neighbouring source of constant intensity 
under a negative extemal fiotential grows at first rapidly and then more 
slowly, reaches a maximum, and then falls asymptoti(?alIy to a final steady 
value. The curves (fig, 6) show five sucli successive studies of the rate of 
deposition. After <iach film had attained the properties indicated by the 
final point- it was removed l)y a short Hash at 1000^^ K. and the reading on the 
curves starting 1 min. to the right of the former curve taken. Fig. 6 shows 
that 1^2 ifua'cases less rapidly wlien rr is large than wlien o* is small, reaches 
a maximum at a certain cr , and thereafter decreases to a value independent 
of any further iiKTcase in cr. Contact-j)otential methods therefore like the 
photoelectric and thermionic methods (Ives and Olpin 1929; Taylor and 
Langmuir 1933 ^ Booker 1929; Becker and Brattain 1933; and Nottingham 
1932) indicate a maximum sensitivity at a certain optimum (soncentration. 

Provided the sodium is removed by a short flash only the curves obtained 
in fig. 0 could be taken as typical either of the ribbon or the wire filament. 
When sodium is condensed on a ribbon filament however, somewhat different 
curves are obtained if the filament is heated to a high temperature prior to 
the deposition. The attached })botograph8 (Plate 1) represent a string 
galvanometer record of the changes in / as the sodium film is formed on a 
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surface which is cleaned by flashing at 1600 ^ K. The curve on the extreme 
right shows the film building up after flashing for 1 sec., the successive 
curves after flashing for 10 , 80 and 300 sec. respectively, and the last curve 
1 sec. again, and satisfactorily reproduces the shape of the first. All the 
curves initially have the same shape—^i.e. the rate of change of contact 
potential with time when the films are dilute does not depend on the time 
of flashing, but when the films are concentrated this rate does, indicating 
that the longer the filament is flashed the longer it takes to build up a film 
of optimum sensitivity on the suiface, or more sodium is required to change 



¥ui, 0 


the surface concentration by a given amount. Behaviour such as this has 
already been recorded (Bosworth 1935), and it was shown that films of 
sodium on tungsten thick enough to bo photosensitive under white light 
tend to diffuse down crystalline cracks away from the surface. The diffusion 
rate increases both with the temperature and surface concentration, and at 
surface concentrations less than about 70 % of the monolayer is quite 
inappreciable at room temj3erature. From this point of view it is possible to 
interpret these curves* The surface concentration increases regularly with 
the time until the work function of the surface begins to approach the 
minimum, and here the intergranular diffusion rate becomes appreciable, 
and the apjjarent rate of change of surface concentration is the difference 
between the rate of arrival of sodium at the surface from the vapour phase 
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and its rate of removal by diffusion. This last rat© is determined by the inner 
concentration of sodium which is, in turn, determined by the tun© of 
flashing. Heating to 1600°K. evaiwrates all the surface sodium practically 
instantaneously, but the sodium from the inner structure only as fast as it 
can diffuse to the surface. Prolonged heating therefore at a high tem¬ 
perature leaves the inner structure far emptier than a shorter heating, so 
that in the former case it will apparently take more sodium to reach any 




Fio. 7 

given surface concentration than in the Jatter case. The time taken to reach 
the maximum in the curve should therefore be a measure of the amount 
of evaporation from the inner surface and should therefore increase both with 
time of flashing as actually indicated in the photographs and the tem¬ 
perature of flashing. This second point is indicated in fig. 7 , which shows 
14 curves of the same type as those in the photographs (Plate 1). Here, 
however, a much lower vapour pressure of sodium has been used, and the 
results were obtained by direct reading. The essential parts of the con¬ 
densation curves alone are shown, i.e. the immediate vicinity of the niiaxi* 
mum. Curves in fig. 7a show the condensation on a surface prepared by 
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flashing for 1, 10 and 60 sec. respectively at 1860 °K., curves in fig. lb for 
1, 10 and 20 sec. respectively at 1715 °K., and curves in fig. 7 c for I, 10 and 
60 sec. at 1670 ° K., and the more pronounced effect of heating at higher 
temperatures is clearly indicated. It would be difficult to draw any accurate 
quantitative information from these curves as the phenomena are clearly 
complex. A comparison in the relative shift in the position of the maxima, 
however, indicates that the evaporation x'ates for the three temperatures 
given are roughly in the ratio of 16 : 10 : 6, i.e. the activation energy for the 
process determining the speed of this evaporation is thus of the order of 
0*8 e-volt. The slowest process involved in this evaj)oration will clearly 
be the migration of the sodium to the surface, for the actual evaporation 
from the surface itself is known to be very fast at far lower temperatures, 
and the figure given above must represent the activation energy for 
migration over an almost bare surface. It is to be noted that this figure is 
of the same order of magnitude as the 0*7 e-volt given for the activation 
energy for the migration of potassium on a bare surface (Bosworth 1936a). 

The Vapour Pressure of Sodium 

The fact that the contact potential of the surface will only remain constant 
if there are no adsorbable molecules striking the surface can be used to 
measure the rate at which molecules accumulate on the surface, i.e. the 
pressure. As a means of measuring pressure this method has all the sensi¬ 
tivity of Langmuir and Kingdon’s (1925) positive-ion method and is of 
more general availability. The former method, which consists in measuring 
the positive-ion current flowing from a hot wire in the alkali vapour, will 
measure a vapour pressure of mm. easily; but the method is, however, 
practically restricted to substances with an ionization potential less than 
V and of such a stability that they are not decomposed by a wire at 
1000° K. In practice this means restriction to potassium, rubidium, and 
caesium. The measurement of the drift in contact potential, however, is 
available for all substances capable of being adsorbed on any wire that can 
be cleaned, and no restriction whatever is placed on the ionization potential 
of stability. The method, however, demands a knowledge of the condensation 
coefficient and the number of molecules per unit area in a film of any given 
properties—information which is not always available. 

The behaviour of sodium on tungsten is probably similar to the de¬ 
position of caesium. Taylor and Langmuir (1933) showed the condensation 
coefficient to be unity. There is still uncertainty as to the actual number of 
molecules per unit area in the film of minimum work function. This has 
often been taken as oorrespdnding to the monolayer; but in the case of 
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caesium both the exj)eriments of Becker (1926) and those of Taylor and 
Langmuir (1933), when proper allowance is made for the roughness factor, 
indicate that a mininium work function is attained when 6 is about 70 %, 
and de Boer (1935) has calculated that for barium films maximum thermionic 
emission is attained at 0 - 0*20, so that we may anticipate for the sodium 
films that the maximum in the curve will be attained at some value of 
d less than unity , and the absolute values of the vapour pressures are best 
determined by fitting the vapour pressure-temperature curve to that 
obtained at higher temperatures and pressures by the effusion method 
(Edmondson and Egerton 1926). The effusion and contact-potential 
method have this f)oint in common, that they effectively count the number 
of atoms evaporating from the surface and so are affected in the same way 
by the occurrence of association in the gaseous state, A Nag molecule in 
the gaseous state will give the same contribution to the pressure as a Na 
atom, but will be counted by the method herein used as equivalent to two 
Na atoms. Consequently the contact-j)otential method measures the 
pressure which the vapour would exert were the vapour completely dis¬ 
associated, and if an appreciable number of Nog molecules are present this 
would be sensibly higher than the true pressure. 

The rate at which atoms strike a surface is given by the Knudsen effusion 
equation: 


r 


3.54 V 1022__ _ ™ 

^ ^(MT) 


atoms/sq. cm./sec,; 


( 1 ) 


P is the pressure in mm. of mercury, T the absolute temperature, and M 
the atomic weight. 

Let T be the time in seconds taken to reach a surface concentration or. 


Then 


1/t = rjo’ 


« 3-54x1022 


P 

:j(MT)cr^ 


If we assume that the sodium film has the same lattice structure as a 
caesium film, cr corresponding to a monolayer (allowing for a roughness 
factor of 1*3 in a well-aged tungsten wire) is 4-8 x 10 ^*, so that we may re'* 
write the equation above by substituting for <r, 4-8 x 10^*1?, or 


or taking M = 23 , 


I 

T 


7-35x102 


H in’A . . <■ 


P 
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The experimental procedure is now to surround tfie bulb with a bath at 
a constant temperature, and after waiting about half an hour for the vapour 
to attain its equilibrium value to give the collector filament a short flash 
to clean its surface and then to note the rate of change of contact potential. 
At higher temperatures the complete curve is obtained and the time taken 
to reach the maximum noted. At the lower temj)eraturee where this time 
is of the order of hours it is necessary only to observe part of the 
curve and compare that part of the curve with the corresponding parts of 
the higher tem}>erature curves. Table VI expresses the results of a series of 
such determinations, in which the times t are those required to attain the 
maximum contact potential at T°K.. 


Table VI 



T (sec.) 

273 

180,000 

285 

57,000 

299 

24,000 

312 

3,000 

322*5 

1.200 

336 

330 

356*5 

30*0 

373 

7*5 

386 

2*4 

406 

0*67 

434 

0*110 

443 

0*056 


The points are plotted 
that for liquid sodium 
equation 


and for solid sodium 


as log r against lOOO/T in fig. 8, and it will be noted 
the best experimental plot is represented by the 


log’’* y -12*89, 

(3) 

logT = ^--13*38. 

(4) 


These lines intersect at r = 370® K. which is therefore the melting point of 
the sodium (I.C.T. 870’6®K.), and attests to the purity of the sample used. 
At 373® K. the vapour pressure of sodium, according to the equation given 
by Edmondson and Egerton ( 1926 ), is 


1*26x10”’mm. 
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Using equation (2) in the form 

^ 1-56x10TtP 

— 7 ?—■ 

it is readily seen that d corresponds to 0 * 75 , or the film gives it maximum 
contact potential when it is three-quarters saturated. 
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Using this fact equations ( 3 ) and (4) may be expressed with the pressures 
in mm. of mercury. These equations ate 
Above 370 ® K.: 

log P » 7-26 (6) 




Studies in Contact PoteiUiaU 


26 


Below 370“ K.: 


logP = 7-68- 


5410 
T • 


( 6 ) 


The vapour-pressure equation for the liquid phase may be compared with 
that given in the “International Critical Tables” for the mean of several 
observations over a higher temperature range, viz. 


logP 


7-563- 


63M 

"jT. 


and the agreement must be regarded as satisfactory. 

The difference in the terms involving T in equations (6) and (6) is 

of the difference in heats of evaporation from solid and liquid sodium at the 
temperature of 370° K.; viz. the latent heat of fusion. From the equations 
this is 

4-675 X 162 = 740 cal. 

The latent heat of fusion is known to be 600 cal. by more direct measure¬ 
ments, and so the method for measuring vapour pressures which has been 
developed above is, when due precautions are taken, capable of giving 
accurate measurements. 

The roughness factor was assumed for the sake of these experiments to 
be the same as that recorded by Taylor and Langmuir, viz. 1-3, for a wire 
which had been similarly treated. When condensation on tungsten ribbon 
was studied it was necessary to assume a far higher specific surface or a 
roughness factor of the order of 3-4 in order to obtain the same absolute 
value of the vapour pressure. This roughness factor tended to decrease on 
ageing. 


The Absolute Measure of the Contact Potential as a Function 
of the Concentration 

For the calibration of current reading against contact x>otential three 
current-volts curves were used, and they are shown in fig. 9. Curve A 
represents the emission to an anode which has been exposed to sodium 
vapour (saturated at 373“ K.) so long that its work function has become 
constant. Curve B is the emission obtained when the bulb is immersed in 
liquid air and all the sodium removed by heating the filament to a high 
temperature, and curve C is the emission obtained on admitting a little Oj 
by heating a filament coated with BaO, in a side tube. The voltage displace¬ 
ment BC should represent the W-WO potential, and this from fig. 4 is 
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1*82 V. This value must be regarded as the upper limit of this potential for 
the reason that curve B represents not pure tungsten but tungsten with a 
possibility of a very dilute film of sodium covering it. In the same way the 
figure given earlier in this paj^er, 1 *74 V, represents the potential difference 
between WO and W covered with a dilute residual film of oxygen and is 
therefore a lower limit to the*W-WO potential. The voltage displacsement 
between curves A and B is 2*48 V, which is therefore the contact^potential 
difference between the sodium film in equilibrium with the vapour at 373° K, 
and tungsten. The film of maximum work function is 0-26 more positive 
than this or the WNa(j^^^j-W yiotential is 2*74 V, If we refer potentials to the 
WO surface as standard, taking the mean of the upper (1*82 V) and lower 
limit (1*74 V) of the W-WO potential, the true W pot/ential is 0*04 more 
negative than that shown in fig, 4, and the best measures for the contact 
potential differences measured above become 


WNa(,atrW 2*52 V, 

WNa^^,^)«W 2*78 V, 

and also 2*82 V. 

This last measurement was taken from the maximum potential attained 
when the oxidized filament was exposed to sodium vapour. 

We can also examine how the contact potential changes with 0, and fig. 10 
shows V plotted as a function of the surface concentration from the former / 
versus t curves with the help of the calibration implicit in fig. 9, and the fact 
that y is a maximum when cr (apparent) is 3*6 x 10^^. 

Irom fig. 10 the dipole moment of the sodium adions on the surface may 
be calculated with the help of the equation 

V = 2n/i(r e.s.u.’s, 


or 


ft (the dipole moment) -— x 10^* Debye units. 

ZTTCr 


The results of such calculations are shown in Table VII, where fi is given as 
a function of or. 


<T in 

10^* atonus/sq, cm, 
0-04 
0-09 
0*22 
0-40 
0*60 
0*75 


Tablb VII 


fi in Debyes 
22-6 
22*0 
19-0 
15*8 
12*7 

no 


tr in 

atoms/sq. cm, fi in Debyes 


M 9*0 

1*6 7*8 

1*9 0*0 

2*7 5*4 

3*6 (monolayer) 3*8 
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The surface concentration has been calculated in atoms per unit area of 
apparent surface, so thdt <t = 2-7 x 10** corresponds to the surface of mini* 
mum work function and 3-6 x 10** to the monolayer. It will be seen from the 
table that [i decreases with increasing <r, and at the monolayer is only one- 
sixth of its value in very dilute films. This variation of cr with /t is a measure 
of the polarizability. Fig. 11 shows P, the polarization in Debye units, 
plotted against E, the field in 10* V/cm. The curve obtained is of the same 
general form as those recorded before, but it is evident, however, that the 



Fig. 11 


polarizability of sodium is far less than that of potassium. The a corre¬ 
sponding to fig. 11 is only 11 x 10"*® c.g.8. units, or about one-third the value 
recorded for potassium films. This particular fact is all the more remarkable 
when it is recalled that the dipole moment attributed to the undepolarized 
sodium adions is within experimental error the same as that of the potassium 
adions, and the work functions of the final surface differ only by about 
1/6 V. The polarizability is a far more specific property of the surfa<^ film 
than any other property so far examined. 

Some Properties of Sodium on Oxide Films 
Reference to this has already been made in giving the value of the 
WOgNa-W potential which was the maximum potential attained when a 
filament oxidized to a blue colour by heating to 900° K, for half a minute 
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in oxygen at a few millimetres pressure was exposed to sodium vapour. 
The properties of films or^ such oxidized tungsten ribbon have been in¬ 
vestigated by Powell and Mercer and by Frank, and they have drawn 
attention in particular to the very large capacity of these oxide films for 
such metals as caesium, thallium and indium. 

In the present experiments the oxidized filament was exposed to sodium 
vapour saturated at 100° C., and the rate of change of surface potential 
recorded. The results are given in Table VIII, 


Table VIII 


Hurfaoe potential 

Time in 

Surface potential 

Time in 

V 

min. 

V 

min. 

0*00 

0 

2-92 

40 

0vl3 

1 

3*82 

80 

0-22 

2 

4*33 

120 

(>•60 

5 

4-43 

200 

108 

10 

4-54 

300 

1*67 

20 

4-60 

400 

2-40 

30 

4-50 

600 


When the time of 400 min. to reach the maximum is compared with the 
7*5 sec. required when the film was deposited on micro-crystalline tungsten 
the extremely porous nature of the oxide may be appreciated. 


One of the authors (R. C. L. B.) is greatly indebted to the Royal Com¬ 
missioners for the award of a Senior Exhibition of 1851. 


Summary 

Experimental conditions to be observed when the method of contact 
potentials is used to examine the properties of films on metal surfaces are 
given, films of sodium and potassium at different concentrations are 
examined, and from the contact-potential differences the dipole moments 
of the adions have been calculated. In ail oases studied the dipole moment 
decreases with increasing film concentration. In the case of sodium for 
example in dilute films the electric moment is 22-0 Debye units. This value 
falls with rising G, for the surface of minimum work function is 5*4 Debye 
units, and for the monolayer only 3*8 Debye units. 

This decrease of the dipole moment with increasing 6 is attributed to the 
existence of depolarizing fields produced by the mutual interaction of the 
adions. These fields are shown to be of the order of 10’ V/cm. and of the right 
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sign to induce a dipole of the opposite sense to the natural dipole. The 
relationship between induced dipole and field is worked out and the polari¬ 
zability of the adions comy)\ited. 

Potassium films are studied on W, WH and WO surfaces and the dipole 
moment of the potassium adion proves to be the same on all three surfaces 
when the films ai*e dilute. With increasing concentration however, the 
dipole moments decrease most rapidly on the W surface and least rapidly 
on the WO surface, thus the polarizabilities of the K ion on the various 
surfaces are in the order 

W>WH>WO. 

The disturbing influence produced by surface, migration at high concen¬ 
trations makes it imf»ossible, however, to study the dipole changes above an 
apparent film concentration of 2*0 x 10 ^* atoms/sq. cm. 

Figures are given for what is believed to be an almost complete film of 
potassium over the bases W, WH and WO and are compared with the 
thermionic measurements of Killian and the photoelectric measurements of 
Bosworth. For the WK film, excellent agreement is obtained, for the 
composite filnis not so good an agreement. 

A study is also made of the adsorption of hydrogen on tungsten surfaces 
partially cjovered aith potassium. It is found that a complete covering of 
hydrogen, potassium, oxygen, o«* a mixed film excludes any further 
adsorption of hydrogen, and that on partially covered surfaces hydrogen 
may be adsorbed only on those lattice points which are bare and by such 
adsorption a composite surface is formed which is a complete film. 

Whei\ a tungsten filament is cleaned and exposed to sodium at a fixed 
pressure, the work function falls to a minimum and then rises slowly to 
final steady value. If the condensation be, however, studied on a ribbon it 
is found that the s[)ecific surface is far greater tlian the wire and that t|^| 
number of sodium atoms required to change the surface concentra^^M 
from ^ = 0*8 to ^ 1-0 is increased by prolonged heating at a high tem¬ 

perature. The results are interpreted in terms of intergranular diffusion. 
The effect is even inoi'e pronounced in oxide films of the type investigated 
by Fowoll and Mercer ( 1935 ), where it is shown that the effective area is 
3000 times the apparent surface. 

From the rate of change of surface potential when the filament is exposed 
to sodium vapour the pressure of that vapour may be determined. The 
vapour pressure of solid sodium over the range 285-370® K. is found to be 
best represented by 


logp« 7-68-5410/T, 
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and for liquid sodium over the temi)erature range 370-443° K. 

logi> = 7-26-5248/T. 

The contact potentials of the films of minimiun work function (0=O’76) 
against clean tungsten are 

W-WNa 2-78 V, 

W-WOjNa 2-82 V. 


Rkfebences 


Anderaon, P. A» 1935 Fhyn. Rev. 47, 958 “64. 

Becker, J. A. 19^6 Pkys. Rev, 28, 341-61. 

— 1929 Trana, Arner, EkctrocMm, Soc, 55, 153-75, 

Becker, J, A. and Brattain, W. H. 1933 Fhya, Rev, 43, 428 50. 

- 1934 Phya, Rev, 45, 694—705. 

Bosworth, R. C. L. 1935 Proc, Roy, Soc, A, 150, 68-76. 

— 1936 a Proc. Roy. Soc. A, 154, 112-23. 

— 19366 Trans, Faraday Soc, 32, 1369 -75. 

Compton, K. T. and Langmuir, I. 1930 Re/v, Mod. Phya, 2 , 123-242. 
d(^ Boer, J. H. 1935 “Electron Kmiaaion ami Adsorption Phenomena”, p. 104. 
de Boer, J. H. and Veonemana, C. F. 1935 Physica, 2 , 529-34. 

Edmondson, W. and Egerton, A. 1926 Proc, Roy. Soc, A, 113, 520-33; 533-42. 
Ives, H. E. and Olpiii, A. R. 1929 Phys. Rev. 34, 117-28. 

KUlian, T. J. 1926 Phya. Rev. 27, 678-87. 

Kingdon, K. H, 1924 Phya. Rev. 24, 610-16. 

Langmuir, I, 1932 J. Anier. Chem. Soc. 54, 2798-832. 

Langmuir, I. and Kingdon, K. H. 1925 Proc. Roy. Soc. A, 107. 61-79. 

*““■ — 1929 Phys. Rev. 34, 129-35. 

Monch, (L 1928 Z. Phya. 47, 7-8, 522-41. 

— 1930 Z, Phya, 65, 3-4, 233-43. 

Nelson, H. 1931 Physica, 1, 84-93. 

Nottingham, W. B. 1932 Rev. 41. 793 812. 

Oatley, C. W. 1936 Pm-. Roy. Soc. A. 155, 218-34, 

Poweh, C. F. and Mercer, R. L. 1935 Philoa, Trans. A, 235. 101-24, 

Reimann, A, L. 1934 a Phys. Rev. 45, 898. 

— 19346 Nature, Land., 133, 833. 

™ 193 s 594 607, 

Richardson, O. W. and Robertson, F. S. 1922 Phil. Mag. 43, 162-74. 

Roberts, J. K. 1935 Proc. Roy. Soc, A, 152, 445-63. 

Schottky, W, 1914 Ann, Phys., Lpz,, 1011-32. 

Stihrmaim, R, and Theissing, H. 1932 Z, Phys, 73, 11-12, 709-26. 

Taylor, J, B. and Langmuir, I. 1933 Phys, Rev. 44, 423-58, 

Topping, J. 1927 Proc. Roy, Soc, A, 114, 67-72. 

Von Vieck, J. 1932 “Theory of Electric and Magnetic Susceptibilities”, Oxford: 
Clarendon Press. 



Studies in Contact Potentials 
The Evaporation of Sodium Films 
By R. C. L. Boswobth 

{Communicated by Eric K. JRideal, F.li.S.—Received 18 Match 1937 ) 

In this paper the contact potential method of Boaworth and Bideal has 
teen applied to the study of films of sodium on tungsten at elevated tem¬ 
peratures. Since the filament on which the sodium film under observation 
was deposited was heated most conveniently by the passage of an electric 
current, it was important to ensure that no error was introduced in the 
measurement of the contact potential due to the potential drop along the 
filament caused by the heating current. This difficulty has been overcome 
by two methods, first by employing a rotary split commutator permitting 
alternate measurements of the contact potential and passage of the heating 
current, a device suitable for relatively slow changes in film properties, but 
unsuitable for rapid changes necessitating the employment of a string 
galvanometer. In the second method the system was so arranged that the 
electron-fJoUecting portion of the filament was effectively at its geometrical 
centre, and the geometry of the filament system was unaffected by changes 
in the filament temperatures. Under these conditions a Wheatstone’s 
Bridge arrangement enabled the potential difference down the filament to 
be eliminated and the conect position of the collecting area ensured by 
noting the position of no change in the recorded contact potential on reversal 
of the heating current through the filament. 

We may note that in reversible changes the surface potential changes on 
heating but returns immediately on cooling to its original value; such 
changes are assumed therefore to be unaccompanied by any change in the 
surface concentration {d) and are intrinsic thermal properties of the film 
at a constant 0 . The surface potential of the tungsten filament itself changes 
with varying temperature, and any irregularities due to maladjustment of 
the apparatus can be detected in this way. 

ThK VAlUATrOff OF THE SlTBFACE POTENTIAL OF SODIUM 
Films with Temperature 

If the equation for the thermionic emission from a surface (i) is repre¬ 
sented by the Richardson equation 

[ 32 ] 
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where hi is the Becker and Brattain ( 1934 ) heat function and ^the inter* 
oept, then it may be shown by thermodynamical reasoning due first to 
Bichardson ( 1916 ) that the contact potential difference (l^j) between two 
surfaces ( 1 ) and ( 2 ) is 


kT 

V,^=^kle(h,-h^)+^lnAJA, 

(1) 


““ ^ (^1 “Og), 
t, 

(2) 


where b^, b^ are the work functions (temijerature variable) of the two 
surfaces, defined by 

I = i 2 orv-v?'. 

Now if dV is the potential difference between two surfaces of the same 
chemical nature differing by temperature dT, it follows from equation ( 2 ) 
that 

dV k<U> I 120 

dT~ edf 

In the case of the pure tungsten surface the current-volts characteristic 
with the filament at I710°K. was first obtained, the filament cooled to 
80^K. and the characteristic remeasured; finally this was repeated at 
1230"^K, The contact potentials obtained against W at 80'^K. w^ere: 

1230^ K. - 0*085 V, 

1710"K. -0-115V, 

dV 

from which ^^ = -7-0x1 0 ~®, 

and ^ = 54 in good agreement with the value of 60 found in the best 
thermionic determinations of this quantity. Raising the temperature of 
the collector still higher results, however, in a more rapid change in the 
apparent contact potential as attested by the figures below: 

Contact p.d. 

Temperature against cold W 
“K. V 

1775 -0 12 

1976 -0-36 

2100 -0-64 

This particular effect has been discussed by Kuhn ( 1932 ) andls to be attri¬ 
buted to the negative emission from the collector filament building up a 
space charge around the filament and so lowering its apparent potential. The 

Voi.cLxn-.A. » 
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incidence of this effect puts an upj)er limit to the temperature at which 
contact potentials may be studied. This upper limit may be raised somewhat 
by raising the temperature of the source and thus making the emissioi^ of 
the oolleotor negligible in comparison with the source. In general, howeVer, 
it has been found in all the studies at present undertaken that 1900*^ K* is 
about the upper limit to the temperature at which it is possible to study the 
surface potential of pure tungsten with correspondingly lower temperatures 
for surfaces with electro-positive contamination. Bearing these points in 
mind, the study of the temperature effects on the surface potential of sodium 
films was undertaken. 

A sodium film was formed over the filament by distilling a little sodium 
into the tube containing the filaments. Excess sodium was frozen out by 
immersion of the bulb in liquid air and the current-volts characteristic 
re-measured. It was 2*74 V positive. The filament was next heated to 600® K.; 
the surface potential at first rose to a higher positive value (dVjdT is 
therefore positive) and fell slowly to a lower value as evaporation proceeded. 
When the surface potential had become reasonably steady it was lemeasured 
(-f 2-68 V) and the filament cooled to 80® K., when the surface potential fell 
sharply to + 2*42 V, The temperature of the filament was then raised till a 
little more sodium had evaporated and the surface potential measured at a 
number of lower temperatures. This process was rej^eated till all the sodium 
had evaporated, and the points obtained are represented in the curves of 
fig. 1, which show the surface potential plotted against temperature at a 
number of fixed values of the smface concentration (the curve for 
O’ ^ 0*05 X 10'* has been raised 1 V to fit it on to the same diagram as the 
others, viz. for T « 600® K., V == 0*32 V not 1*32 as shown). 

The higher temperature points (between 800 and 1000®K.) were not 
obtained by the above method, for at these temj)eratures the evaporation 
rate of sodium films at all concentrations is quite rapid. The points were 
obtained from string galvanometer records of the evaporation processes. 
All these records showed «n initial kick to a more positive potential before 
the steady drift tow^ards negative potentials sets it, and by extrapolating 
back the evaporation curves to the time of switching on the heating current 
it is possible to make an estimate of the value which the surface potential 
would possess at the temperature of evaporation were the surface adions 
prevented from evaporating. The higher temperature points are then 
necessarily somewhat inaccurate, and since the filament takes a fi,nite time 
to reach its final tem|;>erature and because the evaporation process is, as will 
be seen later, most rapid in the initial stages, the error will be one of defect. 
The true thermal changes at high temperatures are probably Itn^ger than 
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indicated by fig, 1 . We are therefore justified in saying both that the tem¬ 
perature coeifioient of the work function is negative (a hot surface is positive 
re|^Ve to a cold) and that this temperature coefficient itself increases 
rapdly with temperature. Thus if we adopt the picture provided by 
equation (3) the values of A for these surfaces are all greater than 120 , so 
that the results here recorded are quite the antithesis of the thermionically 
determined values of A for films of caesium, rubidium and potassium 



Fro. 1 


(Langmuir and Kingdon 1925 ; Killian 1926 ), where figures smaller than 120 
were always recorded. 

At all temperatures, however, at which thermionic emission from sodium 
films is measurable, the vapour pressure in equilibrium with the film is also 
measurable, so that any thermionic measurements on sodium films must 
necessarily be carried out on a film whose 0 is decreasing with rising tem¬ 
perature and will consequently be expected to give a (spurious) value of A 
probably much less than 120 . That the true value of A is greater than 120 is 
indicated by the photoelectric work of de Boer and Veenemans (i 935 )> 
where they showed that films of sodium on tungsten below a obtain oon- 
oentration were more sensitive to white light at higher temperatures. 
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Thus the work function must decrease with rising temperature and A be 
greater than 120 . In explanation of their results, de Boer and Veenemans 
assume that on account of thermal agitation the adions are at the higher 
temperatuies, somewhat further on the average from the surface, so that 
the dipoles which they, in conjunction with their electric images, constitute 
are of somewhat larger moment. 

Instead of assuming a random distribution of adions above the surface 
wo may postulate a series of higher surface energy levels such as suggested 
by Lennard-Jones ( 1932 ) to account for the mobility of surface films and 
picture the adions as distributed between the normal surface energy level 
and a Ixigher level more distant from the surface, and the activation of an 
adion to this level would accordingly be accompanied by an increase in its 
dipole moment and a further lowering of the work function. 

On this view the variation of //,, the dipole moment, with temperature will 
be 

where Sfi is the inciease in the dipole moment effected when an adion is 
raised to the excited level and b is the activation energy for this jump. 

The form of variation of V with temperature is then of the type 

V = 27rfr(/£o-f 

or if is the change in surface potential produced by the activation of 
some of the adions, 

W = 2n<rS^e~^^'^, ( 4 ) 

This equation fits the curves of fig. 1 with tolerable accuracy, and b is 
found, as expected, to increase when <r is decreased . Thus for 

cr ^ hHx 10 ^*, b = 0 * 22 e-volt, 

ior fT = 0*95 X 10^*, b - 0*38e-volt. 

These figures are somewhat low’er than the activation energy recorded 
(Bosworth 1935 ) for the migration of sodium, but when it is recalled that all 
the tendency was for errors in defect in the higher temperature measurements 
the agreement may be regarded as satisfactory. There is yet another source 
of error in the high temperature region~the effect of the thermionic emission 
from the collecting filament. This will begin to make the filament apparently 
too negative at temjraraturea of tiie order of 

1900(4>e-T) 

4-fl‘ • 
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rr 900^ K. for the more concentrated films and provides yet another 
reason for believing that the b'% recorded above are too smalL Indeed, the 
general form of the curves shown in fig. J could be explained if the filament 
was emitting positive ions comparable with or greater than the electronic 
emission and so building up a positive sheath around the filament. We know, 
however, that this is not true (the positive ion emission from concentrated 
films is negligible at all temi>eratures) and have assumed above that these 
ions are building up a sheath around the filament while remaining essentially 
adiona, by the process of being activated to an excited level; and this level we 
are at the present moment justified in identifying with the mobile level 
(0*3 e-volt from the normal level in concentrated films). 

Accordingly at 600° K. it is to be expected that a fraction 

exp(-1400/600) = 0-1 

of the surface ions will be in the higher level. This fraction increases the 
contact potential by 0*16V, and consequently from equation (4) their 
dipole moment must have been increased by 


5-30 X 0-16^, 

-b-r^Ts- 


= 4-7 Debye units. 


In other words the arm of the electric moment has been increased by 1 A, 
equivalent to a movement of the ion O-S A away from the surface. 


The Evapobation of Sodium fbom Tungsten 

The evaporation has been studied by raising the filament to a known 
temperature and then following the negative drift (after the initial positive 
change) of the surface potential. Curves such as those shown in fig. 2 
are obtained showing the contact potential change as a function of the time 
and temperature. These curves represent pure evaporation only when the 
experimental tube has been cooled in liquid air. In the presence of sodium 
vapour the evaporation rapidly comes to an end at a surface concentration 
at which the evaporation rate is equal to the condensation rate. Such 
curves as those shown in fig. 2 may with the help of the relation between d 
and V obtained before (Bosworth and Bideal 1937 ) be converted into 
d-time curves. Since by far the greatest change in 0 occurs in the first few 
Seconds, it is preferable to plot them as ddjdt, 6 curves, which possess the 
advantage of enabling experimental results obtained in the presence of 
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Bodiom vapour to be used by adding to the apparent {—dO/dt) observed 
from evaporation curves the +d0jdt (with the sign reversed) observed 
firoitt the condensation curve obtained at the same vapour pressure. 

The contact-potential method in its present form is restricted to the use 
of films more dilute than the film giving the maximum contact potential^ 
i.e. to below 0-75, although with the aid of a three-filament tube at 
present under consideration it is hoped to extend this range. 



Fig. 2 


It is convenient to measure surface concentrations in terms of the 
units introduced by Becker ( 1932 ). By/is to be understood 


/ = 


e <T 
j - or — 


where 6^ and cr^ are measures of the sutfaoe concentrations of films of the 
minimum work function. / = 1 then signifies the most concentrated filuri 
the present method is capable of studying. 


The curves shown in 


Id/ 4 


fig. 3 show/as a function of for evaporation at 


various temperatures. The results shown were obtained from string galvano¬ 
meter records of the evaporation process. For temperatures below about 
900° K. the evaporation is slow enough to be followed by hand, and by this 
means another series of similar curves has been obtained down to tem¬ 
peratures of 610 °K. These low-temperature results will be shown latw to 
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be consistent with the higher temperature ones, but could not be oon> 
veniently shown in fig. 3. 

The omwes in fig. 3 are of immediate significance in that dffdt is a measure 
of the pressure in equilibrium with a film of concentration/ at a fixed tem> 
perature T. In point of fact it may easily be shown that 

( 6 ) 

dt 

or ^ = 2-06 X 10’pT“*. 


The heat of evaporation of the film may be computed as 

dlogp 

M— 

„dln(d//d<T*) 

= JK~ - . .., 


w 


and fig. 4 shows 



TM plotted against 10,000/T as required by 


equation (6). From the graph it is clear that at any fixed/the values of p 
in equilibrium with film at a ternywrature T are represented by equations 
of the type 

, b 

logp«o-^, 


where o and b are both functions of /. From the lines in fig. 4 the values of 
a and 6 given in Table I were obtained; logp is of course 

7-314 + Iog^T* 


= 7-314+ logi^I’* +log/. 


Tabx<b 1 


/ 

A 

6 

Q cai./niol 

0*0 

7*40 

7000 

32,000 

0-3 

7*00 

6250 

28,600 

0-4 

6*92 

5900 

27,000 

0*6 

6*40 

5000 

23,000 

0 >B 

6*10 

4400 

20,000 

1*0 

5*80 

3760 

17,000 
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Fig. 3 
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The lines in fig. 4 may be expressed in the form 

^ T ^ 2ZRf' 

where the values of A, b and Q — 2‘3Jib are given in Table I. 

We note that the heat of evaporation for sodium from a very dilute film 
is 32,000 cal. or 1‘4 e-volts, which figure steadily decreases as the surface 
concentration increases, becoming only 17,000 cal. or 0-76 e-volt for the 
film of minimum work function. This last %ure is considerably less than the 



Fig. 5 


25,000 cal. found for the heat of evaporation of solid sodium (Bosworth and 
Bideal 1937 ), and consequently at still higher film concentrations /> 1 this 
heat must increase with surface concentration. 

The variations of A and 6 with / indicated in Table I are approximately 
linear as is indicated in fig. 5, where the crosses represent the plot of b 
against/, the circles .4. It will readily lie seen that 

6 =. 7000-3200/, 

^ » 7-40-1-60/, 
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for all films over the range / = 0 to / =• 1, i.e. up to <r = 2*7 x 10“ atoms per 
unit of real area. Over this range equation (7) may be used to calculate the 
spreading force F by means of the Gibbs adsorption isotherm. This equation 
is best used in its integral form (Bosworth 1932 ) 


F 


2'303i5rJ<nilogp, 


which on substituting in equation (7) becomes 


( 8 ) 


1 ’ = 


2-303*o-„j/Tdlog/+J 


3200/d!/(l-0-0004T), 


which on integrating, inserting numerical values and remembering that 
F = 0 when / == 0 , becomes 


F ~ 0*037T/*f 140/^(1 — 0-00047) dynes/cm. ( 9 ) 

This expi-ession for the spreading force may be split into two parts : 

F^F'^F'\ 

where F' is the kinetic energy per unit area possessed by the adsorbed 
particles and F" is their potential energy per unit area, and 


F' - orkT, ( 12 ) 

which means that the adions have been treated as an ideal gas in two 
dimensions. For the corresponding caesium films Langmuir ( 193 a) has made 
use of the expression 

piis equation, however, infers that the condensation coefficient for caesium 
is proportional to 0, but we have other evidence that every incident atom 
on the surface adheres no matter what the 6. 

The second term in the expression for' F is 


F" = 140/*( 1 - 0 00047’), (10) 

and this is to be regarded as the ptotential energy per unit area possessed by 
the adions in virtue of their mutual repulsion. The electrostatic energy- 
possessed by an array of dipoles, such as these, has been calculated by 
Topping ( 1927 ) to be 

F" » 4-51/<*<r»/* 


( 11 ) 
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per unit area. Both /i and cr are known and we are therefore iita position to 
compare the value of F" calculated by the Gibbs and by the Topping 
methods. Table II gives the comparison. 



Table II 

F'^ Gibbs 

Topping 

f 

dynes/cm. 

dynos/om. 

0*02 

0*06 

016 

0*1 

1*4 

3-6 

0-2 

6*6 

130 

0*4 

22*0 

42-0 

0*8 

90*0 

110-0 

1*0 

140*0 

150-0 


This table shows that the electrostatic forces are capable of accounting 
for all the potential energy of the film, and when the Topping method is 
modified to take into account the interaction between the lattice points on 
the metal surface and the adions, as well as the mutual interaction of the 
latter, a better comparison should be obtained. As it is one must conclude 
that the forces acting between the sodium adions are almost entirely 
electrostatic in origin. The difficulty that F' calculated from equation ( 10 ) 
has a negative temperature coefficient, while from equation ( 11 ) F is to 
be expected to have a positive temperature coefficient (/t has a positive 
temperature coefficient), does not prove to be insu{)erable if the picture of 
the increase of /t with T adopted above be employed. In such a picture the 
temperature effect on /t is shown diagrammatically in fig. 6 . At low tem¬ 
peratures the dipoles lie in a plane, but at high temperatures a small fraction 
of adions is lifted out of the plane of normal dipoles. Such a change, 
although it increases the average ft, does not increase the energy per unit 
area, rather must it produce a second-order decrease in F, for work must be 
obtained from the surface by allowing occasional ions to be pushed out of the 
surface plane. It is permissible then only to compare equations ( 10 ) and ( 11 ) 
at low temperatures, and under such conditions the table shows them to be 
consistent. 

One further point deserves notice. The evaporation energy for dilute 
films (1’4 e-volts) is much less than the positive-ion work function for 
sodium ( 2*6 e-volts) (Bosworth 1935 ), w'hich is, of course, proof that the 
sodium is evaporating from the surface mainly as atoms. 

We can thus determine the Bom cycle for the surface ionization potential 
of sodium on tungsten in dilute films, i.e. solve the equation 
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where C 4 ^ respectively the evaporation energy for atoms and 
ions from the surface, in the present instance 1*4 and 2*5 e-volts respectively, 
Ui is the ionization potential of sodium = 5*1 V, and is the work function 
of tungsten (4*5 V). is accordingly — 0*5 V; thus a dilute film of sodium 
on tungsten is adsorbed as ions, bringing sodium into line with the other 
alkalis, where since a beam of atoms incident on a hot filament is almost 
quantitatively I’eflected as ions is to be taken as an indication for ionic 


A. Surface covered with normal adsorbed ions. 



sodium ions 
metal surface 
rnirior imago 


B. Same surface with some of the adions activatetl to a higher level. 



activated ions 
normal adions 

metal surface 
image of nor¬ 
mal adions 
imago of acti¬ 
vated adions 


ad8orj)tion. l.'hus when a sodium atom is brought up to a clean tungsten 
surface, ionization occurs and the resultant ion is adsorbed by electrostatic 
forces, the reaction 

Na + W - Na+-h W- 


(wherein W is to be understood as the tungsten surface) is exothermic in 
amount 0*6 e-volt. 

In the film of minimum work function however, 

9 ^ - 1*7, C4 - 0*7, and « 1*9, 

so that — -f 2-2 V, or the mutual interaction of the sodium ions has 
raised the ionization potential on the surface by 2*7 V. 
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Evidkkck kor a Two-Phasb System on the Surface 

AT CERTAIN CONCENTRATIONS 

On substituting the value for the surface potential V (in c.g.s. units) in 
the Topping equation, the following expression for F*" is obtained: 

Reference to fig. 5 in the previous paper shows that above / » 1 not only 
does V decrease with rising cr but also over a certain range cr* decreases 
or F'" decreases until at about / = 2 F becomes sensibly constant and F"* 
again rises with rr. This means that over this range of concentrations the 
films tend to be unstable, for if the film could break up into a concentrated 
phase (/ 2 ) and a dilute film, a nett decrease in F"' (the surface free energy) 
would be eflFected. A similar conclusion is drawn from a consideration of 
the heat of evaporation. For very corifjentrated films the heat of evapora¬ 
tion must be the same as from bulk sodium, viz. 25,000 cal.; but for all the 
films more concentrated than / =» 0*5 which have been studied above, this 
heat is less than 25,000 cal., and consequently there must exist a temj)erature 
below which any such film cannot be stable but must split up into a dilute 
phase for which /<0-5 and a concentrated phase for which/ is about 2, 
Exactly how conceritrated, however, will not be determined until the heats 
of evaporation are determined for values of / from 1 to oo. Evidence for 
the existence of such two-phase systems has also been obtained from an 
examination of the Schottky effect in these films (Bosworth 1937 ). It is 
interesting to note at this stage that the electron work function of the 
dilute film w ith the same heat of evaporation as bulk sodium is sensibly the 
same as the photoelectrically determined work function for bulk sodium, 
viz. 2*5 e-volts. Much the same figure appears also to be obtained from 
contact potential measurements on the final film formed when sodium is 
deposited oia tungsten at a low temperature. From deposits formed at 
higher temperatures (>350'^ K.) such a low final value is not attained, 
presumably because in such films the surface at a definite 6 comes to 
equilibrium with the vapour. 

Let us consider, for example, the equilibrium between the film of minimum 
work function 


logjp =» 7-68 — 


54J0 
T • 


and bulk Bodium 
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The vapour pressure of the two systems will be equal when 


T ^ 182^K., 


and at all lower temperatures this film must be unstable. 

In the same way at 122 ^ K. a film of concentration / == 0*8 will be in 
equilibrium with solid sodium. Those figures are, however, only qualitatively 
correct, for a very little change in the evaj)oration energy will profoundly 
effect these temperatures, and the points used for the calculation of the 
heats of evaporation in fig. 4 have already been obtained from smoothed 
curves in fig. 3 . The computations above indicate only the existence and the 
order of these critical temporaUires and the fact that they increase as / 
increases. 

One further point deserves notice. A concentrated film (/=* 1*5) behaves 
in a quite different way on heating to more dilute films. One would expect 
as evaporation proceeded that the surface potential would first rise and tiien 
fall as one moved in the reverse direction along the F-o* curve. No such 
change has, however, ever been observed. When evaporation occurs it 
proceeds always as a drop in the surface potential. This drop tnay be made 
quite slow by making the evaporating temperature low enough, and no 
positive change has ever been observed. If the temperature is too low for 
evaporation the only thermal effect appears to be a small negative change 
completely reversible on cooling again. We can only assume that for films 
of this order of thickness aggregates of condensed phase tend to be built up 
in equilibrium with patches of an expanded phase and when 

evajmration proceeds it goes by first a two-dimensional isopiestric evapora¬ 
tion of the condensed phase followed by the nonnal evaporation of the 
disperse phase. This condensed phase appears to be complete just beyond 
/ == 2*0, i.e. 0 * 5*4 X 10^^, for at about this point the Topping spreading 

force begins to rise again on further increasing cr, and it is not without 
interest to note that if we accept the figure given by Simon and Vohsen 
( 1928 ) for the lattice constant of soc\um (viz. 4*24 A), and pack spheres of 
this diameter on to a surface in a hexagonal lattice regardless of the under- 
lying structure, at a surface concentration of 8*6 x 10 ^^ atoms per sq. 
cm., the spheres will just be touching. If now we assume that the total 
spreading force is a sum of the Topping force and a kinetic term of the type 

F(A-Ao)« jfcT, (13)* 

The difference between equations (13) and (12) is well within experimental error 
over tlie range of cr studied in the evaporation experiments. 
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where => ~g 7 g~ = 11-7 A is so chosen that the adions are prevented from 
packing together closer than 8*6 x 10^* per sq. cm., i.e. if we write 


F = 0-114FM4- 



(14) 



Fia. 7 


we are in a position to draw F-A curves for the system. Fig. 7 shows five 
such curves at the fixed temperatures of 100, 300, 500, 700 and 1000° K. 
The curves show all the oharaoteristios of a two-phase system with a critical 
temperature of about 700° K. No absolute accuracy can be claimed for 
this figure, for it would be profoundly modified by choosing different A’s, 
and further, no attempt has been made to allow for the temperature 
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variation of the Topping force. The figure, however, illustrates the type of 
system we are dealing with, and shows that below a certain tenfi|)erature 
the system will at a certain concentration (er = 2*7 x 10^^ at 100 K. on the 
curves given) split into a concentrated and dilute phase. We are therefore 
led to expect that the true spreading forces, if they could be measured (and 
not calculated from averaged properties of the surface), would just above 
/ = 1 become independent of the surface concentration over a range of cr’s. 
This point, too, it is hoped to test with the three-filament apparatus. 


Summary 

Experimental conditions to be observed when studying temperature 
effects in films by the method of contact potentials are discussed, and the 
behaviour of films of sodium on heating examined by these means. 

It is found that on heating, an adion in the film may be first excited to a 
higher energy level while still remaining essentially an adsorbed ion. In 
the higher energy state the ion is farther fronx the surface than is the normal 
state, and consequently its effective dipole moment and contribution to the 
surface potential is increased. 

On further heating the sodium ion evaporates (as an atom) and the 
evaporation rate falls off rapidly as the film becomes more dilute. Curves 
are given showing how the rate of evaporation varies with 0 and with tem¬ 
perature, and from those curves the spreading forces, in the Gibbs sense, 
have been calculated. 

This spreading force proves to have a small negative temi>erature 
coefficient, and its value at low and ordinary temperatures compares so 
wfell with the electrostatic energy per unit area of the surface that one may 
conclude that the forces between the ions on the surface are purely electro¬ 
static. 

A calculation of the surface ionization potential for dilute films shows 
that this must be negative or that a sodium atom brought up to a bare 
tungsten surface will, like the more electroiiositive alkalis, be adsorbed as 
an ion. 

From the behaviour of the spreading forces and rates of evaporation as 
the surface concentration increases it is deduced that concentrated films 
will have a tendency to split into a condensed and a diffuse phase, and this 
tendency explaifis the peculiarities in the evaporation of such films. 

A short treatment of the thermal effects on the surface potential of 
tungsten itself is also given. 
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The Electronic Specific Heat and X-Ray Absorption 
of Metals, and Some Other Properties Related to 
Electron Bands 

By H. JoNEa and N. F. Mott, F.R.S., U. H, With Physical 
Laboratory, University of Bristol 

{Received 3 June 1937) 

According to the electron theory of metals the energies of the possible 
stationary states of the electrons in a metal form a continuum; it is usual 
to denote by N{E)dE the number of such states with energies between 
E and E-^dE per unit volume. In a metal at the absolute zero of tem¬ 
perature all states are occupied up to a maximum energy E = ^ 0 * 

It is the purpose of this note to discuss the quantity N{E) in connexion 
with the crystal structure, specific heat and X-ray absorption spectra of 
metals. 

If the crystalline field had no influence on the metallic electrons, we 
should have (Mott and Jones 1936 ) 

We refer to this as the “free electron” formula. 


Vol. CLXli—A. 
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In a real metal, however, the possible stationary states are divided into 
zones; the density of states for the first zone and j)art of the second zone 
are shown in fig. 1 for the body-centred cubic structure. (In this figure the 
part of the cimve OABO is from actual calculations by Jones (i937) 
a and (i brass, the rest is a rough estimate, making use of the theorem 
that N{E)oc^E at the bottom of a zone, and N{E)cc^J{Eq—E) at the 
highest point Eq of a zone.) 

A kink of the type ABO occurs in the N{E) curve for energies corre¬ 
sponding to every set of reflecting planes of the lattice as was first shown 



Fig. 1— --- ‘ — * — for free electrons;-individual zones; 

-total N{E), 


by Kronig ( 1931 ). The energy of the point B will be, for cubic structures, 
about 

where a is the side of the unit cell and are the Miller indices of the 

set of planes considered. If, as is usual in the electron theory of metals, 
we represent each electronic state by a point in t-spaoe, and if the lines in 
fig. 2 represent the planes corresponding to the indices {nxn^n^) across 
which there is an energy discontinuity, then A in fig. 1 corresponds to the 
curved lines in fig. 2 , representing energy surfaces which juat touch the 
planes of energy discontinuity. The kink at A is due to states near P, the 
sudden rise at C to states near Q, 
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In Table I we give, for the body-centred and face-centred cubic 
structures, corresponding to each set of planes: 

(/) The structure factor. 

(//) The energy of a free electron with energy just great enough to be 
reflected by these planes. This is given by formula (2). We give the quantity 

Energy x (Atomic volume)* 

in e-volts, the atomic volume being the volume per gram-atom. 


a 




Fio. 3—Density of states in body- and face-centred cubic metals..free 

electrons; - face-centred cubic lattice; — • — • — body-centred cubic 

lattice. The peaks A, B, C arise from the planes (111), (200), (220) respectively, cmd 
D, E, F from the planes (110), (200), (211). 
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{III) The number of electrons which will fill all states up to that of 
energy given by (2), again for free electrons. This is given by 

In order to construct the N{E) curve we must draw a kink of the 
tyjxs ABC (fig. 1) for each plane where the structure factor does not 
vanish. We assume tliat the energy given in Table I coincides with the 
middle of the kink (point B, fig. 1). Fig. 3 shows the type of curve obtained. 




Table I 




Indices of plane 


no 111 

200 

210 211 

220 

0 


2 0 

2 

0 2 

2 

Structure factor - 
/-c 


0 4 

4 

0 0 

4 

Energy x (atomic volume)* 

b-c 

f-c 

47-2 — 

44*6 

94-4 

59*5 

— 141*6 

119*0 

6 "~C 

Number of electrons - 

f-o 


1*48 — 

— L36 

4-21 

2*10 

7*7 

6*9 


Specific Heat 

The heat capacity per gram-atom of the electrons in any metal is given by 

= fTT^ A;^iV(^o) T X atomic volume. (4) 

It is convenient to compare (4) with the Sommerfeld formula^ obtained 
by substituting (1) for N(E)\ this gives 

(<^V)somin. - 3-26 X 10-« (4-1) 

Where is the volume per gram-atom, and the number of electrons per 
atom outside a closed shell. 

We see from fig. 3 that N{E), for a given structure, may be greater or 
less than tlie Sommerfeld value, so that, at first sight, for any random 
selection of metals with various r?o, we should expect C^ to be sometimes 
greater and sometimes smaller than the Sommerfeld value (4-1). On the 
other hand, the investigations of Jones on the crystal structure of metals 
and alloys show that the crystal structure with lowest energy is in general 
that with lowest This will in general be that in which is as large as 
possible. 

Fig. 3 suggests that for one or other of the two cubic structures, N{E) 
\\ill be greater than the Sommerfeld value (4*1) for nearly all values of 
Sinc^ metals have several other structures to choose from, it is probable 
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that for metals having their most stable structure, is always greater 
than the Sommerfeld value. 

In Table II we give the electronic specific heats for all metals for which 
they have been measured, extrapolated to 1 °K.: 


Table II— Atomic Heat at V K. x 10 "^ cal./degrek/oram-atom 


Metal 

no 

Calc. (4-1) 

Observed 

Ref. 

Cu 

1 

1*20 

1*78 

( 1 ) 

Ag 

1 

1-64 

1*0 

(1) 

Zn 

2 

1*80 

2-33--2*97 

(3) 

Hg 

2 

2-35 

3-75 

(3) 

T1 

3 

3*00 

3*8 

(3) 

Sn 

4 

3*15 

3*40 

(3) 

Pb 

4 

3*54 

7*07 

(3) 

Ta 

— 

— 

27 

(3) 

Nb 

— 

— 

(70) 

(3) 

Ni 

— 

— 

17*4 

( 1 ) 

Pd 

— 

— 

31 

( 2 ) 

Pt 

— 

— 

16*1 

(1) 


( 1 ) ObservfHl, Keesom and colltilwratora ( 1934 ), (i 935 )t ( 1937 )- 

(2) Observed, Pickard { 1937 ). 

(3) Daunt and Mendelssohn ( 1937 ), from magnetic threshold curves; the values 
apply of coui'se to the non-stipraconducting state. 


We see, as we exjiect, that in all cases the electronic specific heat is greater 
than the Sommerfeld value. 

For copper, detailed calculations (Jones 1937 ) of N(E) have already 
been made with a view to determining the phase diagram of Cu-Zn alloys. 
From these calculations we obtain == 0*310 electron per atom per 

e-volt compared with 0*219 given by Sommerfeld's formula ( 1 ). The 
corresponding value, 


(C'v)Theoretioai = l- 66 x lO-^T cal./degree/gram-atom, 

compares well with the observed value. 

The high specific heat of Ni, Pd and Pt has already been discussed 
(Mott 1935) and attributed to the vacant places in the d-shells of these 
transition metals. 

Tantalum is also a transition metal and we must attribute its high specific 
heat to the same cause, namely, an incomplete d-shell. With a view to 
correlating the properties of this and other transition metals we have 
made a calculation of the density of states in the d-band, which we discuss 
in the next section. 
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Density of States in ^^-Band 

The number of states in the J-band is 10 per atom. As first shown by 
Bethe ( 1929 ) the d-level is split in a cubic field into two levels having 
weights 0 and 4. Thus in the metal we shall have two d-bands, which may 
or may not overlap. The number of states per atom in the two bands will 
be 6 and 4. The rf-band with weight 6 has wave functions having the form 
xyf(r}; that with 4, It is important to know which band is the 

lower. Let us first take the body-centred cubic structure. Then any one 
atom is surrounded by eight neighbours, so that the potential energy of 
an electron is lowest in the (111) directions. Now the wave functions 
xyf{r) are greatest in these directions, while the function is 

zero. Hence it follows that the xy band is the lower. 

Hence for the body-centred cubic structure the band with 6 electrons 
lies below that with 4. 

For the face-centred structure the position is reversed; the band with 6 
is the higher. 

We have been able, using the approximation of tight binding, to calcu¬ 
late N^f{E) for the lower d-band for the body-centred cubic structure. 
The three atomic d-wave functions which combine to form the lower in 
energy of the two parts of the d-band in body-centred cubic crystals are 
of the form 

« yzSir), “ zxfir). 

We considei’ a crystal of N atoms {N being a very large number) and form 
the following three functions: 

95„(r - al), « = 1. 2, 3. (6) 

where the summation is over tho N values of 1 which correspond to the 
position of each atom in the lattice, a is the lattice constant of the body- 
centred cubic crystal. With the three functions ( 5 ) we can form the secular 
e(|uation for the energies in the lower part of the d-band. This is as follows: 


Hi-E 

H,a 

H,a 




Hi~E 

Has 

= 0 , 

( 6 ) 

Ha, 

Haa 

Hy-E 
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where Hi = 8^ cob ^ cos i] cos f, 

Hi2 == Hii — ~ 85 sin^ COST/ sinf, 

/if 28 = 1/82 = — ^ sin T/ cos 

i/i 3 = jfifai — — 8B cos ^ sin y sin 
y = ^ = \ak^. 

The parameters A and B are given by ^ 

A =^^i(xyz), H<j>i(x+\a, y + \a, z + \a)dr, 

^ == J <l>i{^yz)y y+io, 2:+io)dT. 

The operator H is essentially the Hamiltonian ojjerator (cf. Mott and Jones 
1936, p. 66). For very tight binding, i.e. when the spread of the atomic 
wave functions is small compared with the interatomic distance, the 
parameters A and B become approximately equal. To make the calculation 
manageable and yet to obtain the essential features of the N{E) curve 
for the d-band, we make the assumption A = B. 

There are several important simplifications to be noted. First it is 
only necessary to calculate the energy surfaces in a single octant. This can 
be seen as follows: 

Let e = {EIHB) — {A /SB) cos^ cos y cos^ 

and a = sin g cos y sin 

6 = cos| sinT/ sinf, 
c = singsinT/ cosg; 
the secular equation (6) then becomes 

e^ — {a^ + b^+c^)e+2abcss0, (7) 

and it can now be seen that this equation is invariant with respect to 
reflexions in any of the coordinate planes, although a, b and c themselves 
are not. 

The second simplification is due to the fact that 06c is always small 
inside the zone; in fact the product vanishes over each of the planes 
g ** 0, // «= 0, g = 0, g * Jtt, T/ = Iff, g =s iw. It follows therefore that one 
solution of (7) is approximately e = 0. The energy surfaces corresponding 
to e a. 0 have exactly the same form as the energy surfaces for the s-band. 
Estimations of the differences between the actual solution and e = 0 are 
found to be unimportant. The N(E) curve corresponding to one solution 
of (7) will therefore be like that already given for the «-band (cf. Mott and 
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Jones 1935 , p. 85 , fig. 38 (/>)), the characteristic feature of which was the 
sharp peak at the centre. The third sim])lification is that the remaining 
two solutions of (7) arc essentially the same. 

The N(E) curves corresponding to these two solutions are mirror images 
of each other in the mid-point of the band (see fig. 5). 

Finally, with the assumption ^ the energy surfaces for the one 
solution which it is necessary to find are relatively simple. For instance, 
consider the plane ^ = 0; then a — h = 0: and we find from (7) 

e ^ ± sin ^ sin tj 

and therefore EjSA — cos(§ ± 7}). 

The N(E} curve for the solution considered has a sharp })eak at the end 
of the band. Fig. 4 shows the form of the zone in -space. The energies at 
various points within this zone are easily obtained from (7). We find, for 
example, that E/SA is equal to — 1 at the origin, 0 at the point C, and has 
its maximum value -h 1 along the lines AB, AD, etc. The energy surfaces 
for values of EjSA slightly less than 4-1 are groove-1 iko surfaces about 
these lines. The energy surfaces near the origin are closed surfaces. The 
N{E) ourN'e was obtained by approximating to the actual surfaces by 
simple ones, spheres, cylinders, etc., and obtaining the number of states 
enclosed within specified ranges of E. Fig. 5 is the sum of the three N{E) 
curves corresponding to the three solutions of (7). In fig. 5 the N{E) 
curve drops suddenly from a large value to zero at the boundaries of the 
band ; this is due to the assumption A === B which was made merely in 
the interests of simplicity. In fact, A is always greater than B and this 
results in the gradual fall of N{E) to zero at the ends of the band as 
indicated by the dotted curves.* 


Peoperties which Depend on the d-BAND 

In metals for which important for the following 

properties: 

( 1 ) Specific heat due to electrons (see above). 

( 2 ) Magnetic susceptibilities; large will in general mean large 

susceptibility, though the two will not in general be proportional, owing 
to “exchange forces” (Mott and Jones 1936 , p. 189 ). 

♦ Slater ( 1936 ) has given ctxrves showing the density of states in the d-band for 
a face-oentreti cubic metal (copfK>r). Slater uses tlie method of Wigner and Seitz. 
We believe that for the d-band, in which the atoms overlap but little, the method of 
“tightly bound electrons’’ used here should foe more accurate. 
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JSlISo 

Fxo. 6 —^The density of states for the lower d-band in body-centred cubic metals. 
Full line, using approximations of this paper; dotted line, correct form. 
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(3) Resistance at high temperatures; it has been shown by one of us 
that if/o(£) is the Fermi distribution function 

Since df^/dE vanishes except in a range of order IcT about E * it 
follows that if in this range N^l{E) is concave to the ^-axis, then RjT is 
concave to the T-axis, and vice versa (Mott and Jones 1936 , p, z 68 ). 

(4) Integrated thermoelectric power. This is roughly proportional to* 

In the following table give the relevant data for the transition metals 
which have the body-centred cubic structure. 


Table III— Transition Metals Having Body-Centred 
CiTBio Structure 


Metal Fe 

(Mn) 

Cr 

V 

Mo 

Nb 

w 

Ta 

Electrons outside 8 

(7) 

6 

6 

6 

5 

6 

6 

closed p-shell 

Susceptibility x 10 ® — 

(489) 

151 

76 

64 

121 

40 

145 

Thennoelectric power — 

— 

— 

— 

+ 8*0 

— 

-f-3‘6 

~6‘7 

S at 100 'C. 

Electronic specific — 
heatx 10 “® 

Reamtanco at high 
temperatures 





(70) 

Convex 
to T’ 
axis 

27 

Concave 
to T- 
axis 


Now in order to estimate we must know how many electrons are 
in the d-band, and thus how many are in the «-band. In alloys whose 
crystal structure is determined by the Hume-Rothery rule the body- 
centred yd phase occurs when there are about 1-5 valency electrons per atom. 
We shall tentatively assume th^c there are 1*6 a-electrons per atom in 
these metals. This loaves 3*5 and 4*5 per atom in the d-band for Ta and W 
respectively. With these numbers the d-band is full up to the points shown 
in fig. 5, It will be seen that the difi'erences between Ta and W can then 
be accounted for qualitatively, as follows: since N^{E) is greater for Ta 
tlian for W, the susceptibility is greater for Ta. Since d(logjV')/d.B is large 
and negative for Ta, small and positive for W, so are the thermoelectric 

* Mott and Jonea ( 1936 ), p, 310 , equation (116). Since S (x:^B{Xoga^)jdE and 
crx l!N^{E), our reault follows. 
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powers 8. The high electronic specific heat of Ta is accounted for by the 
peak in the N{E) curve. Finally, since is convex to the E axis, so 
is the RjT curve for W, For Ta on the other hand, the N{E) curve, though 
actually convex to the axis at the point is sharply concave over 

a small range round i? = including the peak. We have calculated the 
values of R/Bq from formula ( 8 ). A half-width of the band of 0*47 e-volt 
was found to give the best agreement with experiment which could be 
obtained with the given N(E) curve. The following values were obtained: 


T 

273 

646 

1092 

calc. 

1*0 

1S9 

3’68 

obs. 

10 

2-00 

3-54 


The comparison between tungsten and tantalum given here depends on 
the assumption that the number of electrons per atom in the s-band is 
1*5; our results are also valid if the number is greater than 1-5, but not if 
much less, Ta is superconducting; it is interesting that all superconducting 
metals with full d-shells have more than one conduction electron per atom. 
Ni, Pd and Pt, which are not supraconductors, have only 0 * 6 . 


X-Ray Emission and Absorption 

Kronig ( 1931 ) was the first to account for the fine structure shown by 
the X-ray absorption edges of solids in terms of the N{E) function. Recent 
experimental work in the ultra soft region (Skinner and Johnston 1937 ) 
justifies a closer analysis of the fine structure to be exj>ected. 

The intensity of X-ray absorption may be written 


I{E) ^ N(E)p{E), 

where N{E) is the density of states as before and p{E) the transition 
probability. The same formula has been used in discussing the X-ray 
emission (Jones, Mott and Skinner 1934 ). p(E) will be proportional to the 
square of a matrix element of the type 



(9) 


where is the wave function of the initial X-ray level and of the 
final level in the conduction band. We may expand in a series of 
spherical harmonics 
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where the functions are spherical harmonics of degree w. The functions 
/„(r) may be normalized in any convenient way so that 

Owing to the small extension of the function ^i{r) corresponding to the 
X-ray level, the transition probabilities will depend on the form of 
near the nucleus, where /q, /j etc., will be very similar to the radial wave 
functions of the free atom in the s, ])y states. The variation in the 
transition probability near an absorption edge will thus de|iend mainly 
on the coefficients i4„. In ])articular, if the initial level is an 5 -level (e.g. 
K, Lj)y then p(E) is proportional to \Ai |^; if it is a jp-level (e.g. Lu, i^m) 
it depends on Aq and A^y but owing to the small values of the matrix 
elements (9) for p->d transitions, we may neglect ^42 except for transition 
metals, where the density of d-states is abnormally large. 

It is convenient to define a “density of 5 * 8 tates^* and a “density of 
p-states^’ given by 

N^,{E):r.N(E)\A,\K 
Then if the X-ray level is an 5 -level, 

I{E)a:N^{E)y 

and if the X-ray level is a p-level, 

I(E)ocN,(E). 

In order to interpret the X-ray absorption spectra we need to know the 
characteristics of 

Many of the details may be deduced at once from the investigations of 
Jones, Mott and Skinner ( 1934 ); thus: 

(а) At the bottom of the first zone , 

NgOcE^, N^ocE^. ( 10 ) 

( б ) At the bottom of any other zone there is no generally valid rule. In 
the limiting case of high energies, in which Bloch’s approximation of 
nearly free electrons is satisfactory at the bottom of the second zone, 

NgOcE^y N^ozEK 

This arrangement for the first and second zones we call the normal 
case. For certain metals, Jones, Mott and Skinner ( 1934 ) showed 



Electronic Specific Heat and X-Ray Ab^rption of Metals 61 


that an inversion may occur so that at the beginning of the second 


zone 


Ng oci?*, Njj cc (inverted case). 


This actually happens for Mg and Li. 

(c) The sharp peak (fig. 1) will not occur for both and Np, In the 
‘'normal’* case Ng shows the }^)eak, in the inverted case Np. 

The types of curve obtained near the energies corresponding to any set 
of Miller indices (formula (2)) are thus as in fig, 6. 

{d) At the head of a band no general prediction is possible, though 
N{E) is proportional to E), where is the energy at the head of the 

band. 



Fig. 6 — Left, density of and p-states, dottc^d lines for separate zones^ full lines 
total. Ui(jht, intensity of transmitted radiation near absorption edge. Type 1 will 
be obtained for absorption from p-levels {Ljp Lju) sufficiently far from the edge; 
Ty|)e II from «-iovols (A, Li). Near the edge the behaviour nuiy be reversed. 


Summary 

The energy bands of metals are discussed in relation to the following 
physical properties: 

(1) The electron specific heat of metals having closed d-shells. It is 
shown that the linear term is in general greater than that given by Sommer- 
feld’s free electron formula. 

(2) Electronic specific heat, magnetic and electrical properties of tran¬ 
sition metals. These are related to the shape of the d-band, which is 
worked out for body-centred cubic metals, e.g. Ta and W and a-Fe. It is 
shown that Ta, like other supraconductors, has more than one “con¬ 
duction” electron per atom. 

(3) The fine structure of the X-ray absorption edge. 
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The Elastic Stability of a Long and Slightly Bent 
Rectangular Plate under Uniform Shear 

By D. M. a. Leggett, B.A., Trinity College, Cambridge 
{Communicated by R. V. Southwell, F.R.8.—Received 6 February 1937) 

1 — The problem of the elastic stability of a plane rectangular plate when 
subjected to uniform shear has been approximately solved for Various 
conditions (Cox 1933 ; Timoshenko 1936 ). In the case of an indefinitely 
long strip an exact solution has been found (Southwell and Skan 1924 ), 
but it appears that no attempt has been made to investigate what happens 
if the plate is no longer plane. It is aoeordingly the object of this pai 3 er to 
consider the stability of a long s'.rip, slightly curved, when its two side 
edges are subjected to uniform shear. 

2 — In what follows we assume that the tliickness and curvature of the 
plate are constant, and that the edges of the plate are two generators and 
two lines of curvature. It is, moreover, further assumed that the plate is 
thin as in all similar stability problems, and thkt it is of such length that 
the boundary conditions over the two curved ends can be ignored. 

We first consider the equilibrium stresses and displacements caused by 
applying a uniform shearing force to the two straight edges. Referring the 
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system to ordinary cylindrical co-ordinates, it can be shown without 
difficulty from the equations of equilibrium and the equations connecting 
up the coefficients of stress and strain (Love 1927 , §§ 22 , 69, 69) that the set 
of displacements 

^ ^ 

Uj. « 0 , 0 , = rOy 

where t is constant, can be produced by a 
stress system in which all the coefficients of 
stress vanish except Oz which has the value 
/ir/r. 

3—We now confine our attention to the 
middle surface of the plate and choose a new 
system of co-ordinates. We take the generator 
and line of curvature through the centre of 
the plate as axes g, tj, so that the edges of 
the plate are ^ = ± a/ 2 , ^ = ± 6 / 2 , and intro¬ 
duce a third axis normal to the middle 
surface in its unstrained condition, and such ] 

that g, ijt ^ form a right-handed system. The 

displacement of any point of the middle surface is ?/;, with reference 
to these axes. The radius of curvature of the plate is p, its thickness is 2 A, 
and the external force system consists of a shear resultant S acting 
uniformly over the two straight edges. 

Since it is supposed that the edges of the plate are free to move in the 
ordinary equilibrium displacement, it follows from § 2 that the actual 
displacements are 



u 


ST^il + cr) 
Eh ’ 


0 , w = 0 . 


We shall now use the shell equations obtained by Dean for problems of 
this nature ( 1925 ), when second-order terms wliich are multiplied by l/p 
have been omitted, a legitimate approximation since we are assuming that 
1 /p is small. The above set of displacements now satisfies the shell equations 
exactly, and if the configuration is one of neutral equilibrium, the shell 
equations can also be satisfied by the displacements 


u 


^^(1 + cr ) 
Eh 




V w ^ w\ 


where u'y v\ w' are arbitrarily small but not all zero. Subtracting the shell 
equations for the two configurations, and ignoring terms of order above the 
first in v\ w\ we deduce the three fundamental stability equations. 
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These are long but can be simplified by making two assumptions. First, 
that 1 jp is small and of the same order as h; and second, that w' is of larger 
order than w' or v\ The latter assumption follows at once from a considera¬ 
tion of the limiting case when the plate is flat, and from the fact that we 
are considering a plate which is only slightly bent. As a result of making 
these approximations and only retaining the terms of the highest order of 
magnitude, the equations are 


0 '“du* 


3 


[du* , (dv^ (l-o-) 0 /0t?' 0w/\ ^ 

( 2 ) 

T74 ' , M ^ 1 r/9»' Sw'"! ^ 


(1 - cr) a idji' Sm'\ a r/Bv' m»'\ Sttn _ 
2 H\di'^dr}j^dTjWdij 


(3) 


We will now put the equations (1), (2) and (3) into non-dimensional form by 
means of the substitutions 




bx 
n * 


^ n 2' 


We get 


V9y 2 “ 

{\-(T)didv' du'\ Br/dv' bw'\ Bu'l 

■2--axte+yJ+8,Lte-^)^'^axJ = ^ 

3 ^ \7r/ Ehdxdy ^p) ^ 

We now effect a simplification by introducing a function ^ (cf. Dean, 1926 ; 
Timoshenko 1934 ? ^‘hap. 1) defined by the equation 

(1 — O') /0'a^ 02/\ 3*^ 

2 \ 0;*' ^ 0a:/ ^ 0a:0y ’ 

From (4), (5), (0) and (7) we deduce the following four equations: 


(7) 


du' /dv' bv/\ d^}lf 
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vy- 




,ay; 

' dx^y 


0 , 


(11) 


where 


ph^ 


4—‘Case 1 —Edges Fixed and Simply Supported —We shall now find a 
solution of the above equations which satisfies the boundary conditions* 


u' v' « 0, 

W' ^ r y = 0, 

dy^ 


for y = 0, w. 


(13) 


Since we are omitting the corresponding conditions over the two curved 
ends, it is possible to express w* and ijr in the form 


ijr = \Jr^ cos mx -h ^3 sin mx, 

whence introducing the two complex quantities W* and defined by the 
relations 

W* - w[-\-iw2y ^ + 

We are enabled to express w/ and ijr more compactly as 


w/ f (14) 

In (14) W* and ^ are functions of y only, and m is real but otherwise 
unspecified. 

Substituting for w' and ^ in (10) and (11), we derive the two fourth order 
differential equations 

(I?-”’)’’'-®’”’"”"'’’ 

( //2 \* llW 

- m*j W + Pm^W-imQ^ = 0. 

Since they are linear and have constant coefficients, their general solution 
is of the form 

2 o,e^v, W'^ f b^^ry, 

r«l r«.l 

where the a^’s and 6,.’8 are interdependent complex constants and the 
Tr’s are the roots of the algebraic equation 

(t* — m*)* {(t* — m*)* — imQr) + PRm* = 0. 


• The expression for the couple in general contains two terms, but since w' is 
zero over the two straight edges the second teim vanishes. 


Vol. CLXII—A. 


T 
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From this equation for t it can be seen that the algebra involved by this 
method of solution would be so heavy as to make the method scarcely 
practicable, but before considering any alternative we make an important 
observation which we shall use later, namely, that the general solution 
for W and W' is such that W and W and all their derivatives are continuous 
functions of y in (Ott). 

We shall now proceed to develop a method of solving the equations (10) 
and (J I) entirely different from that just outlined above. From the last two 
boundary conditions in (13), we deduce 

0 , [a = 1,2] for y = 0 , tt. (16) 

dy 

Now consider the fourth derivative of («== 1 or 2) with respect to y in 

< Ott >. It is continuous in that range, and hence can be expanded as a 
Fourier series of sines throughout (Ott) in the form 

(. 6 ) 

where by a well-known property of Fourier* series r* | A„ | <Klr, K being 
some positive number independent of r. Making use of the above inequality 
and another property of Fourier series, we integrate (16) twice, and deduce 
that in (Ott) 

(17) 

Since each side of (16) is a continuous function of y, it follows that the 
equation is true, not only in the open interval (Ow^) but in the closed interval 

< Ott > as well. We now put y equal to 0, n, whence it follows from ( l^) that 
B and C are zero. Integrating (17) twice and adopting the same reasoning 
as above, we deduce that 

QO 

* 2-4 fSin ry in < Ott > . 

Reversing this process we obtain the result we want, namely, that we can 
assume a Fourier series in sines for in < On > which can be differentiated 
four times term by term. 

Introducing defined by the relation 

* For the profwrtiea of Fourier aeries used iu tliia paper see Carslaw (x 930 » 
chaps. 7, 8). 
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and substituting for w' in (10), we have the following equation from which 
to determine W : 


j—T — 2m® -y-T + m*tf^ = m*ii Y A. sm ry. 
dy* dy* r-i 

The general solution is 

W — [A cosh my+ B sinh my} +y{C cosh my + D sinh my} 


^ A(r® + m*)a* 


(18) 


We will now obtain A, B, C, D in terms of A^, by virtue of the first two 
boundary conditions in (13), Since these involve u* and v' it is necessary to 
solve for them from the equations (7), (8), (9), Assuming a form of solution 
given by 

u' = cosmar + WgSinma;, 
v' = cos 7nx + Vg sin mx, 



where are independent of x; and introducing U' and V' 

defined by 

so that - (R) v' ^ (R) 

we obtain from (7), (8), (9), (19) the three following equations:* 



(20) 

-imV + 0 --J—= TT^-rH-H', 

dy dy* np 

(21) 

dV . ,,, bW 

-j - tamV = —-. 

dy np 

(22) 

Manipulating these equations we have 


M\p 

mUHl — er*) = in-j-^ + inannW, 

' dy® 

(23) 

.dV 2nm dW 
' dy (l-o-)dy- 

(24) 


• At first eight it might be thought that we had found three equations to bo 
satisfied by the two miknown funotiom U' and V% but it must be remembered that 
of the five equations (7) to (11) only four are independent. Since we are treating 
(10) and (11) as independent, it follows that of the three equations (7), (8), (9), and 
thei^ore of the three equations (20). (21), (22), only two are independent. 
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The first two boundary conditions in (13) can be expressed in the form 

[/' = V = 0 , for y = 0,n, 
whence from (23) and (24) we deduce 

d^W 


dy'^ 


+ crm^yP = 0 , 


dW _ 


for 2 / = 0 , TT. 


( 25 ) 


Substituting for W given by (18) in the equation (25), we have the following 
four equations from which to determine -4, i?, ( 7 , D: 

-f <T)-f 2 D « 0 , (26) 


Am{\ + cr)co 8 hm 7 r + Dm(l -f (r)sinh mrr 

+ C{2 sinh mm + mn{ 1 + (t) cosh mn} 

-f D{ 2 coshm 77 -f m 77 (l-f 0 ')smhm 7 r} == 0, (27) 

- Dm(l + a)^C{l --cr) « BX, ( 28 ) 


— 4m( 1 + «r) sinh mn — Bm{ 1 + cr) cosh mn 

-f <7{( 1 •“ <r) cosh mn — mn( 1 + a) sinh mn] 

+ D{( 1 — O') sinh mn - mn( 1 + cr) cosh mn] « J? F, 


where 


“ A,{r3 + (2 + (r)mV} 
A (r^ + m*)* " 


r=»l 




r-l 


r-1 


(f) 

(30) 


The second half of the two equations (30) is to be regarded as defining «, 
which it will be convenient to use later. 

Solving (26) to (29) we deduce 


A 





(31) 


where A = m®(l + o')® {(3 — <r)‘ sinh® mn — mn^*(l + o-)®}, (32) 

A’ = 2RXm(l + o'){(3 — o')8inhm?rco8h«iff + »in'(l + cr)} 

— 2i2yjn(l + o'){(3 — o')Binh>»>r+jnff^(l + cr) cosh (33) 

B' = RXm( 1 + O') {m®7r®( 1 + o*)®—2(3 — <r) sinh* mn} 

-i?rm®ff(l +o')*(l —(r)sinhmjr, (34) 

C = i?Awi*(l + o')®(3-o')smh*TOff-i?ym»ff(l + o')«ainhmfl', (35) 

J!)' =s - RXm^{ 1 + (t)* {(3 - O’) sinh mn oosh mn + mn{l + tr)} 

+ J?rm*(l + o'®){(3-o')Binhm7r + mw(l + o')oo8hm3T}. (30) 
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After substituting the values of A, B, C, D, obtained from (31) to (86) in 
the equation (18), the resulting expressions for «?' and i}r given by (14) will 
satisfy all the fundamental equations and boundary conditions except the 
equation (11). We now therefore substitute for w’ and ^ in (11) and equate 
to zero the coefficient of We get 


2 A,(r* +TO*)* sin ry-imQ 2 rA^cosry + PiJTO* 2 

rmt r-1 r 

4- Pm^{A cosh my + B sinh my + y( (7 cosh my + D sinh my)} = 0, (37) 


which must be satisfied for all y in ((hr). 

Now before we can proceed with the equation (37), it is necessary to 
express all the terms in y as Fourier series of sines. 

Expressing cos wy as a sine series of the form 


008 ny — sin ry, [0 < y < rr] 

r-l 

we deduce that the Fourier constants are given by 

^ iri-^oo8(r>j-n)n J '-oo8(r—n)7f 

^ an _ ^-j- 

ttL r + n r--n 


(38) 


(39) 


Hence from (38) and (39) the coefficient of sinry in the expansion of 


2 rAfOosry is 



cos(r+n)rr 
r + n 


1 — co8(r — n) V 


■n 


]■ 


(40) 


By straightforward evaluation it follows that the coefficient of A^ in (40), 
which we shall denote by c„,, is given by the adjoining scheme: 


A 

sin j/ 0 

dn2y 


sin 3y 0 

sm 4y - 


Af 

8 

3jr 

0 

U 

5n 

0 


A 

0 

24 

in 

0 

7n 


A, 

16_ 

I in 

0 

~7n 

0 


It now remains to expand in a sine series in (On’) the expression 
{A cosh wy + B sinh my) +y(C cosh my+D sinh my). 


( 41 ) 
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Writing it as K^Binry we get 

r-l 

ss: — r sin ry [A cosh my + B sinh my + y (C cosh my + D siiih )] dy, (42) 

TT'Jo 

Denoting the coefficients oi A, B, C, D in (42) by Ii,., have 


7T j T 

2 (r^ + m^) 

_ _!L 

2 


[1 — cosh viTT cos rn], 
- sinh mTT cos rn, 


[n(r^ + m2) cosh mn — 2m sinh m7r], 

2 ^ (r 2 + m^)* 


(43) 

(44) 

(45) 


-/ 

*> ‘‘4r 


(r2 + m2)2 


[ 7 r(r 2 4 - m2) cos rn sinh mn — 2m(cos rn cosh mn — 1)]. 


(46) 


It is now essential to get expressed in as simple a form as possible, and 
for tliis purpose we introduce L^,, M^, defined by the equation 

Ak, + + DItr = 4 (4^ + MJ), (47) 

Hfv 

so that we have 

2 + i (48) 

m“L n-i »-i J 

From (31) to (36) and (43) to (47), we deduce by straightforward algebra 
that 

r{(3-(r) cosh wirr sinh m7r + mff(l + <r)} “j 

. _ 4rna,. 1_ — cos nr{(3 — <t) sinh mn + mn( 1 + <r) cosh mn}j 

'~n(\ + cr) (3-(7)®sinh“TO7r —m*7r®(l + <r)* 

(49) 


Mr 


P' 

4»na, L 


co8rn{(3- 


cr) cosh mn sinh mn + mn{\ + <r)} 

_-{(3 —(r)sinhw7r -l-wtff(l + tr)coahmw}. 


]. 


7 r(l + (r) (3 —<r)*8inh*7n7r —»i*w*(l + (t)* 

and from (49) and (50) it follows that 


(60) 


(61) 

On making use of equations (40) and (48), (37) can be expressed-in terms 
of sines of multiples of y only, and since the equation is true for all-in (Ott), 
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the ooeiHdent of sin ry{r = 1 , 2 ,..., oo) must vanish. This gives us an infinite 
system of equations, linear in the . 4 ’b, namely, 

00 Pffm^ 

+ Piiri, 2 + 2 = *>• («*) 

L n«.l n-1 J 

In general the only solution of the above equations is that in which all 
the A'h are zero. If however the infinite determinant formed by eliminating 
the A'b vanishes, this is no longer the case. Since on physical grounds a 
solution of this kind is only possible when the plate is in limiting equili¬ 
brium, it follows that by equating the infinite determinant to zero, we possess 
an equation from which to determine the critical value of 8, This equation, 
being of indefinitely large order, will have an infinite number of roots, but 
since for practical purposes we are only interested in the shearing force 
necessary to produce the most favcmred type of distortion, it is only with 
the smallest of these roots that we are concerned. 

We now make the substitution 




whence the required equation is 




PRol^{Li-M^) 

— imQc^^ 

— imQc^i 


- imQc^ 

PRct^fLi + iif, 

PRa^{L^-M^) 


^3 

-imQCM 

— imQCii 

PB(^{L^ + M^) 

— imQc„ 

z. 


(63) 


(64) 


after making use of equation (61), and the fact that half the c’s vanish. 
Equation (54) is only formal, however, and it is first necessary to prove that 
the determinant is convergent before we are at liberty to start evaluating S. 

Divide the rth row and column by r®. Then the product of the diagonal 
elements converges absolutely, and it remains to show that the sum of the 
non-diagonal elements also converges absolutely (Whittaker and Watson 
1927 , § 2‘81). 

Since from (30), (49), (50), L^, M^, are 0( l/r), the sum of the modulus of 

the terms involving a, L, M is less than 

jEj 2 jsl being some constant) 


(66) 
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and therefore convergent; but the terms containing the c’s require a mote 
detailed consideration. The sum of the modulus of these terms is 




IS 


which, on making use of (41), is less than 


n* 2 ^ * “ _ 

n \r±in n i »■-»[■ 


(r^n) 


( 66 ) 


* 1 

Now consider T —r—, (r?^?),). It is equal to 

r—1 ] 1 

„?i n{r-n) r) ’ 

By the Cauchy-Maclaurin integral test, we can prove at once that the 
expression (57) possesses an upper bound independent of r; hence the double 
series in (56) is convergent, and hence from (55) and ( 66 ) the sum of the 
non-diagonal elements is absolutely convergent—which is what we wanted 
to prove. 

Since we cannot obtain the roots of (54) directly, we approximate to them 
by considering the values of 8 obtained by replacing the left-hand side of 
(64) by the finite determinant which contains successively the first 4, 9, 
16,... elements of the determinant in (64). 

We will now proceed to evaluate these determinants, considering the 
accuracy of the results obtained in this way after we have actually found 
them. 


6 —As a fir^t approximation, we consider the determinant formed by 
taking the first four elements of the determinant in (64). We have 


giving on evaluation 


— imQc^2 




(Z,Z,)K 



Substituting for Q from (12), we deduce finally 


8 


ZDn ^ 

16 m 6 * 


{ZM 


where Z^ are given by (63), and m has that particular value which 
makes 8 a minimum. 
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For a smmd approximation we take the first nine elements in (54) giving 
ultimately, after making use of (41) and (61), 

£>7rM 1* 

“ 2m6a \cl, + cf^ Z, + 

Proceeding in a similar manner, we obtain from the fourth order deter¬ 
minant appropriate to the third approximation a quadratic for This we 
solve for the smaller of the two roots, but as the coefficients in the quadratic 
are long and complicated, the process is not set down here. 

The limiting value of S, as calculated from the third approximation when 
p is infinite,* is in very close agreement with the value obtained by Southwell 
and Skan ( 1924 ) in tiioir paper. Calling this value k, in Table I, gives 
the ratio of the shearing force, calculated for any particular case, to 8f^. 

Table I 

First S«icond Third 



approximation 

approximation 

approximation 

x/RF 


k 

m® 

k 

m® 

k 

0 

0*59 

1-046 

0-63 

1-000 

0-63 

1-000 

i 

0-77 

M99 

0-83 

1-118 

0-83 

1-116 

2 

1*05 

1-623 

1-15 

1-342 

— 

— 

a 

lv35 

1-914 

1-36 

1-674 

— 


4 

1-6 

2-360 

1-66 

1-802 

1-6 

1-785 

6 6 

1-9 

3-128 

1-75 

2-133 

— 

— 

7 

2'3 

4-017 

1-76 

2-468 

1-85 

2*348 


We do not consider the significance of the above resultsf until we have 
solved the problem for an alternative set of boundary conditions. The 
results are shown graphically in figs. 2 , 3. 

6—Case II —Edges Fixed and Clamped —^In this event the boundary 
conditions to be satisfied are 


w 


»' = «'=> 0,1 
dw' 

¥ 


0 , 


V for y =» 0 , n. 


(69) 


The method of solution adopted in this case is similar to that explained in 
§ 4, and as in that case it is necessary to start by considering to what extent 
we can assume a differentiable Fourier series for tr'. 

* 62-86 I>/6«. 

t The value of <r is taken to be 0-26. 
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We express w' and ^ in the form assumed at the beg innin g of Case I, 
but the last two boundary conditions in (59) now give rise to 

= [s==l, 2 ]fory = 0 , TT. 160) 

ay 

Expanding the fourth derivative of as a sine series in (Ott), we have 

dSv' ^ AA ^ 

(61) 


and satisfies the inequality 

Integrating equation (01) three and four times, we deduce for 


^ cos ry-^E^+ 2F,y + ZO,y^, 

f -4,, sin ry + +-P.y* + 

r-l ) 

where F^, Og are constants. From (60) these are given by 

Hg — 0, Eg + nFg + n^Gg = 0, 


(62) 


Eg^ - X Eg + 2nF, + Zn^Gg = - J rcos mAgg, 

r-1 r«»l 


leading to H, = 0 , 


7 /|.„x 


1 


Eg^-J^rAgg, <?. = --I {l + (-)^}r^„. 


r-l 


TT^ri 


(63) 


Hence we can assume for w, a form given by (62) and (63), where the sine 
series can be differentiated term by term four times. Introducing W, *P 
and Ag, as defined in Case I, w' and ^ can still be expressed in the form given 
by (14). We now introduce the additional complex quantities E, F and G, 
defined by the relations 

E~Ei+iE^, F^Fi+iFt, G^Gi + iG^. 

Substituting for w' in (10), we have the following differential equation for ^: 

d^W d'^W i 1 

+ * m*i?| 2 Ar%mry + Ey+Fy^-k-G^Y 
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which has for its general solution 


W == {A cosh my + B sinh my) + y{C cosh my + D sinh my) 




It is now necessary to obtain the constants -4, B, 6\ D from the first two 
boundary conditions in (59). The first part of this process is identical with 
that contained in equations (19) to (25) in Case I and so is not repeated here, 
but on substituting for W given by (64) in (25), we deduce four equations 
from which to determine A, J8, C, 1), which are slightly difierent from the 
corresponding equations (26) to (29). The left-hand sides of the two sets of 
equations are the same, but in place of 0, 0, i?X, JBF on the right-hand side 
of (26), (27), (28), (29), we now have RO, R(j>y J?(A; + i^h if(7+-0) for the 
corresponding equations in Case II, where 


m^ TT^m*- j.'Ti 


)’-}rAr= £ Arr. 

Y<m\ 


“ - - “l.c+(- -1 (- 


The two new quantities introduced, and are to be regarded as defined 
by the second half of the above equations. 

Solving the four equations analogous to (26) to (29), B^C,D are given 
by (31), (32), and 

A' - 2iJ(A + ^J")wi(l + <r){(3- <t) sinhmwcosh ww+m7r(l + cr)} 

— 222( 7+fl) m( 1 + O') {(3 — <r) sinh mn + mn( 1 + o') cosh mn) 

+ R0m(l + O') {(3 - O') (1 — O') sinh®m?r—+ o')*} 

- 2R(f>mhT( 1 + O')* sinh mn, (65) 

B' - R{X + i^)m(l + (t) {jn*7r*( 1 + o')*—2(3 — o')sinh* mn) 

— R(Y +fl) »n®?r( l + (r)*(l —O') sinh WTT 
+ R0m( 1 — O'*) {mn( 1 + o') — (3 — o') sinh mn cosh mn) 

+ R^i( 1 — O'*) {(3 — O') sinh mn—mn{l + o') cosh mn), 


( 66 ) 
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C* « R{X + m\l + cr)* (3 — tr) sinh^mTr 
“ i?( F+i2) m%( 1 + (xf sinh mn 
4- Rdm\ 14- cr)2 (m7r( 1 4 - (r) — (3 - ) sinh mn oosh mn} 

4- 14“ cr)* {(3 — cr) sinh mn - mn( 14 - <t) cosh wtt}, (67) 

B* ^ R(X 4“ ir) m\ 14* <tY ((3 — cr) sinh mn cosh mn 4- mn{ 14- cr)) 

4- iZ( F -i-D) m*( 1 4- <r)^ {(3 — a) sinh mn + mn(l 4- cr) cosh mn] 

+ Rdm\ 14“ O')* (3 — cr) sinh* mn 4- R^m^n{ 1 + o-)® sinh mn. (68) 

Since the expressions obtained for w' and ijr now satisfy all the required 
conditions except equation (11), it remains to substitute for w' and ^ in 
that equation and equate to zero the coefficient of CorreBponding 

to (37), we get for all y in (On*) 


2 i4y(r*4-m*)*sin ry 4- {7n.^(Ey + Fy^ + Oy^) — 2m\2F 4- 6Gy)} 

r»l 

-imQ 2 rA^cosry- imQ(E + 2Fy + 3Gy^) + PBm* ^ ^r j ^^ 2 ^2 

r«l r^l ‘Xm ) 

-h Pm^{A cosh my 4- B sinh my ^y{C cosh my 4- D sinh my)] 

+ + + + = 0. (69) 


It is now necessary to expand the left-hand side of equation (69) in terms 
of sines of multiples of y. For the cosine series, and the terms containing 
Af B, C\ D, we make use of the work done in Case 1 and expressed in 
equations (38) to (46); but for the terms involving E, F, G we have to 
construct schemes analogous to (41). 

Expressing 1, y, y*, y® as Fourier series of sines in (On), we deduce 


1 

y 

y^ 


2 » {l -(-)1 . 

" 1 ~— 

n I T 

« (^Y 

r—I r 


r-l I 


(rr* 6 


sinry. 


(70) 


Hence from (63) and (70), the coefficients of sinrj^ in the expansion of 
Ey + Fy* + Gy®, F + ZOy, E + 2Fy + ZOy* are respectively 

-^{1 -(- y)i^ {2+(- 2j{i+(-(71) 



78 


D. M. A. Leggett 


Ooo / — 12 ^ 

iff n«>l »*"1 ** ' n-*"! 

Denoting the coefficients of in (71), (72), (73), by we derive 

the following schemes for these three sets of quantities; 


sin;/ 
sin 2y 
sin 3y 
sin 4ty 


^1 


0 

8 

" 27^2 

0 


A. 


0 

J 

“47r2 


24 

TT^ 

0 

£ 

“9;r“ 

0 


^4 

0 

12 

TT® 

0 

A 

27r* 


(74) 


sinj/ 
sin 2y 
sin 3y 
sin 4y 


siny 
sin 2y 
sin By 
sin 4y 


4 

TT® 

0 

4 

3n^ 

0 


^2 

0 

jr* 

0 

£ 

TT* 


0 

2 

jr 

0 

1 

n 


8 % 

0 

A ^ 

0 


A, 

0 

4 

TT* 

0 

A, 

0 

_6 

7T 


0 


3 

7T 


A, 

0 

— 

ff* 


0 

\2 

7r» 

(75) 

t 

A^ 

16 192 

—+ —r 

n ir 


0 - 


16 64 

Sw^Off* 


0 


( 76 ) 
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Following the development of Case I, it is necessary to simplify 
and we accordingly proceed as in that case. Two new quantities TJ are 
introduced, being defined by the equation 

AI^+BI^ +(74+i)4 = [4(Z M,{ r+fl)+ 40 +vm 


mr 


whence /c, = ~ fiJ f +r«)| + ^! 2 (- +7« 

U»»i ] In-i 


+ ^. i i ( - (77) 

ft—I ««“! J 


Prom (31), (32), (43) to (40), (65) to ( 68 ), (77), w'e deduce after considerable 
algebraic reduction that 

J.J 2mr r 2 m 7 r(l + 0 ') . , 2 m® 7 r(l 4 * cr)^ . , 

U == -^ -- ^ cos rn smh mn + —t-——cos rn sum mn 

^ /l7r(l + o')L (r^ + m-*) (r^-hm®)^ 


+ {(3 - 0 ^) (’ - 8 inh* mn - m*w*( 1 + o’)*} 


2m2(l -f a*) (3— a) 


2mr 


A7T(1 + 




(r^ + 

2mn( 1 4 - O’) . . 

-sinhwTr- 


sinh^'^mTT 


9 


(78) 


(r^ + m*) 


2mV(l4'<r)2 . , 

sinh mTT 

(r2 4*m2)2 


cos rn 


{(3 — O') ( 1 — cr) sinh^ mTr — m^n^ 1 + o*)^} 


+ 


(r^ 4 m^) 

2w2(l4-fr)(3~*or) 


cos rn mih^ffin 


]• 


(79) 


(r* + Ml*)* 

where ^ = (3 — <r)* sinh* mn — »i*m*( 1 + <r)*. 

From (78) and (79) it is at once apparent that 

4 = (-)r+n;. (80) 

We now express the left-hand side of equation (69) in terms of sines of 
multiples of y, whence equating to zero the coefficient of sin ry we deduce 

(f* + ni*)*^,-|-w« f e^An-4m* f 2 Crn^« 

+ W 2 (-)"^»(«n+r«)l + f^r 2 ^nMu -K 2 (-)“^»/‘« 

ln«l / ft*-*! 

-t-Pjal" 2 ®fn^n + ^ 2 /m^nl = 0, 

Lft^l ^ n«-l J 

an infinite system of equations analogous to (62). 
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In order that a non-zero solution of these equations should exist, it is 
necessary that the infinite determinant formed by eliminating the A *6 
should vanish. This gives us the following determinantal equation from which 
to determine the critical value of 8 : 

j * 5*1 + ^13 

I “ (^2s) *^4 

! -'mQ{Cs2^g92) “3 -twQ(f:34 + fir84) 

^42 *5^4 

= 0, (81) 

where S, {r^ + m^ f + m*e„ - 4m%.+je,r+ 

+ Pli{{cc, + rr) {Lr+{- YM,) + MUr -( - TF,)), ( 82 ) 


= mhij - im% + PR\eij + j 

+ PR{{a^ +y^) (L, + (- - {- YV^)}. (83) 

It is now necessary to consider the convergence of the infinite deter¬ 
minant involved in the equation for 8, and for this purpose it is convenient 
to summarize the orders of magnitude of the various quantities involved. 
We have 



Divide the rth row by r, and the rth column by r», then from (82) to (84) it 
lollows at once that the product of the diagonal terms converges absolutely, 
and that the sum of the non-diagonal terms not involving the c’s also obn- 
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verges absolutely. The terms involving the c’s we consider separately. The 
sum of their modulus is 


which is less than 


Qm2 1 


ICr, 


rrxntTl 


W Ir-lW ^ ^ I »■-»(’ 


[r#w] 


which is convergent by virtue of (67) on interchanging the suffixes r and n. 
Since the determinant is convergent, we now approximate as in Case I. 

7—In order to reduce the algebra and calculation involved to a minimum, 
we go straight to a second approximation formed by taking the first nine 
elements of the determinant in question (81). After certain simplification 
this reduces to 


8 


_ ____ 

2mb ^ {-^13(^21 + 9'2x) (*''32 + fi'32) -^31 (*^12 + ^12) (*^28 "t Jl23) 

~ + 9 ' 23 ) (^32 + {732) — *33(012 + ^12) (®21 ■t‘fl 2 l)}- 


The main results of the subsequent calculation are given in Table II. They 
are shown graphically in figs. 2 and 3. 


Tabls II 


v/i2P 

Second approximation 

i: 

0 

1*48 

1*664 

1 

1*56 

1*7]7 

2 

1*75 

1*865 

3 

1*95 

2*035 

4 

21 

2*245 

5 

2*2 

2*471 


Here k has the same meaning as in Case I, and it is interesting to note that 
for a plane strip the value of k obtained by Southwell and Skan is 1 * 68 . 

8 —Before drawing ^y deductions from the results we have obtained, 
it is first necessary to consider to what extent our third approximation in 
Case I, and our second approximation in Case II, are likely to differ from the 
true results. 

In Case I we compare the results obtained in this paper for the special 
case when the strip is flat with those obtained by Southwell and Skan 
( 1924 ). In the first approximation there is an error of some 6 %, while in 
the second and third approximations this is reduced to a fraction of 1 %. 
For the general case in which the plate is curved, no comparison with any 


« 
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known result is possible, but by a consideration of the relative accuracy of 
the three approximations when the strip is flat* it seems probable that for 
the larger values of BP considered, the error in the third approximation 
mil not exceed 1 %, while for the smaller values it will certainly be less. 

In Case II it is not so easy to ascertain the error in the second approxi¬ 
mation, but by a comparison with the results of Southwell and Skan for 
this case, it is clear that the second approximation is not as accurate as in 
Case I. In spite of this however the results of Case II, as shown in fig, 1, are 
quite consistent with those of Case I, the curves rex)re8enting the third 
approximation in Case I and the second approximation in Case II tending 
to become parallel. 

With reference to the possibility of obtaining further approximations in 
the two cases, there is no theoretical difficulty, but in view of the calculation 
which would be necessary and in view of the fact that the results wanted 
have already been obtained with an accuracy sufficient for all practical 
purposes, the laboiu’ involved would not appear to be worth while. 

On considering the detailed results of the calculation (not actually given 
in this paper), it can be seen that for a given value of BP, a small change 
in m* from its critical value will give rise to a very much smaller change in ifc. 
Hence in view of the accuracy to which the results have been evaluated, m® 
is only accurate to two figures, and the third figure, where given, is liable to 
an error of anything up to three. 

A final point to which it would appear appropriate to draw attention is 
the importance and use of Fourier series in solving equations of the ty^e 
with which we have had to deal in this paper. 

In conclusion, the writer wishes to thank Mr. W. R. Dean, Trinity 
College, Cambridge, for his valuable criticism and advice. 

SlTHMARY 

A long plate, slightly curved, is subjected to a shearing force applied 
uniformly along its two straight edges, A theoretical investigation is carried 
out to as(jertain the value of the shearing force at which buckling of the plate 
may be expected to take place. 

Two cases are investigated, in one of which the two straight edges are 
simply supported, and in the other of which they are clamped. The results 
of the investigation, giving the critical shearing force in terms of the 
dimensions of the plate in each of the two cases considered, is shown 
graphically in fig. 2, 
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The Absorption Spectra of the Monosulphides of 
Alkaline Earth Elements and their Latent 
Heats of Vaporization 
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{Communicated by M. N. Saha, F.R.S.—Received <i April 1037) 

[Plates 2, 3] 

Introduction 

An important extension of Franck’s ideas regarding the photo-dissociation 
of alkali-halides was made by P. K. Sen-Gupta and others of this laboratory. 
Sen-Gupta postulated that in compounds like ZnO, CdO, HgO, ZnS, CdS 
and HgS the chemical binding is ionic in nature so that the molecule has 
the structure: —, where M and X are respectively the electro¬ 

positive and electro-negative elements. In a number of papers Sen-Gupta 
emphasizes the view that the primary processes of absorption of light by 
this class of compounds results in the simultaneous transition of two elec¬ 
trons from the electro-negative to the electro-positive atom, so that the 
molecule dissodates into two neutral atoms in their ground states. The 
photo-chemical equation can be represented as given below: 

MX + hVi^M + X(»P), ( 1 ) 
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where Vi in the frequency of light capable of bringing about the dissociation 
of the molecule. This will give rise to an absorption cut towards the long 
wave-length side of the continuous spectrum. 

It may happen that besides dissociating into neutral normal atoms, one 
of the dissociated atoms may come out in an excited state as a result of the 
absorption of light of lugher frequency. The probability of getting an 
excited atom is enhanced a good deal in those cases where the electro¬ 
negative element possesses a few metastable levels. This is exactly the case 
for oxides and sulphides. It is well known that oxygen and sulphur atoms 
possess the metastable spectroscopic levels and besides the normal 
*P levels, so that the other two secondary processes of photo-dissociation 
can be represented by equations similar to (1). We may have, in fact, 

MX + hv^^ ( 2 ) 

MX + hv^^M^X(^Sy (3) 


If the processes (2) and (3) actually take place, we should expect the 
appearance of a second and third cut in the absorption spectrum followed 
of course by intermediate retransmissions of light. The correctness of the 
above postulate is well borne out by the following two important facts: 

(1) The beginning of the first absorption is found to correspond with the 
calculated value as obtained from (a) thermochemical data; (6) deter¬ 
mination of energy of formation of the crystal lattice out of ions. 

In both of these methods we calculate the atomic heat of dissociation ii, 
i.e. the energy required to break the molecule into its normal atomic con¬ 


stituents, where 


E 


J • 


(4) 


Knowing i?, the beginning of absorption in frequency units can be deter¬ 
mined at once with the help of equation (4). 


(a) Thermochemiccd Method —^Theibllowing thermochemical equations 

[S,] ^ 8^^2Ls, 

can be linked with each other to yield equation (6), 
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The process can be represented by the AABD in fig. 1 , when we consider the 
transition of the solid constituents of the sulphide (.4) to their gaseous state 
(D) via the solid sulphide (fi). The cycle is the well-known Born’s cycle. The 
three sides of the AABD yield the equation (5), where 

Q = heat of formation of the solid sulphide out of solid metal [M] and 
sulphur [jS], 

dissociation of sulphur into S atoms, 

L = heat of vaporization of the metal [ilf], 

= heat of vaporization of sulphur [ 6 ’], 

= heat of vaporization of the compound f 


[m^[s3] (M$] 



Fio. I—Born’s cyclo. 

In the present investigation, however, the Ljfjg values for the mono¬ 
sulphides of alkaline earths are not known, and therefore the position of 
the first cut towards the long wave-length side cannot be calculated before¬ 
hand from equation (5), so as to check its validity from subsequent data. 

It is customary to get an approximate value of the latent heat of the 
compound with the aid of Trouton’s rule, in cases where its value is unknown, 
due to lack of vapour-pressure data. We have 

—^ = constant, ( 6 ) 

where T is the boiling-point of the compound in absolute temperature 
scale. It is rather unfortunate that even the boiling-points of these refractory 
compounds which I have undertaken to examine spectroscopically are not 
known. I have, therefore, calculated the latent heats of vaporization of the 
monosulphides, taking equation ( 6 ) to be true as shown by various workers 
(Dutta 1932 ; Sen-Gupta 1933 , 19340 , 1934 *: and Sharma 1933 ). 
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(b) Grating Energy Method-Let E denote the energy required to form 
the crystal MX out of the ions and X , so that 

M++ + 2c = J!/ + I. (7) 

Similarly, we have S — 2 e = 8—Eg —, ( 8 ) 

where /jv/++ is the sum of ionization potentials of M and M+, and Eg — is 
the heat of formation of an 8 — ion out of jS and two electrons. Prom the 
A BOD of Bom’s cycle (fig. 1 ) we get 

E = R + Djyg + ~ hig —, (9) 

R = E- Ljgg - /„H + Eg— ( 10 ) 

The lattice energy E in equation ( 10 ) can be found by Bom and Gterlach’s 
formula _ ^ 

E = K^^i/{plM), (11) 

T%/ 


where K = constant involving Madelung*s coefficient, 

p = density, 

31 = molecular weight, 
n = repulsive exponent and is given by 

+ in) 

where C = constant depending upon crystal structure, 

X = compressibility. 

The formula given above is derived with the help of electrostatic grating 
theory. Recently a new formula for the grating energy has been given in 
which besides the Coulombian part of energy, the contributions of energy 
due to Van der Waals’ cohesive force, null-point oscillation energy and the 
repulsive potential (with two arbitrary constants and an exponential term) 
have also been taken into account (Born and Mayer 1932 ). The complete 
formula with different parts of energy in the order given above is of the form 


M'here 


ae 


0 


0(r„) = _.-+ 4.e-(l-A) 


ae 


fo\ro 


* 6 e 

+ -»- 
^0 


iVT/dp 


N 


[ff 


^(^ 0 ) = grating energy, 
a « Madelung number, 
e = elementary charge, 

^0 = grating interval at T = 273° A, 


(13) 
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*'max. “ naaximum frequency of vibration, 



t fi \ 

^ 1 

1 . 

2M + aM'Cj^ 

^ ff > 

. c/ ) 

1, e(‘5/»'©+l-“0)ro/P 


M = number of different kinds of ions in the grating, 

M' = number of the same kind of ions in the grating, 

C, = 

c* = c„, 

S ~ difference of ionic radii, 
p = universal constant, 

<Se « ^ for different kinds of grating points, 

^ E~ for the same kind of grating points, 

— interaction constant between positive and negative ion, 

^ = interaction constant between positive and positive ion, 

O _= interaction constant between negative and negative ion. 

Soon after the announcement of the new grating theory, the grating 
energy of alkali halides and the electron aflSnity of halogens were calculated 
with the help of the new formula and found to be in agreement with observed 
data (Mayer and Helmholtz 1932 ). The grating energy of the oxides and 
sulphides of alkaline earths were calculated by Born’s formula (Mayer and 
Maltbie 1932 ). In the present investigation their values for the mono¬ 
sulphides of Ca, Sr and Ba are alone of interest. In Table I are given the 
results of their calculations. 

Table I 


Von dd’ Niill-ptiint Repiilsivo 



CouJoinbian 

Waab’ 

oscillation potential 

Total 



energy 

energy 

energy 

energy 

energy 

Total 

Salt 

Ergs/ 

Ergs/ 

Ergs/ 

Ergs/ 

Ergs/ 

grating 

mol. X 10 ^* 

mol. X 10 ^^ 

mol. X 10 ^® mol. x 10 ^® 

mol. X 10 » 

energy 

CaS 

- 57'6 

- 0*2 

01 

6-8 

-- 60-9 

-737 

SrS 

* 63*3 

- 0-2 

01 

60 

- 47*4 

-686 

BaS 

- 49-8 

- 0-2 

01 

5*3 

- 44*6 

-647 
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The other factors in equation ( 10 ) can be considered now. The value of 
obtained from spectroscopic data are 441'7, 383*0 and 348 koal, for 
Oa, Sr and Ba respectively. The quantity —, the electron affinity of 
sulphur, has been given by Born and Gerlach, Samuel and Lorentz, and 
Mayer and Maltbie, but there is no agreement in these values, and they vary 
from 30 to - 80 kcal. Mayer’s value has been obtained from the OABCD 
of Born’s cycle as shown in fig. 1 , with the help of grating energy given in 
Table I. Prom equation ( 10 ) we could calculate R provided and Eg-^ - 
are known. Since is not known, instead of calculating B we could 
calculate from the observed data regarding R. Even this cannot be 
done so long as a reliable value of the electron affinity of sulphur is not known. 
We can now pass on to the discussion of the other points in support of the 
postulates made in the beginning of the article. 

(2) Sen-Gupta observed a first and second cut in the case of ZnS, CdS and 
a third cut as well in the case of HgS, while for others he showed that the 
positions of the second and third cuts are beyond the region of observation. 
The differences and — correspond to the and 

ID ig differences of the X atom respectively. 

Apparatus 

On account of the highly refractory nature of the sulphides of alkaline 
earth elements, the vacuum graphite furnace of this laboratory which is 
capable of giving a temperature of about 2000 ° C. was employed. From the 
year 1927 when Saha Sur and Majumdar first carried out an experimental 
verification of Saha’s ionization theory, the vacuum graphite furnace 
designed on the lines indicated by Professor Arthur King of Mt. Wilson 
Observatory has undergone a series of modifications (Desai 1932 ), and 
experience has led us to a further modification of our furnace which I shall 
now describe. It will, however, be noted that the salient features of the 
furnace are not very different from tfte original. 

In fig. 2 is given a diagrammatic sketch of the furnace together with a 
few of its accessories. A water-cooled cast-iron base carries two copper 
electrodes EE which are also water-cooled and are rigidly clamped to the 
base by means of bolts as shown in fig. 2. At the ends of the electrodes are 
brazed two copper plates 10x7 cm. Two graphite plugs .FF which carry the 
current-bearing graphite tube G can be bolted at different positions on the 
copper plates P. This method of mounting the graphite tube permits the 
variation in the effective length of the heating tube. The maximum length 
of the tul>e 0 between the plugs F is about 30 cm. in the present investigation 
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in contrast with much smaller length used in the previous investigations. 
The long tube gives a long column of the vapour of the substance which 
is being vaporized and consequently affords much better conditions of 
absorption. On the other hand, it possesses the disadvantage that the 
maximum temperature attained with the limited amount of power supply 
at our disposal is not more than 1800® C. Over the base B is placed the main 
body of the furnace which is also double-walled and rectangular in shape. 
This double-walled body is provided with four windows W on the four sides. 



Fig. 2—Vacinim furnace. 

The windows facing the hydi’ogen discharge tube and the quartz spectro¬ 
graph are closed by two quartz i>Jat©s QQ. To the other two windows only 
glass plates ore attached. One of these two windows is used for visual obser¬ 
vation of the graphite tube or to record its temperature by a disappearing 
filament pyrometer. Through the other we can either make electrical con¬ 
nexions for thermocouples, etc., or a discharge tube can be connected to 
indicate vacuum, Behind the quartz plates QQb^vb placed brass diaphragms 
to prevent the condensation of the vapour over them. The furnace is closed 
by a water-cooled lid L, provided with a handle C which facilitates easy 
cleaning of the furnace. The water flows first into the lower plate, and after 
washing the electrodes enters the main body from where it is led into the 
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lid and finally goes to the sink from the top. To diminish the heating of the 
body as a result of the intense radiation from the heated graphite tube, an 
iron mantle M is placed surrounding the graphite tube with a hole just 
opposite the observational window. This arrangement gives a little higher 
temperature, for the radiation loss is prevented a good deal. 

Experiment 

While taking the absorption spectra of the monosulphides of Ca, Sr and 
Ba, the substances were placed in a quartz tube and a heavy current was 
passed through the surrounding graphite tube from the terminals of a low- 
tension welding transformer, which gives a maximum of about 1000 amp. 
at a pressure of about 10 V. The furnace was evacuated by a vacuum pump, 
and then nitrogen from a cylinder was introduced at known pressures. For 
ultra-violet region and quartz spectrographs were used, while for 
the visible a constant deviation glass spectrograph was employed. Hydrogen 
discharge tube run by a 2 kW transformer gave sufficiently intense light in 
the ultra-violet. A Philips coiled-coil 40 W lamp served as a source of con¬ 
tinuous light for the visible region. Different experimental conditions under 
which each salt gave a suitable absorption spectrum are given below for 
individual cases. 

Results 

CaS—Even up to a temperature of lOOO’^ C. the salt did not show any 
continuous absorption. Only sulphur bands of Christy andNaud6 appeared 
strongly on the plates, showing that the sulphide was contaminated with 
excess of free sulphur. Merck's extra-pure compounds were found to smell 
of sulphur and HgS, when freshly introduced in silica tubes. At times when 
the current heating the furnace was suddenly withdrawn the spectrograms 
showed the presence of far ultra-violet bands of sulphur lying beyond 
A2200, which are obtained at low temperatures. These bands as usual 
were found to be rather diffuse. When a temperature of 1150®C. was 
exceeded, the sulphide of calcium melted and gave a genuine absorption 
beginning at A 2388. The long wave-length limit of the continuous absorption 
was located by taking a microphotogram of the plate. The spot of light was 
run on the same plate twice, first on the continuous spectrum, and then on 
the absorption spectrum. The position of the cut was measured by using 
Hartmann’s dispersion formula. The peaks shown in fig. 5, Plate 2, corre¬ 
sponding to a few lines in the spectrum of copper, are used for comparison. 

SrS—Without filling the furnace with nitrogen, no absorption due to the 
vapour of strontium sulphide could be obtained right up to a temjxerature 
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of 1200^^ C. on account of the diffusion of the salt vapour in the vacuum. 
Beyond 1200° C., however, the salt gave enough vapour to show continuous 
absorption even in vacuum. Nitrogen was filled in the furnace and the 
absorption spectrum was photographed at the lowest temperature possible. 
This temperature was about 1150° C. Below this temperature only the 
sulphur bands, mentioned above, were obtained on the plates. On the large 
quartz spectrograph only one cut appeared on the plate. By decreasing 
the intensity of continuous light and employing a smaller spectrograph 
of higher light-gathering power two cuts could be easily photographed. 
The miorophotogram of the absorption spectrum given in fig. 6, Plate 2, 
shows the positions of these cuts distinctly. The two cuts were located at 
A 4500 and A 3566. 

BaS—Like the sulphides of calcium and strontium, this also gave at low 
temperatures only sulphur bands. Two regions of absorption were observed 
in the absorption spectrum of this sulphide which on measurements were 
found to be situated at A4441 and A 3515. The absorption in the visible 
region was photographed on a glass spectrograph, while the cut in the ultra¬ 
violet was taken on a quartz spectrograph. The two microphotometric 
curves for the salt are shown in figs. 7 and 8, Plate 3. In Table 11 are given 
the positions of different begimiings of absorptions from long wave-length 
limits in A as well as kcal. 

Table II 

Jst absorption 2nd absorption 


Salt 

A 

kcal. 

A 

kcal. 

CaS 

2388 

119*76 

— 

,— 

SrS 

4600 

63*66 

3566 

80*20 

BaS 

4441 

64*39 

3516 

81*36 



Calculations 




As pointed out earlier in the introduction the equation (6) is employed to 
determine the latent heats of vaporization of the salts. Tlie thermochemical 
data necessary for the calculation of is collected in Table III from 
Landolt-Bornstein tables. 

Table III 



Q 

hDa, 



It 

^M8 

Salt 

kcal. 

kcal. 

kcal. 

kcal. 

kcal. 

kcal. 

CoS 

920 

61-3 

44*2 

14*65 

119*76 

82*39 

SrS 

99*2 

61*3 

32*6 

14*65 

63*65 

134*10 

BaS 

102*6 

51*3 

32*4 

14*66 

64*39 

136*46 
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In Table III the value of heat of dissociation of 82 into 8 atoms is that 
from the determination of Christy and Naud 6 ( 1931 ) from the dissociation 
of sulphur bands. The last column gives the value of of the sulphides 

obtained from the observed value of S and the thermochemioal data of the 
salts. 


Interpretation of Resxti.ts 

In the present investigation two regions of continuous absorption with 
an intermeriiate patch of transmitted light have been obtained for SrS and 
BavS, while in the case of CaS only one region of absorption was observed. 
The second absorption for CaS would lie beyond the legion of a quartz 
spectrograph. From the positions of the long wave-length limits of con¬ 
tinuous absorption it is easily seen that hv^ — hv^ for the sulphides of Sr and 
Ba are as given below: 

SrS(Ai^ 2 -- 16-05 kcal. = 0-722 e-volt. 

BaS(Ar 2 ““^^i) ~ 16-97kcal. = 0-736e-volt. 

Due to the absorption of light of frequency the sulphide MS is split 
up into two normal atoms M and 8 (®P). But when light of higher frequency 
Vjj is absorbed by the molecule the sulphur atom may be excited to the next 
higher state ^Dg. If this scheme of dissociation is true, then the difference in 
the long w^ave-length limits of the two continuous absorptions should corre¬ 
spond to the atomic term difference — ^D 2 of sulphur. Absolute values of 
triplet terms in the arc spectrum of sulphur were first obtained by Frerichs 
(J 933 )> but the singlet terms were added later (Ruedy 1933 ). The difference 
is as follows: 

sP-iDg = 83554^74315 

== 9239cm.= l-He-volts. 

The difference hv 2 — hv^ for the two regions of continuous absorption 
obtained here is apparently smaller than the atomic term difference obtained 
from the arc spectrum of sulphur. A discrepancy of this nature has been 
observed by all earlier workers for different compounds. Thus, in the case 
of SO 2 it was found that difference was 1-65 e-volts, while the 

analysis of arc spectrum gives a value of 1-95 e-volts (Dutta 1932 ). From the 
absorption spectrum of NjO (Sen-Gupta 1934 ^) also, a lower value of the 
term difference - ^D of nitrogen was obtained; w'hile, in another case, 
the same author (Sen-Gupta 1932 ) obtained a higher value of 1-3 e-volts for 
the interval *P — ^D^ of sulphur from absorption experiments, A suitable 
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interpretation of these discrepancies has already been given (Sen-Gupta 
1934 c). The same arguments may be applied to the absorption spectra of 
the monosulphides of alkaline earth elements by considering the Prank- 
Condon energy diagrams. 

We assume that in the normal state of the molecule the potential energy 
curve has a deep minimum, while the curve for the upper unstable state has 
no minimum. By absorption of light, the molecule is raised from the normal 
to the imstable repulsive state. The type and characteristics of absorption 
depend upon the form of the {V .r) curve for the unstable state. A steep curve 
would give rise to gradual absorption, while a flat curve would give sharp 
absorption. 



Fig. 3 Fia, 4 


In accordance with the theory we find that for BaS the first out is very 
gradual as shown in fig. 7, Plate 3, but the second cut is fairly sharp. The 
(. r) curves for these two unstable states in the case of BaS would therefore 
be as shown in fig. 3. The firequency difference hv^ — hv^ corresponds to BG 
as obtained from the absorption experiments, while actually it ought to be 
equal to EF, But BC < EF and consequently a lower value is obtained 
than expected from atomic term difference. 

In the case of SrS, on the other hand, it appears from the micro^hoto- 
metric curves that the second out is not so sharp as the first one, but since 
the dispersions in regions of two absorptions are different the microphoto¬ 
grams ore not expected to give the true nature of absorption. On plotting 
the percentage of absorption against wave-length it was found that the 
two absorptions are equally sharp, and therefore the upper state curve takes 
the shape shown in fig. 4 . 



Here again, the difference BC is less than BF, and therefore the differenoe 
—kvi is lower than the expected value. Thus the slope of the upper state 
curve as determined from the microphotograms and the percentage of 
absorption-wavedength curves helps us to explain the apparent discrepancy 
of the observed results. 

Finally, I feel it a great pleasure to express my most cordial thanks to 
Professor M. N. Saha, F.R.S., for his valuable help and guidance in the 
present work. I am indebted to Professor A. T. Mukerjee and Professor 
Kamta Prasand of Patna Science College for allowing me the use of their 
microphotometer, and to Mr. B. N. Ghosh for the help which he gave me in 
working with the instrument. I am also thankful to Dr. P. K. Sen-Gupta 
for a discussion of some of the points in the paper. 


SlTMMABV 

The paper contains a study of absorption spectra of the sulphides of 
alkaline earth elements. 

Two regions of absorption have been reported for SrS and BaS, while for 
CaS only one region of absorption in far ultra-violet has been observed. 

From the long wavedength limits of the first continuous absorption latent 
heats for CaS, SrS and BaS have been found to be 82*39 kcaL, 184* 10 kcal. 
and 136*46 kcal. respectively. 

The value of ^P- ^Dj term difference for sulphur has been found tp:|)e 
0*72 e-volt, which is less than M4 e-volts obtained from atomic speoti^m. 
It has been explained with the help of Frank-Condon energy diagrams. 
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The Anguiar Distribution of Photoelectrons 
from the K Shell 
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iNTRODTTOnON 

In an investigation with the cloud chamber on the properties of X-rays, 
Wilson {1923) observed that although pfaotoelectrona due to a narrow 
pencil of X-rays were ejected from the gas atoms in all directions, there 
was, especially in the case of high-energy electrons, a pre|)onderance with 
forward components in their velocities of ejection. Wilson’s pictures 
threw light on results obtained earlier by workers in X-ray fields, who 
found an excess of electrons ejected forwards from thin metal foils by 
X-rays, and have since inspired a number of experiments designed to 
determine with precision the angular distribution of photoelectrons. A 
survey of the different methods developed for this purpose has been given 
by Compton and Allison (1935). Of these the cloud expansion chamber 
has proved the most satisfactory, in spite of the inevitable disadvantages 
associated with statistical methods. If a suitable gas is chosen, the shells 
from which the electrons are ejected can usually be identified, and the 
directions of ejection can be determined from measurements relating to 
the initial portions of the cloud tracks. No trouble is ever encountered in 
distinguishing photoelectron tracks from those due to recoil electrons. 

The method has been criticized by Watson (1927), who suggested the 
possibility of nuclear scattering within the radius of the first drop. This 
objection has been answered by Kirchner (1927), who was able to show 
from an application of Butherford’s theory of nuclear scattering to the 
problem, that under normal conditions of observation the effect of nuclear 
scattering on the initial directions of ejection as measured from track 
photographs could be neglected. The most likely source of error appears 
to Ue in the systematic exclusion of tracks in certain angular intervals 
determined by the experimental arrangements (e.g. positions of cameras, 
lighting, etc.), and much thought has been given by different workers 
(Kirchner 1927; Williams, Nuttail and Barlow 1928) as to the best means 
for ensuriiig representative samples of tracks for measurement. In this 

t W ] 
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re8|>ect our experience leads us to believe that a requirement of fundamental 
importance is sufficient and uniform illumination throughout the whole 
chamber. 

It has become customary to define the distribution of photoeleotrons in 
the following manner. If the OZ axis of a right-handed system of axes 
OXYZ is the direction of the X-ray beam, and OP the direction of 
ejection of the photoelectron, then the angle ZOP is the longitudinal 
angle 8, and the angle which the plane ZOP makes with the plane XOZ 
is the azimuthal angle <j). Suppose J{0, <j>)8<i) represents the number of 
photoelectrons whose directions have angular co-ordinates limited by a 
small solid angle 8(o enclosing the direction OP. If there is axial symmetry 
about the X-ray beam the function J(0, may be written J(8), and the 
number ejected whose initial directions have longitudinal angles between 
6 and d-^dd will be 

n(d)dd 2itJ(d)%mddO. 

n(d) is called the longitudinal distribution function, and it is the form of 
this which is sought in cloud chamber experiments. Actually the direct 
comparison of the experimental with the theoretical form of n(d) does not 
constitute a sensitive test of theory, and it is customary to supplement 
this by the introduction of certain quantities defined below whose values 
depend upon the form of the distribution function. 

The asymmetry of a distribution is the ratio of the number of electrons 
ejected in a forward direction to the number ejected in a backward 
direction; 

Asymmetry A == f n{6) dO I { n(d) dO. 

Jo / J iff 

The bipartition angle 8^^ is the angle such that the number of photo¬ 
eleotrons ejected at an angle less than with the beam is equal to the 
number ejected at an angle greater than 0^, with the beam, i.e. 

-■•r 

f n( 6 )d& = r n( 0 )dd. 

Jo J 00 

In quantum mechanics the problem of the distribution of photoelectrons 
is part of the larger one of the absorption of X-rays with the emission of 
photoelectrons, the forward bias of the paths of these being associated 
with the radiation pressure (Sommerfeld 1930). The usual method of 
approach follows the lines of perturbation theory in which the wave 
equation contains a term representing the perturbing effect of the 
electromagnetic field of the incident light. The solution contains not only 
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discrete oharacteristic functions typical of the normal atom, but also a set 
of continuous characteristic functions with which is identified photo- 
electron emission, the current density at any point in space being a 
measure of the probability of ejection in that direction. Fischer { 1931 ) 
obtained for the distribution function of K photoelectrons 


J(d,<j>) 


sin^^cos^^ 
[1 +A: —/?co8 


where k = hvj2mc^. The corresponding longitudinal distribution will be 
given by 


Quantum mechanics predicts a distribution of K photoelectrons almost 
completely determined by the velocity of ejection. The term involving 
^ = vjc appears because the electron receives forward momentum due to 
the magnetic force of the incident radiation. The expression above was 
derived from non-relativistic theory, but Sauter ( 1931 ) found that for 
values of /? up to 0-5 relativistic calculations lead essentially to the same 
results, for example, the value of cos 6^^ differs by less than 1 % from the 
non-relativistic value. 

Table I shows the results of experiments in which reasonable care was 
taken to ensure homogeneity of the X-ray beam and in which accurate 
angle measurements could be made. The experiments were all performed 
with cloud chambers. The results are arranged in order of increasing 


Table I— Disteibution of K Photoelectrons 


Author A 

Andferson ( 1930 ) 0*69 

Axiger (1928 a) 0-71 

Loughridge ( 1927 ) 0*71 

Loughridge ( 1927 ) 0-71 

Anderson ( 1930 ) 0*71 

Williams and others ( 1928 ) 0*60t 

Anderson ( 1930 ) 0-66 

Auger ( 1929 ) 0-21 

Auger ( 19286 ) 0-21 

Lutze (1931) 0-136 

Auger and Moyer { 1931 ) 0 * 130 


Atom 

Akin 

o-kV 


Tracks 

Br 

7-6 

Oil 

233 

A 

14-2 

0-24 

1200 

A 

14-2 

0-24 

231 

Air 

170 

0-26 

123 

Air 

170 

0-26 

272 

Air 

200 

0-28 

779 

Air 

22-0 

0-29 

200 

Xe 

24*3 

0-31 

600 

A 

65-6 

0-47 

10(X> 

A 

88-2 

0-69 

580 

A 

88-8 

0*60 

? 


0, A 


Exp. 

Theor. 

Exp. 

Theor. 

79'^-0 

80°-4 

1-7 

1-7 

77'^-0 

76^-6 

1-9 

2-0 

72^0^ 

76^*6 

8 - 6 * 

2-0 

72°-0* 

76'’-4 

2 - 6 * 

2-2 

74'‘-9 

75‘'-4 

2-2 

2-2 

76^-7 

74“-l 

2-1 

2-3 

73‘^-0 

73°-5 

2-4 

2-4 

76^-0 

73^-0 

— 

— 

OO'^-O 

63°*9 

3-3 

4-2 

SS'^-O 

57^*3 

5-7 

6-4 

64'’-0t 

66^-6 


— 


* Estimated fronj the published distributions. 

t The mean effective wave-length of several in the range 0* 645-0-709 A. 
t Value calculated fiom the result = 1-45 given in Auger’s paper. He defines S = cos 
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value of p calculated non-relativistioally, the values of the bipartition 
angle 6^ and asymmetry A obtained experimentally being tabulated, 
together with the theoretical values. 

Most of the experimental results are for small values of /? and show 
reasonable agreement with values of 6^ and A calculated from the wave 
mechanics distribution, but a steady divergence appears between the 
results of Auger and theory as ft increases. Lutze, on the other hand, 
finds good agreement with theory for fi = 0-59. Special consideration 
should be given to the results obtained by Auger because each one was 
drawn from measurements on a large number of tracks; moreover, his 
experiments represent the only series covering a wide range of 0 values. 
The majority of other results have been obtained from approximately 
200 tracks, which is barely enough to permit a close comparison of experi¬ 
ment with tlieory. It should also be mentioned that most of the authors 
have failed to state explicitly that their measurements were confined 
solely to electrons from the K shell. Wave mechanics predicts {Scliur 
1930 ) a symmetrioal component in the distribution of electrons from the 
L shells, 80 that if L tracks are included in the measurements the values of 
will be greater than the expected values, while the values of A will be 
too small. No doubt the number of tracks usually measured is too small 
to show an appreciable effect over and above statistical variations. 

The present investigation was undertaken in the attempt to throw some 
light on the questions raised by the consideration of Table I. A description 
is given here of measurements made with a cloud expansion chamber on 
photoelectrons ejected from the K shell of argon with energies 14-2, 46*8 
and 88*2 e-kV respectively. Considerable difficulty is met in attempting 
energies much greater than 90 e-kV, since the number of photoeleotrons is 
very small compared with the number of recoil electrons. Any attempt to 
obtain a reasonable number of photoelectron tracks leads to the conlbsion 
of their origins with large numbers of recoil tracks. With the highest* 
energy photoelectrons we averai^ed less than two measurable tracks per 
plate. 


Experimental Proobditbb 

The expansion chamber used in these experiments has been described 
by the authors (Martin and Eggleston 1937 ) in a previous paper on the 
Auger effect. The photography has been considerably improved by re¬ 
placing the mercury arcs, previously used for illumination, with a mirror 
carbon arc running at 25-35 amp, A horizontal beam from the arc is 
passed through the chamber and reflected back by means of a plane 
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mirror placed on the far side; in this way almost equal illumination is 
obtained for each camera. The exposure was timed by a roller-blind 
shutter working at 1/30 sec, placed between the chamber and the arc.**' 
This form of illumination has three distinct advantages over the earlier 
type; the intensity of the illumination is sufficiently great to permit the 
lens apertures to be stopped down, thus giving greater depth of focus; 
the whole of the chamber is illuminated so that all tracks are of the same 
photographic intensity and are photographed from beginning to end; and 
finally the thermal effects associated with the heating elements of the 
mercury arcs are entirely eliminated. It is a great advantage to be able 
to stop down the apertures of the camera lenses in the present experiments 
as it helps to prevent the systematic choosing of certain groups of tracks 
whose directions are more favourable to photography. 

The tw^o cameras were mounted with their axes at right angles and 
intersecting at the centre of the chamber, the plane containing the axes 
being perpendicular to the X-ray beam. The lens apertures were usually 
//6*3, the lenses Zeiss Tessars of maximum ai)erture//4*5, and focal length 
13-5 cm. 

In making the necessary measurements the two plates were placed side 
by side in a vertical enlarger and enlargexl pictures, three times the natural 
size, were projected on to a horizontal table. Each plate was adjusted in 
turn until a line ruled on the projection table coincided with the direction 
of the X-ray beam, indicated by the occurrence of track origins along it, 
then the angle between the positive direction of the X-ray beam and the 
initial direction of the track was measured. A further measurement was 
required, the distance of the track origin from the centre of the chamber, 
and this was obtained by a scale which was constructed to give the true 
distance directly in cm. 

The tracks on the photographic plates are conical projections of the 
actual tracks, with the optical centres of the lenses as poles of projection. 
The longitudinal angle 0 is given by 

^ (cot 6^^+Gr)2 -f (cot dy + <tY 

tanc/- ’ 

where dy are the angles measured and cr =» djl, d being the distance 
of the track from the centre of the chamber and I the distance of the 
optical centres of the two lenses from the centre of the chamber. 

* We are indebted to Professor T. H. Laby for suggesting this system of illumina¬ 
tion. 
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If the track origin is at the centre of the chamber (r « 0 and the formula 
reduces to the form (orthogonal projection) 

tan^^ =! tan^^aj-htan^^y^ 

which is the form assumed by several investigators who confined their 
measui'ements to tracks near the centre of the chamber. With an expansion 
chamber of normal dimensions the assumption of orthogonal projection 
may load to serious error; for example, with a ~ 0*15 the error in d may 
be as great as eight degrees. 

When the angles and Oy and the distance d were measured on the 
projected pictures, the angle 0 was found from graphs showing the 
variation of 0 with 0^ and 0y for different values of d. The use of a graphical 
method has definite advantages. It eliminates all chance of arithmetical 
slips, and since it is a quick and easy method, errors in the computation are 
reduced to a minimum. The elimination of subjective errors is an important 
factor in an exj)eriment where very large numbers of tracks have to be 
measured. The measurement of the angles 0^ and dy on an enlarged picture 
has a distinct advantage, since the tracks are easily identified and the 
structure at the origin readily traced; moreover, the tracks can be chosen 
and discussed simultaneously by two observers. 

In order to test the accuracy of the method used in computing the angle 
6, artificial tracks were constructed from fine glass rods and photographed 
in different positions in the chamber. In Table II the true values of 0 are 
compared with the values obtained by application of the orthogonal and 
conical foi*mulae. 

Table II— Results oe Measurements made on Glass Tracks 


d om. 

True $ 

Orthogonal 

Conical 

-4*6 

100*0 

07*3 

09*7 

-3*76 

3«*6 

36*7 

36*3 

-2*76 

122*6 

121*7 

121-8 

4*6 

80 

83*2 

80*6 

3*76 

143*6 

143*6 

143-6 

2*76 

67*6 

67*7 

67*6 


The necessity for the use of the exact conical theory is demonstrated by 
this table. 

Homogeneous beams of X-rays were obtained in the first two experi¬ 
ments by reflexion from a calcite crystal. The reflected beam passed 
through a narrow cylindrical collimator 2-5 mm. in diameter and 3*6 cm. 
long and into the chamber through a thin aluminium window. 
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In the third experiment the souroe of X-rays was a Victor deep therapy 
tube worked at a peak potential of 150 kV, the total radiation from which 
was filtered by 4*5 mm. of copper and collimated as in the first two 
experiments. At first sight it might appear that the homogeneity of the 
beam so obtained would be very much inferior to that which could be 
obtained by crystal diffraction. It was found, however, that in order to 
obtain sufficient intensity with the power at our disposal (the maximum 
potential of the transformer was 150 kV) the slits had to be opened so far 
that the homogeneity of the reflected beam was not superior to the filtered 
one, and we knew rather less about the distribution of intensity in the 
reflected band of radiations. 

The three ex}>eriment8 described were made with argon and measure¬ 
ments were confined to those electrons associated with a secondary Auger 
electron due to the internal conversion of K fluorescent radiation, thus 
ensuring that the measured photoelectrons came from the K shell. In the 
experiment on the lowest energy photoelectrons a 10% argon-hydrogen 
mixture was used in the attempt to reduce the number of nuclear collisions 
near the origin of the tracks. In the other experiments the argon was 
diluted with nitrogen. 

One of the most important factors affecting the result of a statistical 
experiment of this kind is the choosing of tracks for measurement. Ideally, 
every track appearing in the photographs which belongs to the particular 
class under consideration should be measured. Practically, this is im¬ 
possible, since the track origins are sometimes obscured by wisps of cloud 
or the ends of other tracks. The procedure adopted is to measure every 
track that can be identified with certainty, and the aggregate of tracks 
chosen is assumed to be representative of fjie total number which actually 
occur. This assumption may not be justified if peculiarities in the illumina¬ 
tion, or the geometrical arrangement of the cameras, leads to the favouring 
of certain directions for clear photography of the tracks. Thus tracks which 
start out in directions at small angles with the direction of the camera 
axis will rapidly pass out of focus, and will give indistinct, foreshortened 
images, very unfavourable for identification and for measurement. In the 
oaae where stereoscopic cameras are used (axes parallel or at a small 
angle with one another) any track which is unfavourable to photography 
in one camera will also be unfavourable to photography in the other. Thus 
it would be expected that the space distribution, of the tracks chosen on 
photographic pairs taken with stereoscopic cameras, would be deficient in 
tracks with directions near those of the camera axes. This deficiency will 
affect the longitudinal function n(^), because n(0) is representative of the 
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true longitudinal distribution only if the function J( 0 , 4>) can be put in the 
form P{d) X 0{<f>), where 0{^) is either a constant or is a function of 
independent of <9. 

Williams, Nuttall and Barlow ( 1928 ) used stereoscopic cameras and 
found evidence that the above kind of systematic omission of tracks in the 
direction of the camera axes was taking place. In order to eliminate the 
effect on the function n(6) they only accepted those tracks with azimuthal 
angles greater than 15'' with the azimuthal plane containing the camera axes. 

In the present experiment the cameras were moimted at right angles. 
This is superior to the stereoscopic method of mounting because a track 
which is directed towards one camera lies in the object plane of the other 
camera; and the indistinct photography on the first plate is accompanied 
by exceedingly clear photography on the other plate. Thus, with cameras 
mounted at right angles, it is to be expected that there will not be syste¬ 
matic omission from measurement of tracks at small angles with the 
camera axes. 

The illumination is a very important factor influencing the choice of 
tracks. If it is confined to a narrow region along the X-ray beam, the 
number of tracks chosen, which make small angles with the axis of the 
beam, will be in excess. Evidence for this kind of effect was found in the 
first experiment when the illumination used was the older mercury-arc 
type; when the mirror arc was substituted, which illuminated the whole of 
the chamber, there was no indication of a surplus of small-angle tracks. 

All tracks making small angles with the X-ray beam are favoured by 
the fact that they are well focused in both cameras. This is a further 
factor which may lead to a surplus of such tracks. However, such an 
excess is not revealed to any marked degree in the longitudinal distribution 
obtained, since the solid angle corresponding to a range dd is comparatively 
small when 6 is near 0 or tt. 

In the present experiment, all tracks are chosen after examination of 
the plates by two observers, and all measurements were made by these 
two observers in conjunction. 


Experimental Results 

In order to determine the biportition angle and the asymmetry of the 
distribution, a sum curve was drawn showing the experimentally observed 
variation with 6 of the total number of photoeleotrons whose directions 
make angles between 0 and Q with the X-ray beam. The observed longi¬ 
tudinal distributions are compared with those predicted theoretically by 
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plotting points at 10 ^ intervals which represent counts of the number of 
photoeleotrons ejected into the 20 ° interval (0-10°) to (0+10°). The 
sum curves and distributions of photoelectrons are shown in figs. 1 , 2 
and 4, which also show the theoretical distributions by full-line curves. 
The use of a large interval such as 20° gives large numbers of tracks in 
each count with a correspondingly reduced importance of statistical 
fluctuations, while the effect on the theoretical curve is negligible. 

Exp. 1 —Nominal wave-length 0*710 A; the slit system limited the 
range of admitted wave-lengths to less than 0*02 A. The value of calcu¬ 
lated non-relativistically is 0*236. 

Exp. 2 —^Nominal wave-length 0*247 A; the slit system limited the 
range of admitted wave-lengths to less than 0*02 A. The non-relativistic 
value of /? is 0*428. 

Exp. 3—A beam of X-rays of nominal wave-length 0*135 A was obtained 
by filtering the total radiation from a Victor deep therapy tube through 
4*5 mm. of copper. The tube was run at 150 kV (peak) and 4 mA, directly 
from the secondary of the transformer, a kenotron being included in the 
anode circuit to improve the stability and protect the tube against excessive 
inverse potential. The intensity-wave-length distribution curve for the 
total radiation was drawn by the aid of a curve published by Dauvillier 
( 1924 ) for a similar tube excited at 100 kV (peak) pulsating potential, and 
the equation = l*3Ao + 0*06 (A) which gives the relation between the 
short wave limit Aq of the general radiation and the wave-length A^ of 
maximum intensity when the tube is excited by a pulsating potential 
(Dauvillier 1924 ). The intensity-wave-length distribution for the filtered 
beam was obtained by using values of for copper due to S. J. M. Allen 
(Compton and Allison 1935 ), and was corrected for the selective absorption 
by the argon in the chamber. It was assumed that the probability of 
ejection of a photoelectron from the argon atoms was proportional to A*. 

The centre of gravity of the filtered beam corresponded to a wave¬ 
length 0*135 A. A check on this estimated wave-length was obtained by 
measuring the absorption coefficient of the filtered beam in copper by 
means of an ionization chamber. A straight line was obtained when log 
was plotted against d the thickness of absorber for a sixfold variation 
in I^. The average value of /ijp in copper was found to be 0*67 which 
corresponds to a wave-length 0*14 A (S. J. M. Allen). 

The non-relativistic value of /? =* 0*588. A curve was drawn to represent 
the theoretical distribution for the whole range of wave-lengths in the 




Fig. 1—^Distribution curve for = 0*236. 
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Fig. 2—Distribfution curve for B = 0*428. 
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filtered beam, taking into account the variation of their intensities. This 
curve could not be distinguished from the theoretical distribution curve 
for the nominal wave-length A. 

Table III gives the particulars of the three experiments, the numerical 
results obtained, together with the theoretical results* predicted by 
wave mechanics. 


Table III— Distribution of K Photoelectrons from Aboon 





Tracks 


0, 

A 

A 

-firkin 

A 

(total 




A 

o-kV 


number) 

Exp. 

Theory 

Exp. Theory 

0 71 

14-2 

0*24 

589 

76°*8 

7e°*6 

2*0 2*0 

0-25 

46*8 

0*43 

700 

66°*8 

65^*9 

3*6 3*7 

0*135 

88*2 

0*69 

412 

56®*4 

57^*3 

6*6 6*4 


Discussion of Experimental Results 

In each of the three experiments the points representing the experi¬ 
mental distribution counts lie closely around the theoretical curves. In 
the first experiment the points for angles below 50® and above 120® seem 
a little too high, but this was jjrobably due to the use in this experiment 
of the mercury arcs. With these the only region of the chamber effectively 
illuminated was a region along the X-ray beam and consequently tracks 
making small angles with the beam were more favourable to clear photo- 
graphy. 

Auger, during the course of his experiments, suspected the existence of 
two subsidiary maxima in the distribution curve. During the course 
the first exjieriment we have also seen evidence of this effect, but further 
counts smoothed out the humps. It is perhaps significant that in this case 
our illumination was identical with that used by Auger, 

It may be concluded from the observations made that the distribution 
curve predicted by non-relatlvistic wave mechanics adequately describes 
the experimental facts in the range of photoeleotron energies from 14 
to 90 kV. With regard to the values of the bipartition angle and the 

♦ The theoretical value of the biportition angle is calculated from the expression 

Pj{\ + k), 

and tlie asymmetry from the expression 

+ (2 + Jfc-/?) 


where k s=r 
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asymmetry, the agreement between theory and experiment is closer than 
would be ordinarily expected from such a statistical experiment. 

The value of the bipartition angle offers a very good final test of the 
distribution since it is less subject to statistical fluctuations than either 



Fro. 4—Variation of with /?. wave-meohanios theory; — • — classical theory; 
a authors; O Auger; • Anderson; + Lutze; x Williams, Nuttall and Barlow; 
■ Loughridge. 

the asymmetry or the individual counts of the distribution. In fig. 4 the 
variation of the bipartition angle with ^ predicted by wave mechanics 
is shown by a full line, together with the experimental values of the 
authors and those quoted in Table I. For the sake of interest, the values 
of 01, predicted by the classical theory are indicated by a-broken line. 
According to this theory the forward bias of the photoelectrons was caused 
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by the electron assuming the momentum hvjc of the incident photon 
resulting in the emergence of the electron at an angle 6^, given by 

cos 00 = 

Fig. 4 shows in a clear manner the excellent agreement which exists 
between the results of the authors’ experiments and wave mechanics 
theory* We are unable to offer any satisfactory explanation for the con¬ 
sistent departure of Auger’s results from the predictions of this theory. 
Our own measurements for the highest value of (0*59) are in good agree¬ 
ment with the single experiment of Lutze ( 1931 ). 

We wish to express our indebtedness to Professor T. H. Laby for his 
interest and suggestions during the course of these experiments. 


Summary 

The longitudinal angular distribution of X-ray photoelectrons from the 
K shell of argon has been investigated with the Wilson cloud expansion 
chamber. A graphical method was employed in the computation of 
angles of ejection which combined the advantages of simplicity and 
accuracy. 

A survey of existing data is made and the discrepancies of this with 
quantum theory are discussed. 

The distribution curves, bipartition angles and asymmetries for photo- 
electron energies of 14*2, 46*8 and 88-2 e-k V have been obtained, and are 
found to be in excellent agreement with the predictions of wave mechanics. 
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The Absorption Spectrum of Formic Acid in the 
Vacuum Ultra-Violet 

By W. C. Pkioe* and W. M. Evans 

Physical Chemistry Laboratory, Cambridge, and University College, Swansea 
{Communicated by R. 0 . W. Norrish, F.R.S.—Received 14 May 1937 ) 

[Plato 4] 

Absorption spectra in the far ultra-violet region of the spectrum have 
recently assumed an important role in fixing the electronic structures of 
polyatomic molecules. This has been especially true of organic molecules 
such as acetylene, ethylene, the alkyl halides, alcohols, ethers and ketones. 
While all ‘'molecular electrons” (i.e. those not contained in inner shells) 
can be expected to give rise to absorption bands in the region 2000-1000A, 
it most frequently happens that one special electron type dominates the ab¬ 
sorption. For example, the excitation of non-bonding jpTr electrons dominate 
the absorption of methyl and ethyl iodides (Price 1936a) ; so-called “lone 
pairs ” located on theoxygen a^oAs are responsible for all the strong bands of 
water, formaldehyde, etc. (Mulliken 1935a, Price 1935a, 1936^). In order 
to obtain discrete absorption bands, which are desirable for the purposes of 
interpreting electronic structure, it is usually necessary to take the very 
simplest organic molecule containing the group we wish to study. Thus for 
molecules of the type Jf^COOUg (JR being an alkyl group or a hydrogen 
atom) it has been found that only the simplest of these, namely formic acid, 
shows discrete absorption bands. The interpretation of the electronic 
structure of the carboxyl group will therefore depend to a considerable 
♦ Senior 1851 Exhibitioner, Trinity College. 
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extent upon the analysis of these discrete bands. From the discussion which 
follows it will be easy to see why the continuous absorption firom the larger 
molecules of the type i?iCOOi?a follows roughly the envelope of the discrete 
absorption of HCOOH except in so far as it is enhanced in certain regions 
by additional absorption from C—C and C—H bonding electrons or suffers 
small shifts to longer wave-lengths as a result of the substitution of hydrogen 
atoms by alkyl groups. 

The experimental technique employed in obtaining absorption spectra 
in the vacuum ultra-violet has been described elsewhere (Collins and Price 
1934 ). The Lyman continuum serves as the background against which the 
absorption is observed, and the gas under investigation is allowed to flow 
continuously through the body of the spectrograph. Absorption in the 
region below 2000 A is usually so intense that partial pressures of a few 
hundredths of a mm. in a path length of the order of a metre are quite 
adequate to bring the bands out strongly. The spectrum of formic acid was 
photographed by both authors independently on two different spectrograph s 
and with two different specimens of pure formic acid. The photographs 
obtained were practically identical. The first strong absorption of formic 
acid starts around 1560A, at which wave-length a set of somewhat diffuse 
bands appear (see fig. 1 , Plate 4). Between 1400 and 1100A the bands are 
sharp. The analysis shows that they consist of a number of electronic 
transitions each of which is represented by a short vibrational pattern of 
two or three main members. (Note- The vibrational progression expected 
from a diatomic molecule becomes a vibrational pattern in a polyatomic 
molecule where many types of vibration are possible.) These patterns 
are strong and well separated at long wave-lengths but become weaker and 
overlap towards shorter wave-lengths, eventually merging into a continuum 
around 1100 A. A plausible Rydberg series formed from corresponding 
members of the patterns marked (see fig. 2 ) is given below: 

91,370(» = 2, 3.4etc.). (1) 

Actually the third strong member of the 2)attern was chosen to form this 
series; the reason being that this particular member seemed to retain its 
intensity better than the others in the states of higher electronic quantum 
number. The order of the agreement of the calculated frequencies with 
those observed is shown in Table 1. 

This agreement is considered to be sufficiently close in view of deviations 
likely to result &om the structure of the molecule. What is most important 
is that the limit of the series, i.e. 91,370 om.~^ or 1094-6A or 11*29 V 
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coinoides quite well with the wave-length at which the continuous absotp- 
tion begins. The other features of the spectrum, such as the diminution in 
intensity and the crowding together of the bands as they approach the 
limit, tend to show that it is a real ionization continuum. There is unfortu^ 
nately no experimental value of the ionization potential of HCGOH as 
determined by electron impact methods with which to compare this 
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Fig. 2 —Diagrams of the absorption sptHJtra of formaldehyde and formic acid in the 

region below 1500 A. 


Table I 


Band 

V obs. 

V calc. 

diff. 


72,210 

72,318 

•*108 


81,880 

81,877 

+ 3 

B. 

86,700 

86,702 

+ 2 

B* 

87,670 

87,607 

+ 63 

B. 

88,680 

88,691 

--11 


spectroscopic value. However, it is considered that the discussion to follow 
can establish the existence of ionization in the continuum below HOC A 
with considerable certainty. The value 11-29 V obtained above for the 
ionization potential of formic acid may be compared with the value 10-83 V 
obtained for the ionization potential of formaldehyde by a similar method 
(Price 193SU). Now MuUiken (19356) has shown that the latter ionization 
potential is to be associated with the removal of a non-bonding 
electron from the oxygen atom of the Cx=0 group (i.e. the lone on the 
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oacygen). Towards the end of the paper referred to above he also states that 
the absorption spectra of oi^anio acids and esters should resemble the 
aldehydes and ketones in that their minimum ionization potentials should 
correspond to the removal of non-bonding electrons from the oxygen atoms. 
The closeness of the two ionization potentials seems to confirm his view. 
In fact, below 1600 A a definite correspondence seems to exist between the 
electronic transitions of formaldehyde and formic acid, the related bands 
of both molecules occurring in the same wave-length regions. This is 
illustrated in fig. 2. The bands considered to belong to similar types of 
electronic transitions are marked by the same letter. While the vibration 
pattern is necessarily different for the two molecules it is clear that well- 
defined sets of bands occur within the same wave-length regions. This is 
especially conspicuous for the first few sets. 

There are no strong bands in the s|>ectrum of formic acid or any molecule 
of the type RiOOOR^ which are analogous to the formaldehyde bands 
occurring in the neighbourhood of 3000 and 1746 A.* Much weaker 
continuous absorption does occur in these regions, but it appears that the 
transitions are almost completely suppressed when the carbonyl group is 
incorporated in a carboxyl.f Now the strong near ultra*violet absorption 
bands of aldehydes and ketones have usually been associated entirely with 
the carbonyl part of the molecule. Their suppression in the absorption 
8i)ectra of molecules of the type ifjCOOiia might be regarded as indicating 
that the C—0 group is not electronically the same in acids as it is in ketones. 
However, there is a considerable amount of evidence to be considered in 
this connexion and we shall now proceed to deal with it. 

All the formic acid bands below 1600 A which seem to have counterparts 
in the spectrum of formaldehyde are probably of a Rydberg type, their 
upper states being represented by atomic [0] orbitals. The formaldehyde 
bonds at 3000 and 1746 A are not, however, included among the Rydberg 
bands of that molecule. Price (1935a) states that ‘‘The extremely diffuse 
band at 1746 A can possibly be a lower member of class I though it is very 
far off the series.” Duncan (1935), in discussing the analogous bands in 
acetone, states that “Originally it was thought that three Rydberg series 
were present in the bands and that the 61,171 cm.“^ (1960 A) bond fitted 
into a series.. .it now appears necessary to eliminate two of these series.” 
That there is something different about the longer wave-length bands is 

* For acetaldehyde the second band is around 1866 A and for acetone around 
1960 A (Soheibe, Fovenz and Lindstrom 1933). 

t Near ultra-violet absorption measurements on some typical molecules containing 
ketonlo and carboxyl groups are given by Henri (1919) and Ley and Arends (1932)* 
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supported by MuUiken’s interpretation of the A 3000 band of formaldehyde. 
Ho concludes rather definitely that the electron transition involved in the 
bands is of the tyj>e —a], where [u—a] is a antibonding 

orbital, either (probably) or \Xq-ocq] (possibly).* The orbital 

[^CH entirely localized in the CO bond. In addition to its C —0 

antibonding power it has some C—H bonding or antibonding power. While 
it can be shown (MuUiken 19356) that it is only slightly modified in going 
from HgCO to JRHCO or the orbital might be considerably altered 

if one of the hydrogens is replaced by an OH group. This seems to be a 
possible explanation of the suppression of the band when the carbonyl group 
occurs in an acid or ester. An additional factor likely to have considerable 
effect upon the orbitals of the CO bond is that of resonance. According to 
calculations from thermoohemical data (Pauling and Sherman 1933)» small 
deviations from the purely additive laws of bond energies occur when 
carboxyl groups are involved. This is attributed to a certain degi*ee of 
resonance between the carbon-oxygen double and single bonds. While 
much of this energy can be accounted for by resonance which takes place 
in the dimer, there is stiU a considerable amount }>re 8 ent in the monomeric 
form with which we are dealing in this work (Gillette and Sherman 1936), 
Such resonance would change appreciably all the orbitals of the double 
bond and would naturally have considerable effect uj)on absorption bands 
which have excited orbitals of this bond for their upper states. Hence it 
is possible that the suppression of the 3000 and the 1760 A bands in formic 
acid may result from changes in the bonding orbitals due to resonance 
between the CO bonding electrons. This resonance does not lead to complete 
equivalence of the CO bonds but is actually very limited in extent. Robertson 
and Woodward (1936) have made a careful investigation of the crystal 
lattice of oxalic acid dihydrate and have shown that the two oxygens are 
not equidistant from the carbon atom. The polymerization of the acids to 
form dimers and the results of the crystal analyses of acid hydrates show 
that the oxygen atoms are different. In addition, the persistence of the 
carbonyl frequency in passing from ketones to acids indicates that nothing 
very drastic has happened to the C—O bond (Hibben 1936), Recently, 
Bonner and Hofstadter (1937) have shown as a result of a study of the 
infra-red absorption spectrum of formic acid vapour that the force constant 
of the C —0 bond of formic acid is slightly greater than its normal value. 
This also seems to show the existence of a certain limited amount of 
single-double bond resonance in the molecule. However, from the similarity 

For a ootnpleto explanation of the above notation Mulliken’s original paper 
should be referred to (19356). 
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of the spectrum of formaldehyde and formic acid below 1560 A one can say 
that the efiFect which the resonance between the bonding electrons of the 
carboxyl group has on the lone pairs of the oxygen atoms must be negligibly 
small. Only those transitions of the lone pairs which have excited orbitals 
of the CO bond as upper states seem to be greatly affected. 


ViBEATXONAIi StRXTOTXTRE 

The complete analysis of the spectrum is complicated by the possible 
appearance of a large number of modes of vibration. The following are the 
Raman frequencies of formic acid given by Kohlrausch, Koppl and Pongratz 
( 1933 ): 200 ±50, 076, 700, 1059, 1201,1396, 1676 ±21, 1728 and 2957 cm.-K 
These values refer to the pure liquid (or solution in non-polar solvents) for 
which association to a dimeric form is almost complete. They are thus 
characteristic of (HCOOH )2 in which the two carboxyl groups join together 
to form an eight-membered ring. The measurements of Coolidge ( 1928 ) on 
the vapour density show that at ordinary temperatures and pressures the 
association is about 98 %. Even at a pressure of 3 mm. about 60 % of the 
acid is present in the dimeric form. However, at a pressure of a few^ 
hundredths of a ram,, which is about the pressure used in these experiments, 
the extrapolation of Coolidge’s insults show that the association is at the 
most about 5%. Hence the spectra reported in this article are to be 
attributed almost entirely to the monomer. In this case the Raman 
frequencies given above have to be changed somewhat. The 200 cm.“^ 
frequency certainly belongs to the dimer and need not be further considered. 
If it belonged to the monomer then a very large fraction of the molecules 
would be initially present in an excited vibrational state. For the other 
frequencies the Boltzmann factor is so small that all the strong bands must 
be attributed to transitions from a vibrationless ground state. The frequency 
with which we shall be mostly concerned is that at 1657 ± 21 cm.“^. This 
vibration is known on well-established grounds to be the valence vibration 
of the C=0 bond (Hibben 1936 ). It is found in aldehydes, ketones, acyl 
halides, amides, esters, acids and anhydrides and suffers only minor changes 
from molecule to molecule. The value 1657 ±21 is a modified value of the 
frequency due to the dimer formation. In the single molecule its value is 
probably greater than this by about 50 cm.”^ (Gillette and Daniels 1936 ). 
If, as has already been suggested, the excitation occurs in the carbonyl 
part of the molecule, then this mode of vibration with a somewhat different 
frequency value might be expected to appear in the vibration pattern of 
the excited electronic states. This is found to be the case. 
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In order that the diiTerences which arise in the vibrational patterns may 
be easily seen, diagrams of the bands associated with the electronic 
transitions Ai and have been made (fig. 3). In these the frequency 
differences characteristic of the pattern have been inserted.* A glance at 
the vibrational patterns of and shows that the only vibrational 
frequency which appears with more than a single quantum is that having 
a value between 1450 and 1500 cm Other frequency differences occur 
more than once, but only as single quanta accompanying 0, 1, 2, etc. 
quanta of the 1450-^1500 cm.-^ vibration. This latter vibration therefore 
gives the j)eriodic character to the pattern. It will subsequently be referred 
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Fig. 3—Diagiam showing frequency separations in 
the AI and states of fomnc acid. 


to as . From the existence of a number of members of the progression 
it can be inferred that this frequency has been changed by a fair amount 
as a result of the excitation. Experience shows that this is almost certainly 
a small diminution. Thus is to be associated with either the 1667 or the 
1728 emr^ vibration of the ground state, most probably the former. This 
has already been attributed co the C—0 valence frequency, and thus it 
appears that both the excitation and the main vibration are to be associated 
wdth the carbonyl group. Eegarding the other frequencies which show up 
very little (jan be said with any certainty. The values around 600 cm.’'^ 
probably represent vibrations perpendicular to the plane of the molecule. 
Those around 800 and 000 cm may be modified CH or OH deformation, 

* (!)n account of the diffuBeness of the bands of the state measurements on them 
are not ho accurate as are those of the state. Actually the possible error in the 
measurement of the bands is about 20 cm,"*. That of the bands may be con¬ 
siderably greater. 
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or C—0 valence frequencies. Since the formic acid molecule is completely 
unsymmetrical, Herzberg and Teller’s selection rules ( 1933 ) cannot be 
applied. However, the extension of the Franck-Condon principle to poly¬ 
atomic molecules will still hold, and those vibrations whose controlling 
force fields are affected by the excitation might be expected to appear. 
While it has been stated here in conformity with Mulliken’s interpretation 
of the electronic structure of the carbonyl group that the excited electron 
is non-bonding, this is only the case in so far as charge transfer effects have 
been neglected (Mulliken 1935 c). The excitation of this electron must 
necessarily alter the dipole energy of the C —0 bond, which in this case is 
probably a considerable fraction of the total bonding energy, and it is 
probably as a result of this effect that the C=0 valence frequency ap|>ears. 

Before concluding, mention should be made of the work of Scheibe, 
Povenz and Lindstrom ( 1933 ). These authors, using a fluorite B|)ectrograph 
and the Hg continuum, have photographed the absorption spectra of formic 
and acetic acids, methyl and ethyl acetate, and methyl formate down to 
about 1660 A. The absorption is mostly continuous and can probably be 
regarded as being due to the spreading to long wave-lengths of diffuse 
bands which are analogous to Aj. This is partly a result of increasing the 
pressure of the absorbing substance and partly due to the alkyl substitution 
which gives rise to a real electronic shift to the red on account of charge 
transfer effects. The limitations of the Hg continuum prevented these 
experimenters from discovering the discrete bands of formic acid which 
occur below 1600 A. However, the rather diffuse structure they find with 
methyl acetate is particularly interesting. Bands of this substance occurring 
below 1760 A are found to have frequency separations of 1440 
(68,530--67,090) and 1470cm.-i (68,840-67,370). These separations are 
obviously to be identified with the (o^ frequencies which we have found to 
occur with about this value in formic acid. This strengthens our assignment 
of the (Ox frequency to the C—O valence frequency. Similar examples of 
the persistence of a frequency difference with increase of the alkyl part of 
the molecule occur in ketones (Noyes 1937 ) and in ethylene and its higher 
derivatives (Oarr and Stucklen 1936 ). It seems highly probable that the 
bands of methyl acetate discussed above are exactly analogous to the Aj 
system of formic acid. This means that they have been shifted to longer 
wave-lengths by about 200 A or 0*9 e-volt. This shift is just about what 
might be expected to result from the substitution of two methyl groups for 
the hydrogens (Price 1935 a). For example, the 1745 A band of formaldehyde 
is shifted to about 1970 A in acetone. Accompanying this shift there is a 
reduction of the ionization potential of the lone pair electrons on the 
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oxygen atom by about 0-6 V (Noyea 1935 ). Thus in the same way the case 
of methyl acetate can probably be added to the already large list of molecules 
in which the ionization potentials of non-bonding electrons are reduced by 
charge transfer effects from alkyl groups, 

A table giving the frequencies of some of the progressions of the S 

states is appended. The strong bands of the second column have been used 
for the purpose of forming an approximate Rydberg series on account of 
the fact that the other bands are relatively so weak as to be unobservable 
for higher electronic states. As the former bands are not the “pj” bands, 


Table II 

— Table of “ 


Progressions in the B States 

State 

I 

V obs. 

diff. 

I 

V obs. 

diff. 

I 

V obs. diff. 


9 

71,960 


10 

72,210 


10 

72,330 




1480 



1440 


1440 


9 

73,440 

1400 

10 

73,650 

1440 

7 

73,770 


8 

74,840 

1420 

7 

75,090 

1380 


— 


4 

76,260 


4 

76,470 



— 

B, 

8 

81.680 

1400 

8 

81,880 

1440 


— 


6 

83,080 

1380 

7 

83,320 

1410 


— 


3 

84,460 


6 

84,730 



— 


4 

85,460 

1490 

6 

85,700 

1470 


— 


3 

86,950 


5 

87,170 



— 



— 


4 

87,670 

1480 


— 



— 


2 

89,150 



— 


the ionization potential determined from them is slightly high (probably 
by about 0-1 V). The values of the frequencies given in the table are correct 
to within 20 or 30 cm.~^ The intensilaes are eye estimates. In addition to 
the bands occurring in the region 1560-1100 A, some very diffuse (pre¬ 
ionized) bands were found at shorter wave-lengths superimposed on the 
ionization continuum. There are also a group of bands around 1260 A 
which are different in character from the surrounding bands and do not 
fit into the analysis. These, together with some bands around 1120 A, may 
be due to the excitation of the lone pair from the hydroxyl oxygen. 
However, it has not been possible to do much with them. It shoidd be 
stressed that the conclusions arrived at in this article are in no way to be 
interpreted as a complete analysis of the spectrum (similar, for instance. 
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to the analysis which has been accomplished for the bands of acetylene 
(Price 193 s fr)). This is too much to expect in the face of difficulties such 
as the lack of symmetry of the molecule, its more complicated vibrational 
pattern and the possibility that some of the weaker bands are to be 
attributed to double molecules or to excitation from the hydroxyl oxygen. 
While a number of bands are as yet unassigned it is, nevertheless, considered 
that the general features of the spectrum are satisfactorily accounted for 
by the hypothesis that the main bands are of a Rydberg type (their upper 
states being probably represented by atomic [0] orbitals), and that they 
lead to the ionization of the lone pair electrons of the carbonyl oxygen 
atom. 

In conclusion we wish to thank Professor J. Lennard-Jones and Dr. 
G. B. B. M, Sutherland for mtich helpful discussion in connexion with the 
material of this article. Also we wish to express our gratitude to the 
Government G rant Committee of the Royal Society for a grant for apparatus. 


SrrMMAEY 

Formic acid has been found to possess a large niunber of discrete 
absorption bands in the region below 1650 A. These consist of numerous 
electronic transitions each of which is represented by a short vibrational 
pattern. These patterns are strong and well separated at long wave-lengths 
but become weaker and overlap towards shorter wave-lengths, eventually 
merging into an ionization continuum around 1096 A or 11-3 e-volts. 
Reasons are given for the belief that the excitation and removal of the lone 
pair electrons from the carbonyl oxygen atom is responsible for the greater 
part of this absorption spectrum. 
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The Influence of the Difference of Orientation of 
Two Crystals on the Mechanical Effect 
of their Boundary 

By Bbuce Chalmers, B.Sc., Ph.D. 

{Communicated by E. N. da C. Andrade, F.R.8. — Received, 28 May 1937) 

1 —Introditction 

The influence of the crystal boundaries on the mechanical properties of 
metals has long been recognized, and various theories have been advanced 
regarding the structure of the boundary region between adjacent crystals. 
Since in general the lattices of two neighbouring crystals growing from 
independently formed nuclei will not register, there must be some modifli* 
cation of the lattices where they join. The two principal theories as to the 
nature of this modification are {a) that a structureless or amorphous layer 
of a thickness of at least some tens of atoms occupies the space between 
crystals, and (6) that tlio atoms are arranged on a transitional lattice joining 
one crystal to another.* There are two ways of distinguishing between these 
theories. In the first place, the amorphous theory regards the atoms of the 
boundary layer as being disposed at random, whereas the transitional theory 
considers each atom as having a calculable iwsition; and secondly, the 
structure and properties of the amor^ihous layer should be independent of 

* A review and bibliography of the theories of the crystal boundary lias recently 
been compiled by Bucknall ( 1936 ) which makes further references hero unnecessary. 
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the relative orientations of the axes of the bounding crystals, while a tran- 
sitional lattice should vary in its structure and properties according to the 
angle through which the transition is made. 

That the second of these criteria can be applied has already been indicated 
by the author (Chalmers 1937 ). A number of specimens of tin of cylindrical 
form, some consisting of a few crystals with longitudinal boundaries, were 
subjected to tensile tests, and the results showed that the different behaviour 
of different specimens could only be accounted for by the hypothesis that 
the effect of a crystal boundary depends on the difference of orientation of 
the crystals. 

In the experiments to be described cylindrical specimens consisting of 
two crystals, separated by a longitudinal boundary, were subjected to a 
simple tensile test. The crystals were orientated similarly with respect to 
the axis of the cylindrical specimen, so that rotation through an angle A 
about this axis of the specimen would bring one into coincidence with the 
other. This ensures that the resolved shear stresses on all equivalent planes, 
and hence necessarily on equivalent glide planes, were the same with a 
given load in all experiments. Everything thus being fixed except the 
angle A, which varied from specimen to specimen, the variation of critical 
stress with A was investigated, the meaning attached to critical stress being 
defined in the pa|>er. The results are discussed in terms of the boundary 
structure. 


2 —Experimental Technique 

The experimental work consisted in (a) preparing cylindrical specimens 
of tin, each sj>ecimen consisting of t\ro crystals with a longitudinal boundary, 
{b) determining the orientations of the two crystals of each 8 j>ecimen, and 
(c) applying a tensile test to determine the characteristic stress for each 
8 i)ecimen. 

(a) Preparation of ^ BicrystuV* Specimens 

The specimens were ail made from the same ingot of ‘‘Chempur’' 
tin (analysis, tin 99*98%, copper 0*00132%, antimony 0*00118%, lead 
0*00686 %, iron 0*00066 %, bismuth 0*00362 %, arsenic 0*00005 %, nickel 
0*00003 %, silver 0*00018 %, zinc, cobalt and sulphur, nil) by the following 
method. 

Glass tubes of internal diameter 3*6 mm. were filled with tin for a length 
of 10-16 cm. by suction from a crucible containing molten tin, and the 
specimens prepared by a modification of the “moving furnace’’ method 
(Andrade and Roscoe 1937 ) in which the sjiecimen tube is fixed horizontally 
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and a heating coil is moved slowly along, melting the specimen locally so 
that it refreezes progressively from one end. The introduction of two seed 
crystals of smaller diameter and of the required orientations into the tube 
at the end from which crystallization starts, so that the ends of the seeds 
are melted when in contact with the molten end of the specimen, causes 
crystallization to commence with two orientations, the lattices meeting at 
a boimdary which is roughly a diameter of the cross-section. If the rates of 
crystal growth of both parts are equal, then the crystals extend along the 
whole specimen in such a way that the boundary between them is a plane 
containing the axis of the cylinder. 

To ensure that the crystal lattices are all similarly orientated with respect 
to the axis of the specimen, not only for the two crystals comprising one 
sf>ecimen, but from specimen to specimen, the following orientation of all 
the seeds was adopted. The 001 axis w’as arranged to be perpendicular, and 
the 101 axis to be at 45"^, to the axis of the specimen. This symmetry about 
the axis ensures that the resolved shear stress shall be the same on corre¬ 
sponding planes in different cases, but leaves the angle ^4 between the 001 
axis of the two crystals constituting a given specimen under control. 

The angle A was adjusted to any desired value by manipulating the seed 
crystals so that their 001 axes were at the required angle before they were 
brought into contact with the molten meniscus from which crystallization of 
the specimen started. 

When the orientations of the two seeds with respect to the specimen 
axis are different, then in general the boundary is not a diametrical plane 
but becomes a plane inclined to the specimen axis. This is receiving further 
investigation. 

A single seed instead of two was used when it was required to prepare a 
single crystal of the same orientation. 

( 6 ) Measure^mni of Orientaticm^ 

The optical reflexion method previously described (Chalmers 1935 ) was 
used for the determination of the orientations. The specimen, after etching 
with ferric chloride solution, was mounted on the axis of a goniometer, and 
a beam of slightly converging light directed radially on to it. The reflexion 
spots were viewed on a screen, and the positions of the goniometer circle 
were observed at which the 001 spot of each crystal was at a given position 
on the screen. The difference of the two angles gave the angle between the 
001 axes of the two crystals. The Identification of the 001 spot was carried 
out by using the method detailed in the paper to which reference has been 
made (Chalmers 1935 ). 
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(c) Tensile Test 

By means of preliminary experiments it was found that a very simple 
tensile test would serve to determine a characteristic property of each 
specimen. An extensometer was constructed in which a load could be applied 
in units of 50 g. with a leverage of 5, and for a gauge length of 2 cm. the 
extension was measured with a magnification of about 250 by means of an 
optical lever. 

As the load is increased from zero, no extension is observed until the 
stress reaches a value characteristic of the specimen, after which the 
extension continues rapidly if the stress is further increased. In order to 
estimate rather more accurately the minimum stress that causes a measur¬ 
able extension, a definite value ( 0*2 mm. on the scale) was chosen as defining 



the minimum observable extension, and a curve was plotted of extension 
and load, the load being applied at a fixed rate. A typical curve is shown in 
fig. 1 . Interpolation between A and B indicates the load that would produce 
the extension indicated by CD, No claim for great accuracy is made for 
this method of determining the standard stress, but it is probably accurate 
to ± 20 g., which is shown by the results to be adequate for the present 
purpose. Since the specimens were all prepared in glass tubes of the same 
size, the stress can be taken as proportional to the load applied. 

Reference to the results obtained with a precision extensometer on a 
similar specimen prepared accidentally in an investigation on single crystals 
shows that mioroplasticity does not occur with such specimens (Chalmers 
1936 ), and that the flow increases very rapidly when the critical stress has 
been exceeded; hence the values obtained here are slightly greater than, but 
related to, the minimum stresses that cause flow to occur. 

3—ExPBKIMBNTAn RESULTS 

The experimental results can best be exhibited in the form of a graph, 
fig. 2 , relating the angle A between the 001 axes of the two crystals, with the 
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load required to produce the minimum observable extension. It will be 
observed that the points fall roughly on a straight line and the point for 
zero angle (i.e. a single crystal) is on the same line. 

Further, it has been found that the direction of the boundary plane with 
respect to the axes has no influence on the mechanical property under 
consideration, different specimens vdth the same angle A but different 
positions of the boundary giving the same results within the limits imposed 
byjthe experimental method. 



Fig. 2 


4—^Discussion 

Before discussing the implications of the results described above it may 
be useful to consider certain features of the experimental procedure. It 
will have been observed that the crystal boundary concerned is always 
longitudinal, and therefore parallel to the direction of application of stress. 
The boundary is effective over the whole gauge length but is not solely 
responsible for any part of the extension. The effect of the boundary may 
be (a) to introduce a thin layer having mechanical properties of its own, 
differing from those of the crystals and (6) to modify the stress-strain pro¬ 
perties of the crystals. 

This method of preparation of the specimens, i.e. direction of crjrstalli- 
zation parallel to the boundary, should ensure that the boundary resembles 
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that formed in the usual way in a perfectly pure metal, i.e. should be free 
from the impurities segregated by eutectic solidification» Application of 
mercury shows that preferential diffusion takes place along this kind of 
boundary os it does along ordinary ones (Chalmers 1937 , p. 398 ), showing 
that the diffusion of mercury does not depend on the presence of eutectic 
impurities. Another feature of the experimental technique is that every 
crystal was similarly oriented with respect to the stress, and so under a 
given stress all the specimens would stretch by the same amount if it were 
not for the effect of the boundaries. The experiments deal, therefore, with 
the effect of the boundary in modifying the stress-strain relations of the 
crystals, and with the mechanical properties of the boundary layer itself. 
The results show that the critical stress as defined above varies from the 
value for a single crystal for A := 0® to a maximum for A = 90®, the greatest 
possible angle. 

The effect of the boundary, considered as super-imposed on a single 
crystal, varies from zero at A === 0® to a maximum for A = 90°, the variation 
being approximately linear. On account of the lack of precision in the 
determination of the critical load, however, too much significance must not 
be attached to the actual form of the curve obtained in fig. 2 . A linear 
relationship between load and angle is unlikely to be a true representation 
of the effect, and it is hoped that more refined measurements will reveal the 
function of the angle with which the load varies linearly. 

It follows that if the boundary structure is indei)endent of A, as the amor¬ 
phous theory requires, the boundary itself makes no contribution to the 
mechanical property under test, and the change is entirely due to the effect 
of the two lattices on each other, tending to prevent extension for a large 
angle A more than for a small angle. Since the two crystals should stretch 
equally, there is no reason why each should tend to prevent the other 
extending. 

The possible lateral distortion at the boundary that may accompany 
glide would vary according to the direction of the boundary relatively to 
the crystal axes; and since the direction of the boundary has been found to 
be of no significance it follows that the mutual prevention of this lateral 
distortion cannot be the cause of the change of mechanical properties with 
the angle A. In any case, if the boundary were symmetrically disposed 
between the axes of the two crystals the lateral distortion should be the 
same for both crystal faces at the boundary, which should then not hinder 
glide for large angles A more than for small ones. The same criticism also 
applies to the adsorbed layer theory, which is therefore also rendered un¬ 
tenable. 
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On the other hand, if the boundary is regarded as a transition zone 
between one lattice and the other, the hindrance to glide of each lattice may 
be controlled by the amount of transition between the two lattices, a violent 
transition (A large) being more effective in preventing glide than a slight 
transition (A small), which is in agreement with the experimental results. 

A modification of the transitional lattice theory (Hargreaves and Hills 
1929 ) suggests that two lattices may share some atoms if the inclination of 
the lattices happens to have certain values deduced from geometrical 
considerations; such a theory is not supported by the present experiments, 
as it should give small stresses for certain intermediate angles between 0 ° 
and 90'", which were not observed. 

It would seem that the result obtained for tin is probably of general 
application, since the behaviour of tin under stress is very similar to that of 
other metals at temperatures similarly related to the melting-point, so the 
conclusion is that the effect of crystal boundaries in determining the 
mechanical properties of a crystal aggregate depends entirely on the angles 
between the axes of neighbouring crystals, and that this constitutes strong 
evidence for the transitional lattice boundary theory. 

In conclusion, the author wishes to express his indebtedness to Professor 
E. N. da C. Andrade, F.R.S., for the encouraging interest he has taken in 
this work; to the International Tin Research and Development Council for 
a grant and to its Director, Mr. D. J. Macnaughtan, F.Inst.P., for his 
personal interest; and to the Governors and Principal of the Sir John Cass 
Technical Institute for the provision of facilities. 


SlTMMAEY 

The effect of the boundary between the crystallites in a metal specimen 
on the mechanical behaviour is of fundamental importance for the under¬ 
standing of the strength of pulycrystalline metals. The investigation deals 
with a particularly simple case, in which the effect of a single boundary can 
be measured. The specimens tested conusist of two crystals with a longi¬ 
tudinal boundary prepared so that the orientation of the lattices of the two 
crystals with respect to the direction of the stress is the same in all cases, 
while the angle between the two lattices varies from specimen to specimen. 
The results show that the critical tension varies regularly with the angle 
between the two crystals, being a minimum when the two lattices are 
similarly orientated (i.e. for single crystals) and a maximum when the two 
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lattices are at right angles. It is concluded that the boundary has no 
inherent strength, and that the results are best explained as the effect of a 
transitional lattice. The evidence is against the existence of an “amorphous 
layer” or “inter-crystalline cement”. 
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Scattering of Slow Neutrons 

By M. Goldhabeb, Ph.D., Magdalene College, Cambridge, aitd 
G. H. Briggs, Ph.D., University of Sydney 

{Communicated by Lord Rutherford, O.M., F.R.S .— 

Received 9 June 1937) 

Introduction 

The absorption and scattering of slow neutrons have been studied by 
various methods. In their first survey, Amaldi, D’Agostino, Fermi, Ponte- 
corvo, Rasetti and Segr^ (> 935 ) investigated the absorption of slow neutrons 
by different elements inside a paraffin block. The number of slow neutrons 
jiresent was determined by the radioactivity produced by neutron capture 
in an indicator (e.g. silver). The values for the absorption coefficients 
which they obtained with this arrangement can be/egarded as a measure 
of the “ true ” absorption of slow neutrons. Later, Dunning, Pegram, Fink 
and Mitchell ( 1935 ) measured the “total” cross-sections, i.e. the sum of the 
cross-sections for true absorption and for elastic scattering,* using a fairly 
well-defined beam of slow neutrons, and a lithium-coated ionization 
chamber as indicator. Recently, Griffiths and Szilard ( 1937 ) have deter- 

• For brevity we shall refer to the process of “scattering plus true absorption” 
simply as “absorption” when no ambiguity can arise. 
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mined the cross-sections of some strongly absorbing elements using the 
captured y-rays from cadmium as indicator. 

The scattering of slow neutrons was studied for some elements by 
Mitchell and Murphy ( 1935 ), Mitchell, Murphy and Whitaker ( 1936 ), 
Budnitzky and Kurtschatow ( 1935 ) Pontecorvo and Wick ( 1936 ), and 
others. In these experiments, the slow neutrons issuing from a paraffin 
block passed through an indicator (e.g. silver), and were scattered backwards 
from the substance under investigation. When thin scatterers are used, the 
percentage increase of the radioactivity produced in the indicator gives a 
measure of the scatttjring cross-section. This method has the disadvantage, 
even in the case of good scatterers, that the increase in the radioactivity of 
the indicator is usually small compared with the effect due to the primary 
neutrons. A quantitative interpretation of the results may be further 
complicated by the fact that the neutrons leave the surface of the paraffin 
block at all angles from 0 to 90°. Also, multiple scattering is not avoided. 

In ])art II we shall describe measurements of the scattering cross-sections 
for slow neutrons by a method free from these objections. It consists in 
the determination of the cross-sections relative to that of carbon. Carbon 
was chosen as the standard element because its cross-section for true absorp¬ 
tion is known to be negligible compared with its cross-section for scattering. 
We may therefore calculate the absolute scattering cross-sections from the 
relative values by multiplying by the total cross-section of carbon. To 
determine this we used an arrangement somewhat different from that of 
Dunning and others ( 1935 ) (see part I) with which we also measured the 
total cross-sections of hydrogen and of several other elements, 

I— Deteemination of the Total Ceoss-Section 
1 —Experimental Arrangement 

The arrangement used for measuring total cross-sections is shown in 
fig. 1 . 

The neutron source consisted of 100 mg. radium mixed with finely 
powdered beryllium (equivalent in neutron intensity to about 60 milli- 
curies Rri 4 Be), The canalization method of Szilard, Hopwood and Chal¬ 
mers (cf. Hopwood and Chalmers 1935 ) was used to obtain a beam of slow 
neutrons comparatively free from fast neutrons. The beam was defined by 
a cylindrical shell of powdered boron oxide (B) and a cadmium diaphragm 
(at A). The slow neutrons were detected by means of an ionization chamber 
filled with boron trifluoride at a pressure of two atmospheres. The chamber 
was shielded by boron oxide and cadmium from slow neutrons scattered &om 
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the walls of the room. The ‘^kicks’* were recorded with a linear amplifier 
and a sc^ale-of-two thyxatron counter. The natural effect of the ionization 
chamber was 0*6 kicks/min. The y-rays from the source were absorbed by 
a lead cone. 

The absorbers were interposed at A. Without an absorber, the number of 
boron disintegrations recorded was 150/min.; when ail C neutrons were 
absorbed by a cadmium sheet, 1 mm, thick, only 8 kicks/min. were re¬ 
corded. Of these, about 6 kicks/min. were due to neutrons of “medium” 
velocity which could be absorbed or scattered away by thick layers of boron 
oxide, paraffin, nickel, etc., interposed at A. We shall call these residual 
neutrons of medium velocity “i? neutrons”. When the R neutrons were 
removed there remained a background effect of about 2 kicks/min. due to 


Boronoxide 



f t rTT { - t n t j 

0 5 10 


Fio. I—Arrangement for measuring total cross-sections, 

fast neutrons from the source and to neutrons scattered from the walls of 
the room. 

Our neutron beam, then, can be regarded practically as a beam of C 
neutrons. Appreciable corrections for the absorption of the R neutrons 
have to be made only for large thicknesses of the absorbers. Obliquity of 
the neutron beam and scattering of neutrons from the sample into the 
BFg counter will give rise to corrections which would only be of the order 
of 1 % and of opposite sign, and hence they will be neglected. 

2 —Results 

With the experimental arrangement described in'the preceding paragraph 
we have determined the total cross-section for the absorption and scattering 
of C neutrons for several elements. In figs. 2 and 3, the ratio I/I^ of the 
transmitted to the initial intensity of the C neutrons is plotted on a 
logarithmic scale os a function of the thickness of the absorbers. The 
absorption follows practically an exponential law. 
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Prom fig. 2 we can deduce the mean free path A in parafiin for thermal 
neutrons. We find A =* 2*6 mm. (corresponding to 0*225 g,/cm.*). Amaldi 
and Fermi ( 1936 ) find A = 3 mm. 

The total cross-sectioniV is defined by (Ttotai * where N is the number 

of atoms per cm.* of an absorber which reduces the intensity of the neutron 



0 1 0-2 0-3 0'4 0*5 

Paraffin, g./cm.’* 

Fk3 . 2—Absorption curves for paraffin 0» and carbon •. 


beam to 1 /e. In Table I are reproduced the values of deduced from 
figs. 2 and 3, as well as the values for some other elements which were 
obtained by determining the absorption for a single thickness of the absor¬ 
bers. The value for hydrogen has been calculated from the mean free pedh 
of C neutrons in paraffin, assuming an average value of Tt» 30 in the 
chemical formula lor paraffin and allowing for the scattering 
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due to carbon. In column 3 the values of Dunning and others ( 1935 ) are 
given for comparison. 



Fio. 3—Absorption curves for iron 0 , nickel ®, copjwr and lead ■. 


Table I— o-^otai ^ cm.”-* 


Dunning 


Element 


and others 

1 H 

47*6 

36 (38*) 

6 C 

4-8, 

4*1 

16 P 

13-6 

14-7 

26 Fg 

13*6 

12*0 

28 Ni 

19*7 

16*4 

29 Cu 

11*9 

7-6 

34 Se 

20*4 

19 

47 Ag 

63 

66 

78 Pt 

21*6 

26 

82 Pb 

12*6 

8*6 

83 Bi 

8*9 

8-2 


For some elements, our values for appreciably higher than those of 

Dunning and others. For those elements in which the scattering cross- 
section is not negligible compared with the total cross-section, we might 

♦ See Fink ( 1936 ). 
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expect to obtain higher values than these authors, because in their arrange¬ 
ment an appreciable fraction of the neutrons scattered by the sample 
pass through the neutron detector. We shall return to this point later 
(part 11, §4). 


II —ScATTEumo OF Slow Neotrons 
1 —Experimental Arrangevu nt 

To investigate the scattering of slow neutrons we have compared the 
numbers of slow neutrons s(;attered by various substances at a mean angle 
of about 90°. 



0 5 10 

Fro. 4—Arrangement for measuring scattering cross-sections. 


The apparatus is shown diagrammatically in fig. 4 . The primary and 
scattei'ed neutron beams are defined by mutually perpendicular cylindrical 
shells of boron oxide. The slow neutrons are incident at an average angle of 
about 45° on a sheet of the scattering element which covers the eUiptioal 
opening at A. Neutrons which have been scattered at an average angle of 
about 90° enter the BF^ counter. To increase the number of neutrons 
recorded, the back and sides of the BFg counter were covered with paraffin 
wax about 2*5 mm. thick. This paraffin layer “reflects’* an appreciable 
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number of C neutrons back into the ionization chamber, thus increasing the 
eflScienoy of slow neutron detection by about 50 %. 

The background effect, due mainly to fast neutrons from the source, had 
to be subtracted from all measurements. It is defined by the number of 
ooimts obtained with a Cd sheet at ^4. It is known that Cd absorbs but does 
not scatter C neutrons, and this is demonstrated by the fact that the 
number of background counts does not decrease appreciably when the 
primary or secondary beam is out off by introducing a Cd sheet at Bi or 
The background effect of about 23 counts/min. is small compared with the 
number of counts observed with a thick paraffin scatterer at A (about 
300/min.). 

2 —Analysis of Scattered Neutron Beam.—Saturation Curves 

To analyse the secondary or scattered neutron beam into its C and i? 
components and to study their relation with the C and R components of 
the primary beam we used Cd disks, 1 mm. thick, which could be interposed 
at Bi and B^. 

We represent the secondary beam symbolically by C + ii, where C and R 
are the number of counts per min. due to the C and R components re* 
speotively. Let Q. represent the number of counts per min. due to scattered 
C neutrons, Cji the number of counts per min. due to neutrons which in 
the process of scattering are transformed from R to C neutrons; and let 
Rq and Rj^ be defined similarly. Then by definition 

C + ^ 4“ Rn* 

For a given scatterer at A we can determine the quantities Or, 7?^ 
and Rj^ by the following four measurements: 

(1) With no Cd disk inserted at either B^ or B^ we measure the quantity 

/j =3 C/j + 7ii(^ 4“-R/f* 

(2) With a Cd disk at B^ we measure the quantity 

Rr* 

(3) With a Cd disk at Rj measure the quantity 

as Rp^Rr, 

(4) With a Od disk at jBi as well as S* we measure the quantity 
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From the values I^, /j, J, and we obtain 

Gp = /j— 

Rc^h-h, 

Rr’=‘ h- 

For a thick paraffin soatterer (4-8 g./cm.*) we find no appreciable difference 
between and I^. Hence Rp^O. On the other hand, we find « 36. We 



g./cm.* 

Fio. 6-.Amlysi8 of scattering curves obtained with paraftto wax. 

may therefore conclude that R neutrons are slowed down in the process 
of scattering and transformed into C neutrons, whereas, no appreciable 

tio^of thlrm^r rr"* Wormed into R neutrons. With the assump. 

equihbnum this indicates that Cd is not appreciably traiw- 

at ® the Maxwell distribution curve 

room temperature is appreciably differont from zero. 

thioknL^or a n^affi^ * ■*«) and are represented as a function of 

01 tmckness for nickel, copper, iron and lead. The curves of figs. 6, 6 and 7 






ScaUering of Slow N&ui/rons 


135 



0 2 4 6 8 10 12 14 16 18 


g.lcm.* 

Fiq. (^—Scattering curves for copper O, and nickel 0. 
g./oin.* (Pb) 



4 a 8 10 12 14 16 16 20 22 24 26 


g,/<sm,* (Fe) 

Fxa« 7—Boftttenng curves for iron 0« and lead 


0 


2 



136 


M. Goldhabet and G. H. Briggs 

were obtained without the paraffin reflector round the BF3 counter, the 
saturation value for thick paraffin therefore being only 200 instead of 300* 
For thick scatterers of carbon, nickel and lead, was of the order of 
5-10 counts/min,, whereas we found in these cases, from which we 

can conclude that R neutrons are not slowed down appreciably by exciting 
lattice vibrations in scatterers of comparatively high atomic weight. 

The shape of the saturation curves is governed by the values of the 
scattering cross-section, the total cross-section, and by geometrical factors 
(densities of scatterers). It is in general not easy to interpret the whole 
saturation curve, but a definite meaning can be given to the initial slope 
(see §4). 


3 —Scattering of Slow Neutrons by Hydrogen boiind in 
different Chemical Compminds 

We have compared the scattering of slow neutrons by water and paraffin 
both for thin layers, 1-2 mm. tliick, and also for layers thick enough (about 
3 cm.) to give the saturation values. For the thin layers three different sets of 
experiments were carried out, two comparing paraffin wax with water, 
and one comparing paraffin oil with water. In each comparison the thick¬ 
ness of water and paraffin were such as to contain equal numbers of hydrogen 
atoms, and the scatterers were adj usted so that their central planes were equi¬ 
distant from *4. Paraffin oil was i^garded as consisting of “ average'* molecules 
CisHgg. Alternate ruas were made with the different scatterers. The results 
are given in Table 11. 


Thick layers 

Table II 

Paraffin wax—water 

Difference 
in % 

+ 1-5 

Probable 

error 
in % 

2 

Thin layers; 

Exp. No. 1 

Paraffin wax—^water 

+ 2 

2 

No. 2 

Paraffin wax—^water 

+ 0*6 

1 

M No. 3 

Paraffin oil—waiter 

+ 3-0 

2 


From these results we can conclude that the scattering cross-section of 
hydrogen, whether bound in paraffin or in water molecules, does not vary 
by more than 2 %. A small positive difference^ between paraffin and water 
of about 1 % may be expected, since the scattering cross-section of carbon 
is about 15 % larger than that of oxygen (see below). 

4 —Determination of Scattering Cross-Sections 
Our method of determining the scattering oross-seotions of the elements 
is based on the assumption that the scattering of slow neutrons is, to a 
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high approximation, spherically symmetrical. According to theory, this is 
true in a system in which the centre of gravity of the colliding particles is 
at rest, provided that the wave-length of the neutrons is large compared 
with nuclear dimensions (i.e. cm.), and that no resonance 

phenomena have to be considered. The wave-length of slow neutrons is of 
the order of 10“® cm. For free nuclei, the scattering will be nearly spherically 
symmetrical in a system in which they are at rest if their mass is con¬ 
siderably larger than that of the neutron. Spherical symmetry will be more 
closely approximated, even for light nuclei, if they are chemically bound, 
and the neutron energies are small compared with the molecular vibration 
energies. Therefore, with the possible exception of the lightest element, 
hydrogen, which we shall discuss below, scattering would be practically 
spherically symmetrical in all cases. With our method of detecting slow 
neutrons resonance scattering would scarcely be noticeable because of the 
known small width of neutron resonance levels. For neutrons of room 
temperature effects due to interference should be negligible under our 
geometrical conditions. 

Assuming, therefore, similar angular distribution of the scattered neutrons 
we can deduce the ratio of the scattering cross-sections of two elements 
from the initial slope of the saturation curves of the type showm in figs. 6 
and 7, Let I{w) be the number of counts per min. observed with a scatterer 
of w g,/cm.^ of atomic weight a at A; then the ratio of the scattering 
cross-sections of the two elements will be given by 



As the initial part of the saturation curves is practically linear for small 
thicknesses, we can simplify the measurements of the relative cross-sections 
by measuring the number of counts per min., P, for one thickness, w° g./cm.^, 
of the scatterer, provided that P is small compared with the saturation 
value. In order to correct roughly for the thickness (2«) in the case of thick 
scatterers which were used occasionally for elements with a small total cross- 
section we considered the whole scatterer concentrated at a plane distant 8 
from the opening A. This was accomplished by introducing a correction 
function F(3) defined by the ratio of the number of counts per min. obtained 
with a thin paraffin scatterer (1 mm. thick) at a distance 8 from A, divided 
by the number of oounts per min. with the paraffin scatterer at A. For 
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« = 0 , 3 and 6 mm. F^a) was found to be 1, 0-91 and 0-83 respeotively. 
Usually this geometrical correction was lees than 10 %. 

The final formula used for calculating the ratio of the scattering cross- 
sections of two elements from i®, ufi and s was 


0-2 




As we have mentioned above carbon was chosen as the standard element. 
The scatterers investigated were compared directly with a graphite scatterer 
5 mm. thick (0-79 g./cm.*), and the cross-sections were calculated by as¬ 
suming the scattering cross-section of carbon to be equal to the total cross- 
section determined previously, i.e. ^ 

scatterers our neutron beam can be regarded effectively as consisting of 
C neutrons only, so that the cross-sections found correspond to the scat¬ 
tering of C neutrons. 

In the case of hydrogen there is no need to determine the scattering cross- 
section by this method, as its cross-section for true absorption is known to 
be less than 1 % of its total cross-section. It is therefore sufficient to assume 
the scattering cross-section to be equal to the previously determined total 
cross-section. But it is interesting to compare the ratio of the initial slopes 
of the saturation curves of paraffin and carbon (which are reproduced in 
fig. 8 for a paraffin saturation value of 300/min.) with the ratio of the slopes 
of the absorption curves in the logarithmic plot of fig. 2 . For this ratio we 
find 17*2 in the scattering case and 18*2 in the absorption case, the differ¬ 
ence d, being about 6 %. One might expect a deviation in this sense as the 
scattering of C neutrons by protons bound in paraffin molecules is not quite 
spherically symmetrical, the forward direction being slightly favoured. 
According to Fermi ( 1936 ) the scattering probability per unit solid angle is 

fiJRi 

proportional to where is the angle at which the neutlon 

has been scattered, F the neutro.i energy and hy the oscillation energy of 
a hydrogen atom in the paraffin molecule. For C neutrons Fermi assumes 


geometrical conditions leads to a value 

r . E Z 

The experimental value A % could be explained by assuming jq* 


Possible Errors —Apart from statistical errors which were usually of the 
order of 5-10%, systematic errors in the determination of the scattering 
crosB-sections may arise from hydrogen impurities, mainly in the form erf 
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water or occluded hydrogen, and from strongly absorbing impurities in the 
soatterers. The latter source of error was usually small, since comparatively 
pure chemicals were used in most cases. To reduce the effect of water 
impurities all suspected chemicals were carefully dried. Chemical com¬ 
pounds were avoided where feasible, since water impurities are less likely 



g./cm* carbon 1 2345678 

Flo. 8—Initial parts of tho scattering curves for paraffin wax O* and carbon 0. 

to occur with pure elements. Moreover, in the case of chemical compounds, 
the final accuracy is reduced by the introduction into the calculation of 
at least one further cross-section than that of carbon. 

Results and Discussion 
Our results are summarized in Table III. 

In the oases where the number of counts observed with a scatterer, thick 
enough to absorb more than half of a beam of C neutrons, was less than 
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Table III 


^lotai X 10** cm."* 






Present 




Dunning 

work 

Element 

Scatfceror 

^^scatt X 10** cm.-* 

and others 

(see part I) 

1 H 


47*5 

35 (38) 

47*5 

1 D 

DjO 

7 

4*0 


2 He 





3 Li 

Li 

— 

45 


4 Be 

Be 

6*9 

6-3 


d B 

B 

— 

360 


6C 

C 


4*1 


7 N 

NaNg 

8-2 

11*3 


8 O 

AlgOg 

4*2 

3*3 


9F 

CaPg 

4-1 

2-5 


10 Ne 

11 Na 

NaF 

3*6 

4*2 


12 Mg 

Mg 

4-2 

3*6 


13 Al 

Al 

1*6 

1*5 


14 Si 

Si 

1*7 

2-6 


loF 

P 

10*4 

14-7 

13*6 

16 S 

B 

1-1 

1*4 


17 Cl 

KCl 

<10 

39 


18 A 





19 K 

KF 

1*6 

8*2 


20 Ca 

21 8c 

Oa 

9*5 

11*0 


22 Ti 

TiOg 

6-2 

11*9 


23 V 

V 

<4 

10 


24 Cr 

Cr 

3*6 

4-9 


25 M/i 

Mn 

2-1 

14-3 


26 Fo 

Fe 

10-3 

12-0 

13*6 

27 Co 

Co 

- 5 

35 


28 Ni 

Ni 

12-4 

15*4 

19*7 

29 Cu 

Cu 

8*6 

7*5 

11*9 

30 Zn 

Zn 

52 

4-7 


31 (la 

32 Ge 

Ga 

<4 

Est. 76 


33 As 

Ah 

7-1 

8-6 


34 8e 

Se 

12*7 

19 

20*4 

35 El¬ 

KBr 

<7 

11*8 


se Kr 

37 Rb 

38 Sr 

SrS 

9-5 

Est. 9 


39 Y 

YaOg 

<14 



40 Zr 

Zr 

<16 

16*7 


41 Nb 

Nb 

6 

Est. 14 


42 Mo 

Mo 

6-7 

7*1 


43 Ma 

44 Bu 

Ru 

6*9 

12*5 


45 Rh 

Rh 

, — 

116 


46 Pd 

Pd 

3 

10 
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Tablb III— (continued) 


47 Ag 

Ag 


55 

63 

48 Cd 

Cd 

— 

3300 


49 In 

In 

— 



50 Sn 

Sn 

4*9 

4-0 


61 Sb 

Sb 

6*6 

8*1 


62 Te 

Te 

5*3 

8*2 


63 1 

1 

— 

9-4 


64 X 





56 Cs 





56 Ba 

BaF, 

8-2 



67 La 



80 


58 Ce 

C© 

{—) 

25 


69 Pr 



26 


60 Nd 



220 


61 





62 8m 

SnijOs 

— 

4700 


63 Eu 



Est. 1000 


64 Gd 

GdgOg 

— 

30,000 


73 Ta 

Ta 

MO 

27 


74 W 

W 

7*S 

23 


75 Re 

Re 

— 

80 


76 08 

Os 

10*8 

27 


77 Ir 

Ir 


286 


78 Pt 

Pt 

8*3 

26 

21*5 

79 Au 

Au 

— 

88 


80 Hg 

Hg 

•f 

380 


81 Tl 

Tl 

14*2 

11 


82 Pb 

Pb 

12-9 

8*6 

12*6 

83 Bi 

Bi 

8*9 

8*2 

8*9 


2/min., this is indicated by the sign —. This does not necessarily imijly that 
the absolute scattering cross-section is very small but it means that it is 
small (of the order of 1 % or less) comi>ared with the total cross-section of 
the element. In the cases where the number of counts was 2-5/min. for 
comparatively thick scatterers this is indica.ted by a -f sign. Where the 
saturation values were 6-10/min. the accuracy obtained is rather low. This 
is indicated by the sign ~. With the exception of a few cases where we may 
not have escaped systematic errors due to impurities of hydrogen or strongly 
absorbing elements, the values for the scattering cross-sections should be 
reliable to 10-20 %. 

The values for the total cross-sections obtained by Dunning and others 
(1935) and the values quoted in part I, § 2 are given for comparison. The 
accoracy of the measurements is not yet sufficient to justify the calculation 
of the cross-sections for true absorption. The comparatively good agree¬ 
ment between the scattering cross-sections and the total cross-sections 
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obtained in the cases of Pb and Bi which are known from various expen- 
ments to have a small cross-section for true absorption can be regarded as 
a verification of the assumption that the scattering is spherically sym¬ 
metrical. When the scattering cross-section is the main part of the total 
ci*os8-8ection our values for the scattering t^ros8-section8 are often larger than 
the values found by Dunning and others (1935) for the total cross-section. 
We have suggested a possible explanation for such a discrepancy in part I, 
§ 2. The values given by Mitchell and others (1936) for the scattering cross- 
sections of some elements agree qualitatively with our values. 

It can be seen from Table 111 that for the majority of the elements the 
cross-sections for scattering of slowneutrons lie between 1 and 15 x 10’^* cm.*. 
A notable excei)tion is hydrogen. However, according to Fermi (1936), 
the cross-section for scattering of C neutrons by free protons would be about 
3*3 times smaller than that observed with chemically bound protons, i.e. 
about 14»4 X 

The cross-section for scattering of slow neutrons shows much less variation 
for different elements than does the cross-section for true absorption which 
varies by factors as high as 10® (between a few times 10*^*® and a few times 
10“^® cm.*). The scattering cross-section of strong absorbers is ^ - 2% of 
the total cross-section. This is in conformity with the theories of neutron 
scattering and absorption, due to Bohr, Breit and Wigner, and Be the apd 
Plazceck, in which these phenomena are treated as “many pajiticle 
processes 

On the assumption that the interaction between a neutron and an 
electron can be represented by a positive or negative potential V of short 
range a, it can be shown (Condon 1936) that the contribution of all the 
electrons of an atom of charge Z to the scattering cross-section for slow 
neutrons will be approximately proportional to Z*. We can therefore regard 

the minimum value of as an upj>er limit for the cross-section cr^i for 

scattering of slow neutrons by a bound electron. Assuming cr^i < 10“** cm.*, 

Condon deduced for the absolute value of the constant K = —an upper 

limit I ^ I < 30 (me®) (e*/mc®)®. He points out that an electron-neutron 
interaction of this magnitude (i to | of this upper limit) could be the main 
cause of the isotopic displacement of spectral lines. From our measure¬ 
ments of we find the minimum value of to be of the order of 

10"®^ cm.*, the smallest values being obtained for the elements palladium, 
iodine, gold and bismuth. With o-g, < 10-*® cm.*weobtain| JC] 
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whioh is too small to account for the observed isotopic displacement of 
spectral lines. 
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SlTMMARV 

Improved methods for measuring the total” and the scattering cross- 
sections of the elements for slow neutrons are described. Determinations 
of the total cross-sections for a few elements and of the scattering cross- 
sections for the majority of the elements have been made and are sum¬ 
marized in tables. In contrast with the cross-section for true absorption 
whioh varies by factors of the order of 10® for different elements the scat¬ 
tering cross-section varies only by factors of the order of 10. The scattering 
of slow neutrons in hydrogen has been studied from various points of view 
(influence of chemical binding, slowing down of neutrons of medium velocity, 
etc.). It is found that elements heavier than hydrogen do not slow down 
neutrons of medium velocity appreciably. An upper limit for the cross- 
section for scattering of slow neutrons by electrons is found; it is about 
10 ”^^ cm.*. 
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Quaternion Treatment of the Relatf^^iii^ 

Wave Equation 

By A. W. Conway, F.R.S. 

(Received 31 May 1937) 

1 —Iktboduction 

A set of matrices can be found which is isomorphic with any linear 
associative algebra. For the case of quaternions this W£ts first shown by 
Cayley (1858), but the first formal representation was made by Peirce 
(1875, r88i). These were two-row matrices, and the introduction of the four- 
row matrices of Dirac and Eddington necessitated the treatment of a wave 
function as a matrix of one row (as columns). Quaternions have been used 
by Lanczos (1929) to discuss a different form of wave equation, but here the 
Dirac form is discussed, the wave function being taken as a quaternion and 
the four-row matrices being linear functions of a quaternion. Certain 
advantages are claimed for quaternion methods. The absence of the dis¬ 
tinction between outer and scalar products in the matrix notation necessi¬ 
tates special expedients (Eddington 1936), Every matrix is a very simple 
function of the fundamental Hamiltonian vectors a, 7, so that the result 
of combination is at once evident and depends only on the rules of com¬ 
bination of these vectors. At all stages the relationship of the different 
quantities to four-space is at once visible. The Dirac-Eddington matrices, 
the wave equation and its exact solution by Darwin, angular momentum 
operators, the general and Lorentz transformation, spinors and six-vectors, 
the current-density four-vector are treated in order to exhibit the working 
of this method. 

S and V for scalar and vector products are used. Quaternions are denoted 
by Clarendon type, and all vectors are in Greek letters. 

2 —Thb Dibac-Eddington Mateicbs 

The Hamiltonian unit vectors a, y satisfy the equations 
a* «=/?**: 7* » — 1, /?7 =5 -7/? = a, etc. 

In terms of these any quaternion can be expressed in the form 


Vot CLXII—A. (15 September 1937) [ 1 ^^^ ] 


L 
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Denoting by/<J/ a linear function of the quaternion a special form of/ij# 
is p 4*<1) where p and q are quaternions. We get/*»J* = P**!*^*- So that if p® 
and q® are both equal to - 1 we have a function / for which symbolically 
/* = 1. If i denote the scalar imaginary we can at once write down the 
fifteen Eddington-Dirac matrices in quaternion form 

i{ )a, i( )/?, »■( )y,' 

a( )i, A )», r( )»- 

a( )a, a{ )fi, a{ )y, ► (2-1) 

/?( )a, )/?, A( )y. 

r( )«. y( )A 7( )r-. 

If/'4» denote p'vj>q', we have 

// 'I® = PP 'H'q, /7'1* = P'P'l«iq'. 

Hence if the pre-factors p, p' commute and the post-factors q, q' anti- 
commute (or vice versa), we have ff'+f'f = 0. With this principle we can 
at once pick out from (2'1) the different anti-commuting sets of five such as 

*( )a. »( )^, a( )r, fi( )y. y( )y- 

It may be noticed that we can generalize (2*1) by replacing a, fi, y where 
they occur as pre-factors (or post-factors) by any other set of orthogonal 
unit vectors a', fi', y'. 
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In a more expanded form this can be written 

T*’’ ■ "■ 

By using other linear operators we have different forms for this equation* 
For instance, Dirac’s original form would be written, in quaternions, 


However, by a well-known theorem if t{; is a solution of ( 3 - 2 ), — * 74*7 is a 

solution of ( 3 - 3 ). 

If we have a field of force given by a scalar potential P and a vector 
potential 77 , we have the electric force 


and the magnetic force 


1 1 dP 

because <SV 77 -« 0. 

c ot 


e = -VP 


If = V 77 — 


c dt 

idP 

cdt’ 


( 3 - 4 ) 

( 3 - 6 ) 


( 3 - 6 ) 


We now write the equation 

On repeating the operator we get by ( 3 ' 4 ) and (3'6) 


Multiplying ( 3 - 1 ) by ix from the right and making a slight change in the 
vectors we get 


V4, + |^4,a+^4,^ = o. 


( 3 - 7 ) 


We shall call this tyjje of equation 


( 3 - 7 ) 

I. 2 


H4; » 0. 
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4—^ANOtTLAR MOMBNTtTM OPERATORS 


If p denote the position vector oJc+Py + yzv/e get 

V SypV - SypV .V = VyV = i(yV —Vy), 

so that {SypV + ^y)V ~ V{SypV + ^y). 

Hence SypV + = im', a scalar constant, is a Dirac integral of = 0. 

If ^ is the azimuthal angle corresponding to the axis y we thus have 

If tj> contains <j> in the form 


iy\\t = — 2(s + m')4>. 


The latent roots (“proper values”) of the function iy( ) are +1 and -1. 

Hence s + wi' = ± 

To complete the solution if we have any linear function /( ) for which 
/* = 1, the axes are given by/(q)+q,/(q)-q, where q is any quaternion. 
Applying this to ty( ) we get that 


where u, v, u', v’ are scalars not involving 
Wehave (F/7V + l)/> =-^(F/>V+1), 

(FpV + l)V»-V(FpV + l). 

Hence (FpV+l)pV =/9V(FpV+1). (4-3) 

Also (VpV +\)p^ci.y ^=1 p(VpV + 

(FpV + \)p^fiy * p(FpV + l)4»yyff. 

Hence the operator (FpV +1) ( ) y satisfies the relation 


(FpV +1 )pH«J/y » pH(FpV +1) tj/y. 


We can also show that 

(FpV)»+FpV 


_L ^ • p 3 1 3* 

Anede W 8in»(?a^i»’ 


(4-4) 

(4-6) 


since FpVr « 0, where r» » *®+y*+a* 

The equations (4* 1), (4‘4) also hold when there is an electrostatic potential 
which is a function of r only. 
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6—^Thb HycROGKN Atom 
The wave equation has the form 

+ W^E + ^^. ( 6 - 1 ) 

Let u be a solid harmonic function of order Z + 1 , 

therefore V% = 0 and = 0, (6-2) 

V*( VMr-<“+«) = - (2/ + 1) V(/ 9 VMr-<"+»>) == 0. ( 6 - 3 ) 

Hence if we substitute for in (S-l) the expression 

< 1 * = Q^u{iy + 1 ) + (i<x —/?), ( 6 ‘ 4 ) 

where Q^, are scalar functions of r, we get 

{^‘ a-^x) ") 

+ ( 6 - 5 ) 

so that ( 6 - 4 ) is a solution of ( 5 ' 1 ) if 


^^^r-<ai+ 3 ) 

rdr 


ch 



+ rHW+l) 

rBr^ 




0 , 

0 . 


( 6 - 6 ) 


The substitutions Qi = Fir-^, Q2 — reduce these equations to the 

usual forms. It may be noticed that tt is a general spherical harmonic of 
order n and we can reduce ( 6 ' 4 ) to Darwin’s solutions'* by the substitution 
« « and making use of relations (Conway 1932-3) like the 

following: 

Vr'+i Pf+a (/*) - - i(a -»/?)r* (/*) 

+ ^(a+ifi)(l+8)(l+a+l)r>PJ-^ {fi) 

+ y(Z+s+l)r'Pf(/t)e‘*^. 


Darwin (19281 p. 669). The Legendre functions used are slightly different. 
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6—CbMPLBx Conjugate ok a Quateenion 

A quaternion q can always be written in the form u + or, where <r is a 
unit vector. The quaternion conjugate of q is 

Kq = w - (TV, 

and we have the following properties: 

K(q,q,,„qj = Aq,Aq^..,... Aq^, (6^) 

qAq = + (6*2) 

Hamilton called this latter quantity the norm of the quaternion, A^q, and 
its square root with the real part positive the tensor Tq. 

The complex conjugate of a quaternion, q, is the imaginary conjugate of 
its quaternion conjugate. Denoting it by q* we have 

q* =: u* — (TV*, ( 6 » 3 ) 

where v*, are the imaginary conjugates of the scalars u, v, the vector 
being regarded as real. Thus 

qq* = uu'^ + w* + cr(TO* wv*), ( 6 * 4 ) 

in which we may note that the scalar part is real and the coeflScient of cr 
imaginary, and 

(qiq2 • • • q«)* = q*qJ-i • • • q? • («•«) 

A real rotation of amount 0 about an axis defined by the unit vector a is 
given by 

q'= rqr-\ r = cos^d + asin Jd. (6-6) 

Here r* = A’r = r-^, Nr = 1. 

A Lorentz transformation corresponding to a velocity ctanhd along a 
is given by 

q'=a Iql, 1 = cosh Jd + iasinh^d. ( 8 ' 7 ) 

Here 1* « 1 , M . 1. 

The general orthogonal transformation in four-space is made up of any 
combination of the above two transformations and can be generally 
written 

q' = bqa, (8-8) 

in which it is easy to show that 

a* 5* b, b* » a, N& = JVb =! 1 , 

Ka. mi a"^, Kb ** b“^ and Jfq' =< a~^ifqb~^. 


( 8 - 9 ) 

( 8 - 10 ) 
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7—Gbnbeal Oethoooital Tbansfobmatiok of the 



Wave Equation 

Writing 

^0 

q = ox+^y + yz+ici, D = V + -^, 

cot 

we have 

q =bqa, D' = a-iDb“», AD'=* bADa, 

and sincje 

2» 3 

2V = D-AD, "| =D + AD, 
c ot 

we get 

2V = aV'b+b-iV'a-> + t(ab-b-»a-»)~ , | 


^4 = -*(aV'b-b-V'a-) + (ab+b-a-) 


Substituting in the equation 

T» I r-r I 3 . wtc , ^ 

we get H«J> = i(a+b-i)H'«|>'-i(a-b-i)t:H'4»'a, (7-2) 

where ^'oc + (7-3) 

vP" ^(b + ^ - ^^‘(b ~ a"“^) ^a, (7-4) 

or vp = J(a+b'^^)4>''f |i(a—b~^)tp'a. (7-5) 


, (7*4) and (7*5) give the general orthogonal transformation of wave 
functions. 

If there is a field of electric force given by the potentials 77, P the equation 
1 dP 

SVn -57 * 0 may be written 

cot 

Hence 11+iP is a oontravariant for the general transformation and 
11—iP is cogredient with ^henoe.the above results ( 7 * 4 ) and ( 7 * 6 ) 
hold in this case also. 
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8—Spinors and Six-vbctobs 


From ( 7 ' 4 ) and ( 7 ' 6 ) we get 

tj;' - = b(«|> — (8'1) 

4»' + + »t|>a). {8*2) 

For the Lorentz transformation b = a = 1 . Hence 4 # — *8 a spinor of 

the first class. It may be noted that if 

= - ifo) (a +») + {fy - ifz) (P+iy)- 

Let (j> and ijr be any two spinors so that 

— = 1»K1 —ia).' 

4>'(1—ia) = 1^(1—ta). 

Taking the complex conjugate of the second equation we get 

(l-ta) 4 »'* = 

Multiplying and noting that (1 — ia)® = 2(1 — *a) we get 
4>'(1 -ta)<|>' = I4>(1 —»a)^l. 

so that from any two spinors we get a vector (Whittaker 1937) which obeys 
the Lorentz group 

4>(1 —»«) 4 >» 

In the same way for the general transformation (8*1) and (8*2) we can 
prove that 

4>'(1 —= b{ 4 »(l — 

and that D' 4 >'( 1 - ta) 4 >*' = a-^{D 4 #( 1 - »a) 4 >*} a, 

■0 that /SD4>( 1 — ia) 4** is an invariant. (8-8) 

If P = 77 + iP then DP = ( 77 +iP) 

= - ie as i(e + irj) the electromagnetic six-veotor. 
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For the general transformation (Conway 1911; Silberstein 1912, 1913) 

D P' « b-iDa-iaPb - b ^DPb, 

therefore e' + =« b“^(e -h b, 

which is a rotation, in general, complex. 

As another example Dirac’s six-component angular momentum in our 
notation is FqD, and for the transformation we find 

Fq'D' « Faqbb-iDa “1 == aFqDa i. 

There ai'e thus two different types of six-vectors arising from products of 
two quaternions. 


9—Electric and Citrbent Densitv 
The fundamental wave equation may be written 

Its conjugate is 

= -^(-Pa<|»* + a»*/7). (9-2) 

Cl h h 

Operating on ( 9 * 1 ) with ^*( )a and multiplying ( 9 * 2 ) into we get on 
subtraction and taking the scalar of the result 

or - 4- + S(VK<l>a4»*) = 0. (9-3) 

Cct 

This is the continuity equation for the quaternion or the equivalent four- 
vector “ h- which, when normalized, is Darwin’s four-vector 

of electric charge and current (Darwin 1928). 

To obtain the usual form of this four-vector, if we put 

we get - « 2{tjrir/rf + ir^^ + xjr^xlrl + rjr^ fX), 

\j/X + ft - ft f*) + 

(9-3) can be written 


( 9 - 4 ) 
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Hencie + contravariant four-vector for the genwal 

orthogonal transformation. 

In the last section we had the invariant 

1 - ia) 4 .* = -s(v + ill {»{>( 1 - id) 

- -S^V + ill - tF4»aq»*) 

+ -S’(v+ill (- iS«l/a+*). 

Hence we have another contravariant four-vector 
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Theory of Scattering of Protons by Protons 

By Sir Aethue Eddington, F.R.S. 

(Received 24 June 1937 ) 

1— In a (series of pai)ers in these Proceedings between 1928 and 1935 , 
I have developed a combination of relativity theory and wave mechanics 
applicable to a number of fundamental problems. A more mature treatment 
is given in my book “Relativity Theory of Protons and Electrons’’ (1936) 
hereinafter referred to as P. and E, This theory will here be applied to the 
problem of close encounters of two protons. In particular it will be used to 
calculate the form and depth of the potential well which is found to occur 
in the wave equation of the relative motion. 

As the problem is of a somewhat different ty|)e from those treated in my 
book, the main difficulty has been to formulate it in terms of the relativistic 
conceptions there introduced. Aft^er that has been accomplished, the mathe¬ 
matical calculations are comparatively elementary. 

The calculation shows (§ 13 ) that there will be an energy term in the 
relative wave equation of amount 

-Ae-W (M) 

where A ^ 39 • 2 m^f^ - 2 - 20 .10 '^® cm. ( 1 * 2 ) 

A potential well with the same value of occurs also in the close encounter 
of two electrons; but its strength A is smaller in the ratio mjnip, so that it is 
much less important in comparison with the Coulomb potential. We find no 
corresponding potential well in the encounter of an electron and a proton. 

It is generally believed that the potential well in this problem is funda¬ 
mentally the same os that which occurs in nuclear theory. The investigation 
is therefore of special importance as a connecting link between extra-nuclear 
and nuclear theory. This aspect is briefly discussed in § 14 . 

2— In problems treated by quantum theory a few particles are mentioned 
specifically, but the particles constituting “the rest of the universe” must 
be understood to be present also; for it would be idle to make predictions 
which could only be verified experimentally by first annihilating nearly all 
the matter that exists. It makes no essential difference if we try to limit the 
system under consideration by enclosing it within a boundary; that would 
merely give us the additional trouble of working out boundary conditions 

[ 155 1 
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which shall be mathematically equivalent to the suppressed matter beyond 
the boundary. The current procedure in quantum theory apparently ignores 
the particles forming the rest of the universe; and an important part of my 
I'elativistic theory is concerned with the precise conditions which must be 
postulated in order that this procedure may be valid (P. and E. especially 
Chapters XI and XIV). 

The main consideration is that energy and momentum can be represented 
alternatively by wave functions (as in quantum theory) or by curvature of 
space-time (as in relativity theory). It is therefore permissible to represent 
the energy and momentum of a few specifically mentioned particles by wave 
functions which occupy a space-time whose curvature represents the 
momentum and energy of the remaining particles. 

We shall call the system whose energy is represented by wave functions 
the microscopic system, and the system whose energy is represented by 
curvature the molar system. Ideally the division can be made in any way 
we like; and I have found (P. and E. Chapter XIV) that the cosmical con¬ 
stant can be calculated by treating the entire universe firstly as a wholly 
molar system and secondly as a wholly microscopic system. But in more 
specialized problems it is expedient to make the separation in such a way 
that the formulae of current quantum theory can be used as far as possible. 
The simplest “field-free'* formulae presuppose a definite form of molar 
system. 

When, as usual, we assume that our wave functions occupy a uniform 
static space, we implicitly postulate that the molar system has the energy 
tensor which corresponds to uniform static space. In other words the un¬ 
specified particles form an Einstein universe. Expressing the same condition 
from the point of view of quantum theory, they form a system in its ground 
state with the energy levels fully occupied up to a certain limit energy 
(P. and E. § 14 - 3 ), The individually specified particles forming the micro¬ 
scopic system must then occupy vacant levels above the limit level. In these 
idealized conditions it is possible to treat the microscopic system without 
explicit reference to the rest of the universe, and the procedure of current 
quantum theory is valid; the only efiect of the unspecified particles is that, 
by filling the energy levels up to the limit level, they fix a threshold energy 
for the particles of the microscopic system. Reverting to the language of 
relativity theory, they provide a pure inertial field for the specified particles; 
this inertial field is represented by the of the space whose curvature is 
defined by their energy tensor. 

We are not putting forward a h3rpothesis as to the actual state or structure 
of the universe. We are formulating the conditions in which the simple 
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field-free equations of quantum theory would be precisely fulfilled. Devia¬ 
tions from the ideal state of uniformity and non-excitation of the background 
are provided for by introducing gravitational, electromagnetic or radiation 
fields into the microscopic system. 

Wide departures from the ideal conditions may be found to have little 
influence on the observable results. For example, the actual universe is 
found to be far from the Einstein equilibrium state; but the gravitational- 
oum-oosmical field representing the deviation has negligible effect, except 
on systems on a cosmical scale. But it does not follow that these departures 
have negligible effect on the intermediate formulae. Some of the most 
frequently used formulae refer to distributions on a cosmical scale, e.g. 
“infinite ” plane waves. It would make negligible difference to the scattering 
of two protons if they were assumed to be in a de Sitter world instead of an 
Einstein world; but if we desired to treat the problem in a de Sitter world, it 
would be necessary to use formulae adapted to a de Sitter world from the 
beginning. The kind of mistake we have to guard against is integrating (or 
normalizing) over a de Sitter world the current formulae which presuppose 
an Einstein world. 

Primarily we include ‘‘the rest of the universe'* because it is impossible 
to annihilate it; and formulae which did not take account of it, explicitly 
or implicitly, would have no application to practical problems. But it also 
appears in the theory in another aspect, namely as a substitute for the refer¬ 
ence objects with respect to which the positions and momenta of the 
individually specified particles would be measured in actual experiments. 
Unless such a substitute is provided the formulae must again fail to have 
any observable application ; for the measured quantities, to which they refer, 
would be non-existent (P. and E. § IM). 

3 —For our scattering problem we have to determine a set of statistically 
steady distributions (eigenstates), nominally of two protons, but actually 
of all the particles of the universe including two specified protons. In 
accordance with § 2, the whole steady system is treated as a superposition 
of two independently steady systems, namely a microscopic and a molar 
system. 

Even in the simpler problem of an electron and proton (instead of two 
protons) an adjustment of the frontier is necessary before separating the 
two systems. If two particles were withdrawn from the Einstein universe 
it would no longer have the mass or energy necessary for self-equilibrium. 
Thus we must continue to count the original energy of the proton and 
electron as energy of the molar system to be represented by space-time 
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curvature. The energy represented by wave functions is therefore not the 
whole energy of the proton and electront but the excess over that which 
they would have had as unspecified neutral particles at the limit level. This 
adjustment, which leads to the quadratic equation determining the masses 
of the proton and electron (P. and E. §§11*0, 12 - 6 ), has been absorbed into 
the practical definition of rest mass, and is thereby automatically provided 
for. 

The liaison between my relativistic theory and current quantum theory 
has been provided by a detailed investigation of the hydrogen atom; and 
accordingly the theory in P. and E. has been developed primarily for 
application to systems which, like the hydrogen atom, contain equal num¬ 
bers of positive and negative charges. When the object system contains an 
excess of charges of one sign, a new point arises which has not hitherto 
received attention. In selecting two protons to form an object system we 
leave the rest of the universe negatively charged; and there will be a mutual 
negative electrical energy of the positively charged object system and the 
negatively charged rest of the universe. When the whole is in a steady state, 
neither part is in self-equilibrium, but is only held in equilibrium by inter* 
action with the other part. This violates the understanding that the entire 
universe is to be separated into two independently steady systems. Without 
some adjustment of the energy it would not be legitimate to apply the 
formulae of current quantum theory. 

For a microscopic system consisting of a proton and electron, there is no 
electric interaction between the neutral system and the rest of the univewie 
which is also neutral. When this is changed to a system of two protons, we 
have to account for a “redundant” energy Si in the microscopic system, 
equal to twice the mutual energy of the two protons; since it is the replace* 
meat of the electron by a second proton which disturbs the balance. Each 
proton may therefore be considered to have a redundant energy The 
sense in which Q is redundant will be examined in § 9 . 

Theoretically the same point mses when the microscopic system is a 
single proton, since the rest of ohe universe is left negatively charged. But 
formulae for a single proton Are for the most part only of abstract interest; 
and it is scarcely necessary to consider an electric charge which is given no 
opportunity to manifest itself. 

It may be suggested that it would be sufficient to treat the two protons 
as moving in a uniform field of negative potential arising firom the negative 
charge of the rest of the universe. If this were so, there would be no effects 
of any interest. But the usual field treatment has limited scope, since it 
represents the action of the molar system on the microscopic system and 
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not the action of the miorosoopio system on the molar system. We cannot 
here neglect the latter interaction. It should be remembered that the usual 
one-way treatment of interaction is a convention rather than a practical 
approximation. A proton normally polarizes surrounding matter; and the 
consequent redistribution of charge creates a well of negative potential in 
which the proton lies. The resulting negative energy (Debye-Hiiokel energy) 
is by no means unimportant practically; but there is no place for it in the 
wave equation of the proton, which provides only for rigid electromagnetic 
fields. In our scattering problem we are trying to discover the origin of a 
well of negative potential, which is known to occur observationally. We are 
not likely to find it unless wo use a treatment more rigorous than the rigid 
field method. 

Before proceeding further we calculate the redundant energy Q. 

4—We begin by calculating the average potential throughout spherical 
space due to a point charge e, A form of metric of spherical si^ace is 

da^ — — + (4*1) 

The radial force is then (Eddington 1923 , equation (78-4)) 

_ e 

whence, by integration, 

/c = €-^{1 -r^lR^)lr. 

Multiplying by the volume element 

r^amddBd^dr 
*' 

we have KdV = erm\Oddd<f>dr. 

Integrating over a hemisphere,* the limits of r are 0 and R\ we obtain 

^KdV =• 2nR^e. (4’6) 

If the solution (4*3) is continued into the other hemisphere, we find that 
there is also a charge e at the antipodal point. If therefore w'e double (4*6) 
to give the integral over the whole sphere, we must halve it again to obtain 

♦ In the complete hyj;>er»pher© r gCK^n from 0 to R and back to 0. We halve it 
by taking half this range. Thus the rtnnaining co*ordinate« have their full 
ranges 0 to n, and 0 to 


(4-2) 

(4-3) 

(4-4) 
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the part attributable to one charge e. Henoe if F is the whole volume, and 
K the average potential throughout all space due to one point-charge e, 

Vic - 2nJRh. (4-6) 

Since V = ^ = e/nJt. ( 4 - 7 ) 

If another charge e has an even probability distribution throughout space, 
the mutual energy is 

CK — e^/nR. ( 4 * 8 ) 

This applies also if one charge has an arbitrary probability distribution and 
the other an even probability distribution, if the two distributions are 
uncorrelated. As explained in § 3 , the redundant energy is twice this mutual 
energy, namely 

D = 2 ^IttS. ( 4 - 9 ) 

5 —As in the classical problem of two bodies, the motion of the two 
protons is analysed into an external motion (motion of the centre of mass) 
and an internal motion (relative orbit). Correspondingly, their combined 
wave function is analysed into external and internal wave fimctions. In 
the usual semi-classical terminology the internal wave function is said to 
represent a particle (called the internal particle) of reduced mass 
whose co-ordinates are the relative co-ordinates (x*);,—(»i);, of the 
two protons in a space-time frame whose time direction agrees with the 
momentum vector of the external particle. 

It may be noted that the most essential difference between the problem 
of two protons and the problem of a proton and electron is that in the former 
the external particle has charge 2e and in the latter it is neutiul. 

Since in the frame to which the internal wave functions are referred the 
external particle has an exact momentum (zero), it has entirely uncertain 
position; that is to say, the centre of mass has uniform probability distribu¬ 
tion throughout space. The specialized relative distribution, prescribed by 
the internal wave function, is smeared evenly over space by the external 
wave function. It may save misconception if we bear in mind that the wave 
functions introduced in the ordinary treatment of the scattering problem 
(which are internal wave functions) specify corrdatioM of the probability 
distributions of the two protons; but the protons individually continue to 
have even probability distribution throughout space—^just like the un¬ 
specified protons and electrons. 

The question arises, How can a system with vector characteristics be 
uniformly distributed over sx)herioal space? Density and other scalar 
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characteriatics can be uniformly distributed; but there is no such thing as 
a uniform vector field in curved space. An encounter of two protons is-^ 
associated with a particular direction of relative motion (indicated in the 
internal wave function); any attempt to transfer the encounter to another 
point in spherical space is frustrated by our inability to lay down a parallel 
or corresponding direction for the new wave function. 

This is an example of the difficulties which are created by the replacement 
in current quantum theory of the double wave functions (which contain the 
observables) by abstract simple wave functions—procedure which can 
be justified in some applications, but continually breaks down when we 
extend the range of problems. To avoid the difficulty we must revert to the 
double wave functions. These will represent the microscopic distribution 
fixed in a geometrical frame, coupled with an even probability distribution 
of orientation of the molar system which brings each point of it to the 
geometrical origin in turn. In this way we reconcile tlie two conditions that 
the distribution with vector characteristics is undisplaced in the geo¬ 
metrical frame, although relative to the other particles of the universe it has 
uniform probability distribution. The molar system admits of uniform 
distribution because it is purely scalar, vector characteristics having dis- 
api)eared by averaging. 

liet W be the double vector wave function representing the combined 
distribution of an elementary object particle and a similar comparisoii 
pariicle. Although actual factorization is generally impossible, it is con¬ 
venient to WTite it as a symbolic product W — ^(a;) 9 i(ir'), where \ji and 0 
refer to the object particle and comparison particle, respectively. We then 
substitute for the single comparison particle an average of the N particles 
constituting the molar system, so as to obtain the combined wave function 
of the object particle and the molar system. It is assumed that (j) reduces 
to a scalar, constant throughout space. We can then separate off the constant 
(along with its share of the periodic time factor), leaving ^r(x) which exhibits 
the object particle as though it were detached from the rest of the universe 
and existed only in a geometrical frame. The energy corresponding to the 
part of the j)eriodio time factor removed along with ^ is the fundamental 
mass unit (P. and E. equations (12-61), (14-71)). 

When this is extended to an object system consisting of two protons, four 
double wave functions are introduced, namely, 

( 6 - 2 ) 

referring respectively to the first proton, second proton, internal particle, 


Voi. ci-xn— A, 


M 
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external particle, with comparison particles of similar character. The single 
comparison particles are subsequently replaced by molar averages. We have 

X = + x'== ajJ). (5’3) 

In saying above that (j> reduces to a constant scalar, we are not making 
a hypothesis but formulating the condition that the current procedure 
(which assumes that \lf(x) can be se])aratGd) is valid. We must therefore 
examine the process of averaging closely in order to see how far the separation 
is justified; more esj)ecially the ease of <j>i must be examined, since it is not 
quite comparable with the others. 

r>—Considering first a single object particle, the principal points to be 
noticed are as follows; 

(1) The first step is to replace the N particles with charge and spin by 
neutral particles. I think it would in any case be illegitimate to assume 
independent probability distributions of positive and negative particles, 
neglecting the electric interaction which prevents any appreciable local 
inequality of their distribution. (The strongest electric charges encountered 
in practii^e constitute an inequality which is insignificant from the statistical 
point of view.) But the primary reason for considering neutral particles is 
that the molar system is the idealized substitute for the material objects 
which would be used for reference purposes in actual experiments; if these 
were charged, corrections equivalent to removing the charge would be 
applied to the measurements. The effect of retaining charged particles would 
be to give us a reference systeni, not only unsatisfactory to the experimenter, 
but unlike any material system in our experience, and unrepresentable in 
the Riemannian space of our experience. 

(2) We next reduce the N neutral particles to one equivalent particle. 

Here the treatment bifurcates according as we are dealing with momenta 
or positions. In P. and E, we were concerned with momenta. In that case 
the wave function <}> of the rest o" the universe, which is initially an iV^-tuple 
wave function, is transformed by second quantization into symbolically 
additive wave functions (P. anid E, §§ Introducing the condition 

(already found) that the molar system is in its ground state, the symbolic 
addition leduoes to ordinary addition; and 0 is reduced to a set of standing 
waves whose energy tensors are additive. The total energy can be calculated, 
and the part of the periodic time factor associated with is thereby deter¬ 
mined. In this way the molar system is reduced to an equivalent particle 
of energy Tn©. The expectation value of its momentum (in three dimensions) 
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is zero; but the mean square value of the momentum is such as to correspond 
to the energy No co-ordinates are assigned to the equivalent particle, 
since the investigation does not concern itself with position. 

(3) We note that, since the expectation value of the momentum is zero, 
mo measures an uncertainty of momentum. Also since current quantum 
theory takes cognizance only of the simple wave functions, and treats them 
as primitive data, it presu|>poses that the I’eduction from double to simple 
wave functions has been made independently for each object particle, 
before any consideration of their relative probability distribution arises. 
Physically this means that when we measure the momentum of a particle 
relative to the material reference system, we do not define the particular 
frame within the blur of uncertainty which is employed; andif the momentum 
of a second particle is measured, it is referred to an independent frame 
within the blur. The uncertainty of the frame is therefore not eliminated 
when we take the difference between the measured momenta or positions of 
two particles. 

(4) A different method of combination must be used in treating positions, 
since the second quantization in (2) eliminates those characteristics of the 
molar system which would be used as reference marks for position. Wlien an 
onlinary reference body is employed, its centroid (or some other invariantly 
defined combination of the co-ordinates of its particles) provides the material 
origin from which the relative position of the object particle is measured. 
A measurement of the relative position creates a wave packet in the double 
wave function T — i/f(x)^(x') representing the combined probability 
distribution of the object particle and the centroid; so that all observational 
information relates directly to the double wave function. As before we have 
to make a special theoretical calculation of (p(x') in order to detach it from 

In dealing with momenta it was the periodic time factor in 0 which 
was required; in dealing with positions we require the spatial distribution, 
that is to say, the probability distribution of the centroid with respect to 
a geometrical origin. We shall calculate the probability distribution of the 
centroid of the molar system in § 7. 

As a guide in the theory, I have found it useful to think of the molar system 
as a limit, which is approached continuously when practical reference objects 
are gradually changed into a more even and more extensive distribution, 
without any discontinuity in their mode of employment as reference 
objects. If we start from the other end, and consider how a distribution in 
spherical space could be used as a basis for position determinations, the 
procedure is not so clear. 

If O' is the standard deviation of x'^, or represents the uncertainty of 



164 Sir Arthur Eddington 

position of the molar reference system. It is the counter|)art of the uncer¬ 
tainty of momentum referred to in (3). Hence, by the uncertainty principle, 

cr.moC-'A. (®d) 

From the known value of we obtain cr ^ 10“^® cm. But the uncertainty 
principle is not adapted to determine the precise value,* which will be found 
more directly in § 7, 

It should be noticed that, in obtaining ^ for the molar system, the 
averaging is over a large but finite number of particles which are in general 
fairly uniformly distributed. This must not be confused with the averaging 
over the continuous uniform probability distribution of one particle, which 
is employed in obtaining expectation values, 

The replacement of the N vector particles by N neutral particles with 
only scalar characteristics enables us to give to each particle a uniform 
probability distribution; as already explained uniform distribution of a 
vector is impossible. It also has the effect of reducing the total energy or 
moss in the ratio 20/136 (P. and E, § 14-5). Since the curvature of space is 
not altered by what is merely a change in the mode of analysis, the neutral 
particles have effectively a constant of gravitation 136/20 times the usual 
constant which applies to vector particles and energies. The magnification 
of energy occurs when the particles in a small volume of neutral matter are 
assigned wave vectors representing charge and spin—a preliminary step 
to the introduction of full wave functions w^hich may give them energy 
additional to the rest energy. It is expensive to transfer energy from the 
molar to the microscopic system, since the loss to the neutral particles of 
tlie molar system will be magnified by the factor 6*8 when they are specified 
as electrons and prot/Ons and so made comparable with the particles of the 
microscopic system. This is not a violation of the conservation of energy, 
but a reiteration that the conditions under which current quantum formulae 
are applicable for the calculation energy do not allow such a transfer. 
If such a transfer has been inad ertently made the whole system will appear 
to have acquired a negative energy. 

7—When the material reference system occupies a region whose curvature 
cannot be neglected, it is necessary to define precisely the mode of com¬ 
puting the centroid. We shall assume tentatively that the particles are to 
be projected orihogomUy on to a three-dimensional tangent plane to the 
spherical space. The centroid is then computed in the usual way. The point 

* A factor is introduced through Tn® being defined by a limit particle, 
whereas a refers to an average particle. 
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of contact of the tangent plane is taken as * ‘ geometrical origin ’ *, the centroid 
being the “material origin ” from which the observed positions are measured. 

If R is the radius of space, a particle with uniform probability distribution 
over space has in the three-dimensional projection a root mean square 
distance yjilR^) from the geometrical origin. The root mean square distance 
of the centroid of N particles is therefore ^J{lR^jN)i and the standard 
deviation in one co-ordinate is Since N is very large the distribu¬ 

tion is Gaussian. Hence the probability that the centroid is in a volume dv 
at a distance r from the geometrical origin is 

(7*1) 

where k = ^{R^/2N), (7*2) 

We must justify the use of orthogonal projection in this calculation. If, 
for example, stereographic projection had been used, k would have been 
four times as great. 

Considering an element of the probability distribution of a particle, the 
complete stream vector density includes both the momentum vector 
density and the position vector of the element (P. and E, § 5*8). The position 
vector is the line in four dimensions (or five, if time is involved) from the 
centre of the hypersphere to the element considered. The essential point is 
that the process of averaging applied to the wave tensors associates with the 
average momentum vector an average of the four-dimensional position 
vectors of the particles. The particles are thereby reduced to a single 
equivalent particle at their centroid in four dimensions. (Protons and 
electrons have the same weight, since before the averaging they have been 
replaced by neutral particles.) Thus a treatment, which might perhaps be 
regarded with some misgiving as too elementary, turns out to be justified. 

We can regard the hypersphere as given in the geometrical frame initially, 
since its radius is determined by the theory in P. and E. Chapter XIV. Hence 
a measure of relative position can be converted into a determination of the 
relative position vector in four dimensions. By averaging over the N 
reference particles, we obtain the position vector representing the line 
joining their centroid to the object particle. This is an observable direction, 
in contrast to the direction from the centre of the hypersphere to the object 
particle which is unobservable. These two position vectors define on the 
hypersphere the material origin and the geometrical origin respectively. The 
probability distribution of the material origin relatively to the geometrical 
origin is evidently the three-dimensional orthogonal projection of the 
probability distribution of the centroid in four dimensions, as calculated 
in (7*1). 
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A word of explanation may be offered m to why the procedure of averaging 
positions and momenta is so different. The difference is due to imposing the 
' condition that the system is in the ground state. The reason for this con¬ 
dition is simply that the current formulae, which we wish to use, presuppose 
it (§ 2). The condition for a ground state restricts the squares of the momenta 
to eigenvalues, but imposes no corresponding restriction on positions. We 
start symmetrically by forming averages in the same way for both, namely 
by symbolic addition with the A'-symbols of primary quantum theory. Then 
in order to apply to the momenta the condition for a ground state, we 
transform by second quantization the i7-symbolic sum of momenta into a 
J*symbolic sum with commuting idempotent symbols J. Other differences 
arise later in the treatment, such as the use of the limit energy instead of 
the average But here it is sufficient to notice the origin of the bifurca¬ 
tion, and assure ourselves that for positions the addition remains an E- 
addition, i.e. vector addition in five dimensions (reduced to four dimensions 
for the static system here considered). 

8—In two dimensions an observed direction is ambiguous to a multiple 
of 2n; and the mean of N observed directions is ambiguous to a multiple of 
2nlN, For N 10’*, this means that the mean direction is practically in¬ 
determinate. There will be a similar indeterminacy of a mean direction in 
four dimensions, unless by some convention we provide a single-valued 
reckoning of angles. In § 7 this was furnished by the arbitrarily chosen 
geometrical origin, which is taken as a pole for the usual single-valued 
reckoning of spherical polar co-ordinates.* But the geometrical origin 
(point of contact of the tangent plane) might have been chosen anywhere 
in the molar system. 

Thus two unc^ertainties are involved in position measures; (a) the minute 
uncertainty found in (7*1), and (6) the complete uncertainty of the geo¬ 
metrical origin, which may be anywhere in the material system. This 
apparent conflict, or at least artificiality, is the result of treating one object 
particle only, which is too abstract a problem to treat from an observational 
point of view. When we turn to the more realistic problem of two protons, 
the two uncertainties sort themselves out; it is then seen that the un¬ 
certainty (u) refers to the internal particle and (6) to the external particle. 
That the external particle has complete uncertainty of position has already 
been noticed in §5; and, in accordance with the representation by double 

♦ No origin won providod for the azimuthal angular co-ordinates; but their multi- 
valuedness does not affect the calculation. 
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wave functions, \jr^ is fixed by its vector characteristics* in the geometrical 
frame, whilst <j>g gives an even probability distribution of orientation of the 
molar aystam—so that the geometrical origin may coincide with any point 
of the molar system. For the internal particle the potential mobility of the 
geometrical origin is irrelevant, since the same geometrical origin and plane 
of projec^tion is used for both protons. It might be thought that the un¬ 
certainty {a) would also be eliminated; but, as explained in §6(3), the 
protons are supposed to be measured from frames with inde{)endent un¬ 
certainties, and the two uncertainties combine in the same way as accidental 
errors. 

As defined by (5*2) and (5-3) T- represents the combined distribution of 
two internal particles. We sliall call the system formed by the internal 
particles of the rest of the universe the internal fnolar system. Such a double 
internal wave function has already been used in my derivation of the 
Coulomb energy of a proton and electron (P. and E, § 15*6). We may note 
that the internal aspect of the molar system, which focuses attention on the 
relative positions of pairs of particles, corresponds to the metrical aspect of 
space, which is concerned with intervals between pairs of points. It is 
therefore the internal molar system which pi'ovides a material setting 
similar, except for its uncertainty, to a geometrical space, and describable 
by corresponding tensors. 

Since uncorrelated, will have a Gaussian 

distribution with standard deviation ^/2 times that of Thus the 

probability that it falls in a volume dv is 

( 8 ‘ 1 ) 

where ^ ^ and ^ k^2 ^ (8-2) 

by (7*2), 

The observable quantity is —which is the difference of co-ordinates 
of the two protons each measmed independently from the uncertain material 
origin. If , we shall say that the two protons are observationally co¬ 

incident; if === 0, they are geometrically coincident. 

9—We now return to the adjustment required on account of the energy 
Q calculated in (4*9). The various eigenstates of the two protons are specified 
by wave functions which supply a factor modifying their initial uni¬ 
form unoorrelated distribution (commonly called the a priori probability 

I 

♦ The momentum vector (three“dimensional) of is zero, but it will in general 
possess other vector characteristics, e.g. spin. 
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distribution). But the adjustment now to be considered is required before the 
wave functions are introduced; so that the selected protons still have the 
initial distribution, and are not in any way different from the unspecified 
protons. It is the insertion of wave functions which gives them physical 
prominence by concentrating their probability distribution; the energy is, 
of course, altered by this last step, but since the change is dealt with by the 
usual theory of wave functions we are not concerned with it here. 

Accordingly we consider the N particles all with uniform distribution. 
We select one of them, a proton, as one member of our microscopic system. 
For the second particle we may choose either a proton or an electron. The 
energy assigned to the first proton will jump by ^13 if we substitute the 
former for the latter choice. This is a matter of assignment of energy only, 
for the N particles remain distributed just as they were before. Indeed it is 
unnecessary to choose any particular one of the remaining partioles; the 
jump occurs as soon as we decide to pick a proton, not an electron. The 
assignment of additional energy to the proton means that there is less energy 
assigned to the rest of the universe. 

The energy contained in a volume element is ultimately a mutual energy 
of that volume element and the rest of the universe; and its apportionment 
among the occupants of the volume is a matter of convention. Consider an 
element dV containing one of the two protons. Besides the selected proton, 
it will include part of the probability distribution of every other particle 
in the universe. When we allocate the additional energy to the proton, 
the energy allocated to the other particles is correspondingly diminished. 
The element dF is therefore a singular region of low energ}’^ for the other 
particles.* Considering the Einstein universe of N neutral particles (not 
yet differentiated into protons and electrons), each particle has a pro¬ 
bability dVjV of occupying dV, V being the whole volume of space. Hence, 
if — iJ denotes the negative energy of a neutral particle in the field witliin 
dVy we have 

NEdVJV - ifi, (9-1) 

so that EdV = 27r€^B^jN « 27r€*IrJ, (9*2) 

by (4*9) and (B*2). 

In particular the second proton will (before its selection) have the energy 
— E for such part of its probability distribution as lies within dV; for, as 
already noticed, the energy ii? is transferred before any particular particle 
is decided on. 

* Before the transfer of energy i.e. when the sooond particle is an electron, 
the molar system is undisturbed by the microscopic system, and the energy of its 
particlf^ in dr is the same as elsewhere. 
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The important quention now arises whether the energy — E depends on 
geometrical or observational coincidence (§8) of a particle with dF.* The 
answer will decide whether — E is associated with a point-singularity in the 
distribution of the particle or is drawn out into a |>otential well by probability 
scattering. We shall find in § 11 that it forms a finite well. Thus the correction 
to the simple theory of the microscopic system consists in introducing the 
effect of a potential w^ell around one particle on the energy of the other 
particle. 

10—Before going further, we call attention to the following points: 

There is no singularity in the molar system. The singularity dV coincides 
with the i)roton; but the proton has uniform probability distribution, so 
that the reduced energy is spread evenly over the whole system. Nor does 
it cease to be uniform when we introduce special wave functions for the 
protons. These introduce correlations, but leave the two protons uniformly 
distributed (§ 5). The whole effect on the molar system is to reduce the energy 
of each particle by a constant amount irrespective of its position in space. 

It is true tliat this leaves the energy slightly less than that required for an 
Einstein universe, so that the molar system, though perfectly symmetrical, 
is not in self-equilibrium. But the separation into two independent systems 
is a luxury which simplifies the treatment, not a necessity, and may be 
deferred. Being unable to separate the systems, we have in § 9 treated the 
specified and unspecified particles together as one system, and investigated 
the effect on all the other particles of allocating too much energy to one 
particle. 

The second proton undergoes the same reduction of energy as the other 
particles, independently of its position in space. But if, instead of position 
in space, we consider its co-ordinates relative to the first proton, the 
reduction is a function of The same would hold for any other particle 
if we had occasion to consider its 

When we insert a wave function, the initial uniform distribution of the 
second proton in is replaced by a specialized distribution, which (in the 
scattering problem) concentrates its probability at points where is small 
and the corresponding negative energy is large. 

In order to compare our results with the current formulae, which treat 
the microscopic system as completely separate from the molar system, we 
should, strictly speaking, subtract from the energy of the proton at the 

* The actual coincidence mu»t evidently bo geometrical; but in considering the 
energy associated with an element of a probability distribution, wo have to consider 
whether the probability distribution is a geometrical or an observational distribution. 
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small average energy — WjN of its initial uniform distribution, since this 
energy is needed to bring the molar system to self-equilibrium. But the 
correction is quite insignificant. 

The basis of our treatment is that a proton and electron can be separated 
oflF to form a microscopic system without disturbing the molar system,,so 
that the particles of the molar system have the same standard energy 
everywhere irresjjective of the positions of the proton and electron; hence 
when a second ])roton is substituted for the electron, so that an extra 
electrical energy Q is allotted to the microscopic system, the other particles 
are subject to a deduction of energy in the way we have traced. It is to be- 
remembered that the particles are indistinguishable; and our selected 
proton consists of proton probability to the amount of one unit withdrawn 
from the total proton probability in dV —as one might withdraw a pound 
from a Savings Bank without being able to specify which particular savings 
it represents. The amount of energy taken out along with the proton is 
similarly an allocation of a portion of a common store. 

The only alternative that suggests itself is that the extra electrical energy 
of the proton might be provided at the expense of its own rest mass 
instead of at the expense of the other particles. A little consideration will, 
however, show that this is untenable. The rest mass is not a disposable 
constant that can be adjusted independently for specified and unspecified 
protons, but has a definite numerical relation to the constant 

11—Coming to the question whether the energy -E dej^ends on geo¬ 
metrical or observational coincidence with dF, we have to examine the use 
of g and g' in current theory, since our conclusion is to be expressed as 
a correction to current theory. More especially the answer turns on whether 
the distance r in the Coulomb law refers to ^ or g -1'. The part of the theory 
chiefly concerned is in P. and B, Chapter XV, especially §§ 15-4—16*6, 15-8. 

The analysis is based on observed positions ^ — g'. In particular, the inter- 
change co-ordinate is a relative co-prdinate of the object system and com- 
imrison fluid. This has been allowed for in P. and P., and the observed 
distribution has been corrected for the uncertainty of momentum of the 
comparison system, Momenta referred to the geometrical frame are obtained 
by multiplying the observable relative momenta by 136/137; the remaining 
1/137th gives the energy representing uncertainty of momentum of the 
comparison fluid. But there has been no corresponding correction for 
unciertainty of position, since the investigation in P. and E. was not con¬ 
cerned wth positions. Accordingly the co-ordinates used in the current wave 
functions are the unoorrected co-ordinates ^ —and r in the Coulomb 
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term e*/r refers to these co-ordinates. This might have been anticipated, 
because if two particles coincide observationally there is no need to take 
account of the fact that we are unable to distinguish observationally which 
is which; whereas if they are observed at two points r apart, the effect of 
interchanging their identity depends on r and not on their actual distance. 
In short, if we misidentify the two particles, we interchange the obser¬ 
vational errors as well as the actual positions. 

The current wave function is therefore of the form —We might 
derive by calculation the corrected wave function simpler 

to use the slightly erroneoiis function ^(^), and apply the necessary correc¬ 
tions to the results. This was done in the application to momenta, the 
correction giving the factor 130/137. For a geometrical coincidence of 
position we must take which is equal to — That is to say, the 

geometrical coincidence will be represented in the domain of the current 
wave function by points having the probability scatter 

This rather inverted way of expressing the result is due to our desire to 
preserve the current wave function, so that we may use the very complicated 
calculations of scattering which have been based on it. The essential point 
is that, since the vanishing of the Coulomb r represents obsenxitioiml 
coincidence, the geometrical coincidence that we are interested in has a 
probability scatter (about the point r = 0) equal to the scatter of 


12—To make up the energy assigned to the first proton, each uni¬ 
formly distributed neutral particle contributes an energy W/N, In par¬ 
ticular the neutral particle, which will on specification beepme the second 
proton, has its rest energy reduced from to — When it is 

assigned a vector instead of a scalar wave function so as to specify it as a 
proton, and the adjustment referred to in § 3 is provided for, its rest energy 
is magnified in the ratio determined by the equation 

lOwiJ—136mymo +wg = 0.* 

Thus the loss of energy of the second proton (still assuming uniform distri¬ 
bution) is Since the first and second proton can be interchanged, 

the total loss of energy of the pair is twice as great, namely 


NniQ' 


( 12 * 1 ) 


We have seen that the loss occurs when ^ in the co-ordinates employed 


♦ When a proton and electron are specified simultaneously the magnification is in 
the ratio J(Wp + twJ/mo or 186/20, as stated in § 0. 
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in the current wave function. Since ^ hae even distribution over the volume 
V of space, and has the distribution (8*1), the combined probability is 
proportional to We therefore set the energy loss at a point distant 

r from the origin equal to 

( 12 * 2 ) 

The phrase energy at a j)oint” refers to the energy term in the wave 
equation, which is su<sh as to give the energy in a small volume when 
multiplied by the probability that the particle is in the volume. We can 
determine A by the condition 

(12-3) 


which expresses that the energy at r, multiplied by the probability that the 
particle is in dv, and integrated over all space, gives the total loss of energy 
( 12 - 1 ). From (12-3) 

n‘l>!4AfV = (12-4) 

and, since VO = 


by (8'2). 


4 _ 4k Wip e* 


(12-5) 


13—The values of N and R are (P. and E., §§ 14-7, 14-9) 

i\r = 3146.10’», J? = 1-234.10*’cm. 

Hence by ( 8 - 2 ), jfco = 2-20x lO-^cm. (13-1) 

It is convenient to express A in terms of the rest energy c* of an electron. 

The observational values give e*/fn,c* = 2-813 x 10 ~^® cm. By the equation 

10m? — 130mj,mo + mg = 0, m^/mo = 13-69. 

Hence by ( 12 - 6 ), A * '89-2m,c*. (13-2) 

Since I have not paid attention to the factor 130/137, which is liable to 
occur in the theory, these values may possibly be in error by about one 
per cent. It should not be very difficult to investigate the factor, and obtain 
exact values if required. 

The observed scattering has been treated by Breit, Condon and Present 
( 1936 ). Fortunately these authors assumed a Gatissian form of potential 
well, so that their results are precisely comparable. They give the constants 
as Aq = 2-2 X 10 ~“ cm., A =» 39 m^c*, 
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14—For an encounter of two electrons the only change required is the 
substitution of for in the formulae of § 12. The constant A of the 
potential well is thereby reduced in the ratio 1:1847*6; so that the well 
potential is relatively much less important, the Coulomb potential being 
the same. 

The investigation provides a foundation for a theory of the nucleus. It 
may be expected that the extension to more than two particles will encounter 
mathematical complications of various kinds; but certain broad conclusions 
may perhaps be permissible: 

The extension of the potential well should not vary much for different 
nuclei, since it is determined by the uncertainty of the molar system, and 
has little relation to the object system. 

The total intensity Ak\ should be at least approximately proportional to 
the atomic number. Presumably therefore the depth A will be roughly 
proportional to the atomic number. 

The potential is gravitational not electrical, the energy of particles in the 
well being proportional to their masses. Thus the well energy of an electron 
in the nucleus is small compared with its Coulomb energy; and the well 
energy of a neutron is very nearly the same as that of a proton. 

The potential well is determined by the net charge of the nucleus. Thus 
when well energy is more important than Coulomb energy, it is natural to 
analyse the system into neutrons and surplus protons; when Coulomb 
energy is more important than well energy, the natural analysis is into 
electrons and protons. 

In disintegration problems, when a particle leaves the nucleus, it is 
necessar}^ to define the moment when it ceases to be ‘'specified"' and is 
merged among the unspecified particles; since at that moment there will be 
a discontinuous change in the adjustment of energy between the microscopic 
and molar systems. 

Corresponding to the present investigation of the effect of unbalanced 
charge, there should be an investigation of the effect of unbalanced spin; 
since this will involve an opposite spin of the rest of the universe, making it 
somewhat different from the ideal Einstein universe presupposed by the 
current formulae. The spin effect is presumably of much smaller order of 
magnitude in collision problems; but I think that the neutrino theory is an 
attempt to deal with it in nuclear phenomena. 

The present investigation throws no further light on the structure of 
free, neutrons. 
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StTMMABY 

The combination of I’elativity theory and quantum theory developed in 
“Relativity Theory of Protons and Electrons” is applied to the problem of 
close encounters of two protons. It is pointed out that the system of two 
protons, unlike a neutral system, cannot be treated as simply superposed 
on the rest of the universe without disturbing it. The disturbance is taken 
into account, and found to give an extra energy term in the wave equation 
of amount — the constants being 


Icq = Rj^N = 2*20 X 10 ^^® cm., 




where R is the Einstein radius and N the number of particles in the universe, 
ntj, the greater root of \0m^ — ISftmm^ -f = 0 , and e the electronic charge. 
The values agree with those derived from the observed scattering by Breit, 
Condon and Present ( 1936 ). 
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Progressive Lightning 

III—The Fine Structure of Return Lightning Strokes 

By J. Malan,* M.So., Docteur de VUniversiU de Paris, 
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[Plates 6-*10] 

1—Introduction 

It has been established in two previous papers by Schonland, and the 
authors (Schonland and Collens 1934 ; Schonland, Malan and Collens 1935 ) 
that the lightning flash involves two consecutive processes, a downward 
moving leader and an upward moving main or return process. These two 
processes are repeated for each separate stroke of the series which may 
make up a complete flash. 

In these papers it has been shown that the return stroke travels with 
a velocity of the order of 2 x 10 ® cm./sec., and that the velocity decreases os 
the stroke travels upwards. Variations in luminosity and in velocity have 
been found to occur after the stroke has passed points where the original 
leader channel has branched. 

The present paper is concerned with a detailed study of these variations 
in luminosity and velocity, and with their relation to the branches of the 
channel. It will be shown that the luminosity-time curve at any point 
along the channel is not a simple one but has an important fine structure 
(Malan, Schonland and Collens 1935 ; Malan 1935 ). This fine structure 
indicates that at various times after the luminosity is first produced at a 
point by the upward-moving process, the luminosity rises and falls as the 
result of the development of additional energy in the channel. 

Thus we are led to picture the channel as the seat of a number of ‘'com¬ 
ponent*’ return strokes. It will be shown that the evidence indicates that 
most of these components are called into being by the branches on the 
channel. 

The material available consists of Boys’ and other camera photographs 
of 120 lightning flashes. 

♦ The University of Cape Town. 

f The Victoria Falls and Transvaal Power Co., Johannesburg. 
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2—The General Natubb ob the Rbthkn Stroke 

In order to simplify the discussion of the evidence as to the fine structure, 
it is desirable to consider first a general picture of the luminosity-time 
relation in the return stroke channel. In the case of the first stroke of the 
series which constitutes a lightning flash, the channel is fairly heavily 
branched. Fig. 1 is a diagrammatic representation of such a stroke in an 
idealized vertical channel, as it would be recorded by a camera with one 
lens moving past a fixed film in the direction indicated by the arrow. 

T(M£ 



» 2 *3 ♦ 

Fio. 1 

For any point on the channel, a horizontal line gives the time in the direction 
of the arrow, and the intensity in terms of the density of the shading in 
the figure. Thus at the base of the flash the luminosity-time curve indicates 
the existence of four succeeding components in luminosity, while at the 
top of the flash these comjmnents are two in number, the first being itself 
double. 

These components are distinguished by sharp initial boundaries, a, 6, 




177 


Progressive Lightning 

c, <Z, and less clear final boundaries at which their intensity substantially 
decreases, a, y, 8. The time intervals aa, bfi, cy, d8 give therefore values 
for the effective durations of components 1, 2, 3 and 4, while the time 
intervals be, cd give the time separations of the succeeding components. 
The letters A, B, C, l\ E are used to mark definite points along the 
channel, while br V, br 2, br Z denote successive branches. 

The slope of the line ABODE for the leading edge a of the first component 
is due to the lens movement and gives a measure of the velocity of move¬ 
ment of the first appearance of luminosity in the upward-moving return 
stroke. Its curvature is an indication of the fact that the velocity of edge a 
decreases as component 1 moves upwards.* 

Fig. I further indicates by the lack of curvature in the leading edges of 
succeeding components that the measurements to be discussed show that 
components other than the first travel with a velocity so high that it cannot 
in general be measured by us. Some of these components, as the diagram 
shows, are able to catch up with their predecessors, component 2 at branch 
2 , component 3 at branch 3 . (It is probable that an unmarked component 
r catches up at branch 1.) 

The connexion between the components and the branches in the channel 
will be shown to be very close. Thus component 2 starts at the momentf 
when component 1 has reached branch 2 , and component 3 when com¬ 
ponent 1 has reached branch 3 . Each of these components travels so fast 
that it extends from the git)und to the branch concerned a very short time 
after it has first been called into existence. 

When component 1 reaches B (branch 1 ) it travels outwards along branch 
1 and upwards towards 0. Both the preceding channel length AB and 
branch 1 are observed to be very intensely illuminated, but a definite 
diminution in intensity is observed in the channel length from B to C 
(Schonland, Malan and Collens 1935 , p. 618 ). 

At the instantf when component 1 reaches the second branching point C, 
component 2 is observed to start at A and to cover the distance AC 
without appreciable delay. This component increases the luminosity along 
the whole length AC, and this increased luminosity is evident also along 
the branch 2 . Again, we observe that the further development of the 
channel from C to D proceeds with decreased intensity, m if the channel 

* Owiiig to the difficulty of making accurate moasurenients on short lengths of 
chaxmol traversed at high velocities, this change in curvature after branching points 
has only been establiahed for the uppermost portions of a lightning stroke where the 
velocity has been found to be much lower than that near the base of the stroke. 

t “At the moment’* or “instant’* os used in this connexion in this paper signifies 
that the events occur within 10/isec. of one another. 
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below C were chiefly interested in the development of branch 2. Indeed, 
if branch 2 is short and there is not a prominent branch which the upward 
moving fused eifort of components 1 and 2 can reach before the completion 
of branch 2, component 2 ceases and its time of duration bfi is found to be 
the same as the time for the whole of branch 2 to be blazed. In case such 
a prominent branch does exist very near to and above C, the structure of 
component 2 becomes more complicated. Such cases are dealt with in 
detail in § 7. 

ri«e 


Cloud ^ ^ 



Component 3 in many cases only lasts until branch 3 is completed. In 
other examples we find, as in fig. 1, that it continues upwards after 
branch 3 is completed. This occhrs if branch 3 is not exceptionally long 
and is fairly near the base of the cloud, and suggests that after the com¬ 
pletion of branch 3 component 3 is chiefly concerned with a branch or 
similar call upon its activity hidden in the cloud. 

Component 4 starts after the first component has reached the cloud and 
all the branches have been completed. It is thus concerned with a process 
taking place in the cloud itself. 

There may be also additional components after component 4 which are 
connected with processes of discharge inside the cloud. 

Fig. 2 illustrates what is found in the cose of subsequent strokes which 
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carry no branches. In such oases components other than the first start 
after the first component has reached the cloud and are comparatively 
weak in intensity. 

In cases where a subsequent stroke—generally the second stroke—does 
carry a branch, it is observed that a component which is connected with 
the illumination of this branch exists in the same manner as in fig. 1 . 

The evidence in support of this picture of the fine structure is given in 
succeeding sections. It must, however, be pointed out that the photo- 
graphic method of analysing the fine structure is not ideal. The first 
leading edge a of component 1 is clearly marked, but the leading edges 
6 , c, d, etc., of subsequent components are somewhat diffuse and do not 
lend themselves to measurement to the same degree of accuracy. Further 
complications arise owing to the tortuosity of the actual channel, which 
gives rise to difficulty in the observation of the components when the 
momentary direction of the channel is nearly the same as the direction of 
relative motion of the lens and the film. In many cases only a few reliable 
measurements on components other than the first are j)ossible. 

For similar reasons, while a great many oases permit of reasonably good 
investigation upon the original negatives, it is only rarely that an example 
can be found which will show the fine structure in satisfactory detail for 
reproduction. 


3—Method of Measurement 

The procedure adopted for drawing up the time table for the leading 
edge a of the first component has already been described (Schonland and 
Collens 1934 , p. 655 )- A contact print is useii for these measurements, a 
fine line being drawn to join corresponding points on the two images of the 
same stroke formed by the two Boys lenses. The print is cut up and the 
two corresponding images are mounted side by side so that the two portions 
of the line ore paraUel, with the instantaneous direction of motion of the 
lenses outwardly directed. By measuring the difference in separation 
between pairs of corresponding points on these images, the time of for¬ 
mation of the leading edge a can be determined for any part of the stroke. 
This edge is considered to start at the base of the stroke (marked A) at 
the zero of time. 

As the edges 6 , c, etc., of subsequent components are not sharply defined, 
prints have been found unsatisfactory and the original negatives have 
been used instead, measurements being made with a transparent glass 
scale graduated in tenths of a millimetre. The time separation of these 
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edges from the leading edge a in the direction of instantaneous motion of 
the lens is measured at definite points on the stroke. These readings ore 
then added to the times of formation of the corresponding points on the 
leading edge a. In this way a complete time table can be drawn up for all 
the components of a stroke. 

The first leading edge of component 1 can be measured to an accuracy 
of about 3 //sec. In a few good cases the possible error of measurement for 
subsequent component edges 6, c, d, etc., is S/zgec., but it may rise to 20 
or even 50/isec. for weak components of high order whose edges are usually 
very indistinct. 



Fia. 3 


4—Distbibutiok of Components in Time and Duration 

Fig. 3 shows the distribution in time and the duration of the components 
at the base of fourteen branched and two unbranched strokes, these last 
b<Hng numbers 976 and 75c. The vertical line at the extreme left indicates 
the zero of time, which is also the time at which the stroke first starts at 
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the ground (i.e. edge a at point A, using the terminology of § 2). The 
figures at the left are the serial numbers allotted to the strokes on the 
records. The small rectangles shaded with thin horizontal lines indicate 
the times taken for the stroke to reach the cloud. 

The black strips refer to the components making up the complete 
stroke, the length of the strips indicating their times of duration. The 
left-hand edges of the strips give the times of commencement and the 
right-hand edges the times of stopping of the components. 

The duration of component 1 at the base of a stroke is very short, and 
owing to the intense blackening and consequent halation produced on the 
film at this point, an accurate estimate of the duration is usually impossible. 
It has been estimated, however, that the upper limit of the duration of 
component 1 is of the order of 10//sec. This limit is shown by the narrow 
black strips at the extreme left of the diagram. 

Strokes 70, 80 and 81 were too near the camera to get full pictures of 
these strokes, and the time they took to reach the cloud has been estimated. 

It can be seen that for the case of branched strokes the second and some¬ 
times the third components start before the stroke has reached the cloud, 
whereas strokes 976 and 76c which are unbranched have their second 
components starting after the cloud has been reached. 

Some of the second components which are apparently of long duration 
(strokes 69, 646, 9/) may be composite (see § 8). 

Fig. 4 is a distribution table showing the times at which the different 
components set out from the base of the discharge. The time of the initial 
appearance of component 2 is seen to vary from 10 to 60/t8ec. after the 
start'of component 1, the most frequent value being 26//6ec. 

The time of appearance of component 3 varies from 30 to 300//sec., 
while that of component 4 varies from 100 to 600//.Bec. in extreme cases. 

Fig. 6 shows the relation between the durations of components of the 
same branched stroke. The circles indicate as ordinates the times of 
duration in microseconds of successive components starting with com¬ 
ponent 2 at the left. Circles joined by lines indicate components belonging 
to the same stroke whose serial number is given by the number along¬ 
side. 

The slope of the lines show that the duration of a component increases 
with its order, the third lasting longer than the second, the fourth longer 
than the third, etc. The only exceptions are stroke 69, where the second 
component lasts longer than the third, and stroke 76, where the fourth 
and fifth components are of the same duration and the sixth shorter than 
either of these. The reason for this increased duration is that the prominent 
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branches high up the track are usually longer and develop more slowly 
than those lower down. 

The most frequent values of the durations and the times of starting of 
the components of branched strokes are shown in Table I. 



Table I 

Duration 

Time of start 

Component 

/«ec. 

/isec. 

1 

<10 

0 

2 

20 

25 

3 

50 

70 

4 

100 

(160-500) 


5—Relation of the Components to their Corresponding Branches 

(a) Time of Starting 

It has already been pointed out in the discussion of the general case 
(§ 2) that the time of starting of a component related to a branch is 
practically coincident with the time at which the first upward flow of 
luminosity reaches a branching point in the channel originally formed by 
the downward moving leader. 

In fig. 6, which shows this connexion, the time of starting of a component 
at the base is plotted against the time of branching of its related branch. 
Cases of very profuse branching have been omitted, as it is possible that 
in such cases a component may be related to more than one branch (§ 7), 
making it impossible to determine which branch was chiefly responsible 
for the commencement of the component. If the points lay on the line 
drawn at 45^ to the axes, the diagram would indicate that the starting at 
the base and the branching were simultaneous. 

Actually the points tend to lie slightly above this line, so that the time 
of starting of a component must be considered to lag slightly behind the 
time of commencement of the branching process. The order of magnitude 
of this lag is 10^® sec./km. of channel length from the ground to the 
branch. The possible error of measurement is slightly above sec./km., 
so that the actual value of the lag may be less but is certainly not more 
tlian this figure, 

(h) Durati&na of Components and their Correspo7iding Branches 

From the general picture given in § 2 it would be expected that a com¬ 
ponent would definitely fall off in luminosity as soon as its corresponding 
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branch was completed. This has been established in the case of a few good 
photographs. Generally, however, precise measurement is impossible on 
account of the bad definition of the edges /?, y, S, etc., at which the luminosity 
decreases. This decrease is much more gradual than the increase in 
luminosity at the leading edges. In addition, by the time the branch is 
completed, the initial upward moving luminosity may have passed other 
subsequent branches which in turn also make a demand on the channel 
and produce fresh components [§ 7 (6)]. 



0 20 40 60 80 

Time of start of branch (//sec.) 

Fig. 6 


6—Velocity and Direction of Components 
(a) CmuponeMs Associated with Branches 

It has been mentioned in § 2 that components associated with branches 
have been found to take a very short time to cover the distance between 
the ground and the branching point. The magnitude of the time interval 
will of course depend on the height of the branch above the ground. When 
this height is relatively small the related component is usually intense and 
its leading edge is fairly sharp, but the time interval to be measured is 
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extremely short. On the other hand, when the branch is high up the 
channel, the longer time interval should allow of greater accuracy of 
measurement, but unfortunately the leading edge in this case is found to 
be more diffuse than in the former. For these reasons it is in most cases 
extremely difficult to make an estimate of the velocity, or even to deter¬ 
mine the direction of progression of a component. All that can be said as 
to the direct evidence on this important question is that the direction of 
movement is indeterminate with our present data, for the velocity in all 
measurable cases definitely exceeds 10^® cm./sec., a value which is the 
limit of measurement under these conditions. 

For components not associated with branches the velocity, as is shown 
in the next section, is sometimes low enough to be determined. 

{h) Components not Associated with Braytches 

These components always reach the whole way from the ground to the 
cloud and are associated both with branched and with unbranohed strokes. 
They constitute the later components of branched strokes and the only 
subsequent components of unbranched strokes. 

An analysis of nine cases where a definite conclusion can be drawn as to 
their direction shows that two progressed upwards from the ground and 
seven downwards from the cloud. 

Many of these components have very high velocities either upwards or 
downwards exceeding 10^® cm./sec. Others again wliich have lower 
velocities are observed to progress downwards only. Four such cloud” 
components which were definitely progressing downwards had velocities 
of 4-10®, 2-10®, 4*7.10® and 2-7.10® cm./sec. respectively. 


7—Discussion of Specific Cases 

Prints of some of the original photographs are given in figs. 7,13, 15, 16, 
and 17 (Plates 5-9). They are explained by means of diagrams (figs. 8-12,14, 
18 and 19) which illustrate the different components. The time separations 
of the components are not drawn to scale on the diagrams, as they would 
then be too near each other to depict clearly what can be seen on the 
corresponding photographs. 

Definite points along the channel are again marked by the letters 
A, etc. A figure next to one of these letters at the first leading edge 
denotes the time in microseconds at which the return stroke first reaches 
that point. The zero of time is again the time of starting of the stroke at 
the ground. A figure at a point next to a branch indicates the time the 
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luminosity first reaches that point. Thick arrows show the direction of 
instantaneous motion of the lens of the Boys camera. 

Tables are also given of the time in microseconds when the edges 6, 
c, y; d, etc., reach the points A, etc. 


(i) Stroke 70. 


(a) Strokes with Single Branches 
Table II (figs. 7 and 8) 


(Timo in microseconds after start of first component at A ) 


Comp. 2 Cornp. 3 


Point on 

Comp. 1 

^- - 

-- 




track 

a 

6 

P 

c 


7 

A 

0 

20 

44 

120 


220 

B 

3 

20 

40 

— 


— 

C 

5 

17 

47 

116 


— 

D 

10 

17 

46 

— 


— 

E 

17 

— 

— 

— 



F 

16 

(P 28) 

— 

116 


— 

a 

26 

— 

— 

110 


— 

H 

28 


— 

— 


— 


Table II shows that component 2 starts at A (fig. 8) shortly after com¬ 
ponent I reaches the branching point above E. Component 2 is interested 
in the branch until it is completed at a little over 23/^8ec. By this tithe 
the first component has reached the cloud and some hidden branching 
process is probably responsible for the fact that component 2 progresses 
upwards to the cloud as shown by the shaded strip at P (fig. 8) which starts 
at 28/t8ec. 

Component 3 is interested in the cloud only and starts at about 90//sec. 
after component 1 has reached the cloud. 


(ii) Stroke 646. 


Table ^if (figs. 7 and 9) 


(Time in microseconds after start of first component at A) 
Comp. 2 Comp. 3 


Point on 

Comp. 1 



track 

a 

6 

p 

A 

0 

16 

74 

B 

6 

— 

— 

€ 

16 

— 

68 

D 

22 


60 

E 

32 

— 



c y 

310 384 


272 
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Here component 2 again starts when the first upward flow of luminosity 
reaches the branching point at C (fig. 9), namely IG/tsec. after component 1 
has started at the ground. It catches up component 1 at (7 and lasts till 
74/e8ec., i.e. SO/isec. after component 1 has reached the cloud. 

Component 3 is interested in the cloud only and definitely moves down¬ 
wards (indicated by the dotted arrow in fig, 9) with a velocity of 4-7 x 10® 
cm./sec. Branch C is very faint on the print and has been indicated by a 
series of wliite dots. 

(6) Emvily Branched Strokes 

(i) Stroke 65. 

Table IV (figs. 7 and 10) 

(Time in inicrosoconds after start of first component at A) 


Comp. 2 Comp. 3 Comp. 4 


Point on 

Comp. 1 

.- 


,_<■ 


—A 


track 

a 

b 

P 

c 

r 

d 


A 

0 

9 

13 

30 

65 

410 

660 

B 

2 

— 

13 

— 

— 


— 

C 

4 


— 

26 

63 

374 

— 

E 

11 

— 

16 

29 

—„ 

— 

__ 

F 

12 

— 

— 

— 

71 

348 

_ 

G 

18 



— 

92 

— 

_ 

H 

26 

. 


--- 

— 

[326] 

— 
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Flash 65 consists of a single heavily branched stroke* Component 2 
starts at the ground when component 1 reaches the branching point at D, 
viz. at about 9//sec. after the stroke has started at the ground. Above D, 
component 2 is also interested in the branch above E as illustrated in the 
diagram. Component 3 starts at about 30/^sec., i.e, when component 1 
has reached the cloud. 

In component 4 the luminosity travels downwards (indicated by the 
dotted arrow) with a velocity of 4 x 10® cm./sec. 

The next few illustrations (figs. 11-14) show how more than one com¬ 
ponent can contribute to the completion of a branch. 

(ii) Stroke 03. 

Tabm V (figs, 7 and 11) 

(Time in microsecondH after start of first component at A) 


Comp. 2 Comp. 3 Comp. 4 


Point on 
track 

Comp. 1 
a 

h 

p 

c 

r 

d 

S 

A 

0 

41 

[74] 

260 

320 

620 

600 

B 

7 

— 

— 

— 

— 

— 

— 

C 

9 

40 

..... 



— 

— 

D 

20 

— 

— 

260 

— 

— 

— 

E 

27 

49 

— 


— 

— 

— 

F 

33 

— 

92 

253 

— 

— 

— 

H 

47 

— 

— 

— 

— 

— 

.— 

L 

60 

— 

— 

— 

— 

— 

— 


Component 1 is probably double, its second part being initiated by the 
branch at C, but owing to the intense blackening on the film its two parts 
cannot be distinguished. 

It will be seen from fig. 11 that the component marked 2 is first called 
into being by the branch at G. Before the latter is completed, component 1 
has reached the branches at H and at K which are not very far beyond O. 
These branches then start developing slowly as shown by the ‘"drag” on 
the moving lens record (fig. 11). The main chamiel is in the first place 
chiefly occupied in the completion of branch G, When this is effected, the 
channel directs its attention to branch H so that component 2 does not 
lose its luminosity at this stage. The same process is again repeated for the 
branch at K after the completion of the one at H, In the meantime the 
stroke has reached the cloud, where a hidden branching or other process 
(at SO/isec.) makes yet another demand on the channel below and causes 
component 2 to progress right up into the cloud before the long branch K 
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is fully completed. This is shown in fig. 11 by the shaded band above K 
immediately to the right of component 1. 



act fcp 


*234 
B’lo. 11 

The result is that component 2 lasts much longer than the 25/^sec. 
required for the completion of the branch from G, It is in fact related to 
the three branches H, K, and to an additional branching process in the 
cloud and has a total duration of the order of 50/^sec. Components 3 and 4 
are interested in the cloud only 

(iii) Stroke 75a, 

Stroke 75 a is the first heavily branched stroke of a series of seven strokes. 
C^omponent 2 starts when component 1 reaches the branching point at D 
at 15//sec. (fig. 12), Before branch I) is completed, component 1 has 
reached the two branching points at F and the two branches, br 4 and br 5, 
stait developing slowly. As soon as branch D is completed, the lower 
branch at F (br 4) receives the full attention of the channel to ground and 
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Table VI (figs. 7 and 12) 

(Time in mioroeeoonds after start of first component at A) 


. Comp. 2 Comp. 3 Comp. 4 

Comp. 1 / ■ — ^ ^ ■'' 


a 

b 


c 

y 

d 

S 

0 

2 

16 

[36] 

60 

80 

135 

157 

7 

— 

— 

60 

— 

125 

— 

15 

21 

— 

— 

— 

89 

— 

155 


. 

68 

—™ 

140 

_ 

32 

— 



...... 

— 

162 

— 

— 

— 

64 

95 

— 

— 

43 

— 

— 

58 

— 

133 

153 

61 

— 


— 

— 

— 

— 

64 

— 

— 

— 

— 

— 

164 
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ii 9 completed to its tip. By thi» time (42/*Bec,) tte next 
progressed an appreciable distance, the branch above (6r 6) has been 
fully completed and the main channel luminosity has reached the point Q. 
Branch 5 now being far advanced does not seem to be able, to make a 
heavy demand on the channel and slowly advances (shown by the ‘*drag”) 
while component 2 decreases in intensity. In the meantime, however, the 
point H is reached where the lost visible branch causes the initiation of 
component 3 which then also helps in the final completion of branch 5 as 
is clearly shown in fig. 12. 

Component 4 is concerned with events taking place in the cloud. 

(iv) Stroke 91a, 

Table VII (figs. 13 and 14) 


(Time in microseconds after start of first component at ,<4) 


Point 


Comp. 2 

Comp. 3 

Comp. 4 


on 

Comp. 1 



,-' 


,-*-, 

k 

track 

a 

b 


c 

7 

d S 

F 

A 

0 

11 

16 

44 

75 

- - 

220 

B 

1 

8 

12 

— 

— 

— 

— 

C 

il 

— 

— 



— 

— 

D 

17 

„ 

— 

39 

— 

107 — 

— 

E 

18 


— 

— 

— 

— 166 


F 

26 

— 

..... 

— 

— 

100 

— 

G 

47 

.... 

— 

— 

— 

167 

— 

H 

48 

— 

— 

— 

— 

86 — 


K 

im 

— 

— 

— 

— 

— — 

— 

Fig. 

13, Plato 6, shows the original photograph (inset) and an enlarge 


ment of the base of stroke 91a. (Flash 91 consisted of a single stroke to 
ground.) 

Component 2 is initiated by the branch at C. While this branch is being 
completed, the luminosity progresses faintly higher up the channel and 
along the longer branch R immediately above C. As soon as the whole of 
the branch C is blazed, the branch R develops more energetically, increasing 
its luminosity and that of the main channel between C and R. This is 
shown by the shading in fig. 14 and on the photograph in fig. 13 where 
the leading edge of the channel of the first component between C and R is 
picked out with three white dots and that of the second component with 
three black dots. 

Component 3 is called into being by the long branch above F and is alan 
responsible for blazing the short bright branch at Q immediat$)ly beyond 
it. ■ ■ ' 
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OoiBaponent 4 is double, its dual nature only being distinguishable above 
F. It aids in the final completion of the branch at 8. It also has a faint 
continuation until the time marked by S' (fig. 14). 



Fig. 14 

The next two figures (16 and 16, Plates 7 and 8) are photographic enlarge¬ 
ments showing component 2 more clearly than is usual. These strokes 
(81 and 108a) have components following the general behaviour described 
above, so that it would be superfluous to describe them in detail by means 
of diagrams. 

(v) Stroke 81 (fig. 16, Plate 7). 

This gives the original photograph of the whole track and an enlarge¬ 
ment of the lower portion ABO of stroke 81 showing the edges 6 and fi 
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of component 2 exceptionally clearly. Component 3, edges c and y, have 
also been marked. 

(vi) Stroke 108a (fig. 10, Plate 8). 

This shows an enlargement of the j^ortion JiJ of stroke 108a (inset). 
Component 2 edges b and (i can be clearly distinguished. 

(vii) Stroke 76 (fig. 17, Plate 9). 

Fig. 17 (i) shows the complete Boys camera record of stroke 76. 

Flash 76 consisted of a single stroke to ground at a distance of 
2 ± 0*5 km., l>eing so near to the camera that only the lower portion of the 
stroke could be photographed. Lens 1 being near the top of the film, 
recorded the lower por^tion of the stroke uj) to the first branch only. 
(Lens 2 was left at the full aperture of//6*3 and lens 1 was stop|)ed down to 
//16 for the purpose explained below in § 106). 

Fig. 17 (ii) and (iii) are enlargements of the portion ABC of the Boys 
lens 1 picture, (ii) has been printed dark to show up components 1 and 2 
more clearly. They can be seen separated by a narrow dark line (of width 
ab) running up the track, ab represents the time separation between these 
components, (iii), which is printed more lightly than (ii), brings out 
component 3 with its leading and finishing edges c and y respectively. 

On the Boys lens 2 picture of (i), components 1, 2 and 3 are lost in the 
intense white line (they can be seen on the negative), but the leading edge d 
of component 4 and the finishing edge e of component 5 can be clearly 
distinguished. The positions of the other edges {S, e) of these components 
are indicated by arrows. A faint sixth component also exists. 

A time table of the start and finish of the various oomjionents at the 
base of the flash is given below: 

Table VIII (stroke 76, fig. 17) 

(Time in microseconds after start of first component at A) 

Point Comi). 1 Comp. 2 v^omp. 3 Comp, 4 Comp. 6 Comi). ^ 



A 0 11 18 26 46 67 260 410 480 630 816 900 

(c) Vfibranched Strokes 

The results of an analysis of two typical examples of unbranohed strokes 
(75c and 976, fig. 7, Plate 5) are shown in figs. 18 and 19. Full time tables 
of all the oomiKinents are given on the diagrams. 
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It will be seen that all the subsequent components start after com¬ 
ponent 1 has reached the cloud. Component 3 of stroke 97 b progresses 
downwards as indicated by the dotted arrow. The edges of component 2 
of this stroke and component 2 of stroke 75c are too uncertain to state 
definitely in which direction they progress. 


8—The Total Number of Components 

Owmg to the complexity of the fine structure which has been described 
and the difficulties of photography, it is safe to surmise that in several 
of the examples cited in this paper the total number of components is 
higher than that which has been observed. 

Referring to figs. 11 , 12 , 14, it is probable that the very intense parts at 
the bases of these strokes up to the first branch really consist of two 
components. The over-exposure and the small time separation of these 
components would not allow' them to be resolved. An examination of 
photographs taken with a camera of higher time resolution, having a film 
mounted on a revolving drum (Schonland, Malan and Collens 1935 ; Boys 
1929 ), shows such cases to exist. These photographs are, however, too 
diffuse for reproduction. 

It can thus be expected that each branch will have its own component 
unless, as described in § 7, it is so situated as to be able to make use of a 
component initiated by another branch lower down the channel. The 
maximum number of components that has been observed for a first 
branched stroke is 6 , the most frequent number being 4. Unbranched 
strokes rarely have more than two and mostly have only a first component. 
In exceptional cases the number may even go up to 20 (§ 9, stroke 1136). 


9—Total Duration of Channel Luminosity 

The luminosity along the main channel may persist for a relatively long 
time (Schonland and Collens 1934 ; Walter 1935 ; McEachron and McMorris 
1936 ), and a duration as long as 0-23 sec. has been mentioned in the 
literature (McEachron and MoMorris 1936 ). 

The total duration of channel luminosity as measured on the photographs 
taken with a Boys camera would of course depend on the conditions of 
photography. A specific instance is that of stroke 76, fig. 17 (Plate 9 ), where 
the apertures of the two lenses were// 6'3 and //16 respectively. The //16 lens 
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photograph shows a total duration of 2200/tseo., while the//6*3 photo¬ 
graph gives a duration of 4000/tsec. owing to the greater light-gathering 
power of the lens. 

The most frequent value of the duration as measured on the photographs 
appears to be of the order of lOOO/^sec., ranging in extreme oases from a 
few hundred microseconds to half a second. 

The long “drag*’ (shown by the arrows) on the slow-moving camera 
pictures of strokes 756 and 1136 (fig. 20 , Plate 10 ) shows these strokes to 
be of exceptionally long duration, lasting for 0*25 and 0-60 sec. respectively. 
The property of long duration seems to have no relation either to the order 
of the stroke (McEachron and McMorris 1936 ) or to its relative intensity 
as compared to the other strokes composing the flash. 

Stroke 756 shows three faint components in the “drag” following the 
first intense comi^onent, and stroke 1136 actually shows at least twenty 
such components. 

The suggestion of Walter ( 1935 ) that the long duration is due to a high 
ground resistance has already been refuted by McEachron and McMorris 
{ 1936 ), who pointed out that the different strokes of a flash to a steel 
structure showed different times of total duration, although the ground 
resistance was small and was the same for all the strokes. 

It has been iJointed out in this paper that the earlier components of 
branched strokes are related to the branches irrespective of the nature 
of the ground, and that a later component sometimes starts immediately 
after the stroke has reached the cloud, so that in all probability the latter 
is related to a branching or other process taking place in the cloud. From 
the general nature of these components it will be legitimate to assume that 
still later components, which are similar in appearance and behaviour to 
the former, are also related to processes in the cloud itself. The existence 
of several comjjonents in most strokes of long duration thus strengthens 
the view of McEachron and McMorris that long duration is entirely due to 
processes in the cloud and has no relation to ground resistance. 


10—Inteksitv Distribution 
(a) Variatim Along the Channd 

It is known that there is a distinct diminution in intensity of com¬ 
ponent 1 after passing points of branching (Sohonland, Malan and Collens 
1935 , P’ 6 *®)- h, discussion of two specific examples will serve to show the 
marked nature of these variations. 
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Referring to stroke 65, fig. 10, it will be seen that component 1 is very 
bright up to the branch at C, After reaching C it is chiefly concerned 
with this branch whicli is consequently very intense. Component 1, 
however, continues progressing upwards along the main channel with 
greatly diminished luminosity till it reaches the branching point of the 
long branch at 1) a short distance above C, Component 2 is now called 
into being as a result of the development of this branch. From G to D 
component 2 now actually becomes brighter than the original component 
has been along this part of the channel. From 1) to E components 1 and 2 
have fused after a marked diminution in intensity of the latter at I). 
Component 3 catches up with the first leading edge just above F with the 
result that from here to the cloud the channel is illuminated at any point 
along its path by a glow of low intensity lasting for about 36/^sec. after 
it has first become visible. 

Stroke 91a (figs. 13 and 14) shows a similar effect. From to O' com¬ 
ponent 1 is the brighter of the first two components but loses most of its 
intensity beyond this point. Tn the short distance from C to M, where the 
next branch is situated, component 2 becomes brighter than its pre¬ 
decessor, as is clearly shown both in figs. 13 and 14. From here to E they 
have merged and are of the same intensity. Beyond E they have again 
fused with component 3, giving a much fainter illumination lasting for 
about 30/iHec. at any point from E to F. 

A frequent type of variation in channel luminosity illustrated by the 
foregoing is as follows: 

We may suppose a short branch to be reached by the first component of 
the main stroke—which may or may not have fused with the second 
component. This short branch causes a fresli com|X)nent to run along the 
channel,.catching up the former and delivering energy to the branch. At 
the same time the first component is travelling upwards with a reduced 
luminosity, and if it reaches a long branch a short distance farther on, this 
branch will start developing fivintly. It will not have progressed very far, 
however, before the former branch is completed, and since the channel 
will now be free to supply it with energy, it will make a demand on the 
last component, causing the illumination of the channel to increase till 
it may surpass its former intensity along its track between the two 
branches under discussion. 

If the upward moving luminosity reaches a branch after all the previous 
branches have been totally or almost totally completed, this branch will 
call into being a component of its own. 
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(6) Variation with Time at any Point Along the. Track 

A luminosity-time curve at the base of any stroke will have as many 
maxima as the total number of existing components of the stroke. This 
will be true for any point along the channel for unbranched strokes. If the 
stroke is branched, however, the number of components may become 
less after the passage of branching points according to the general principles 
discussed in § 10 a. Thus the stroke illustrated by fig. 1 has four com¬ 
ponents from A to three from C to E and only two above E. 

A detailed photometric study of stroke 70 (fig. 17), made in order to 
determine the relative intensities of these components, will now be dis¬ 
cussed. In taking photographs with the lenses of the Boys camera at full 
aperture (//0*3) it is found that owing to the intensity of the luminosity of 
the first component it is often over-exposed on the film. To obtain a 
normally exposed imago of this coni])onent it was found necessary to use 
a smaller aperture on one of the lenses (//16, § 7 ( 6 ) (vii)). Some of the 
weaker components recorded by this lens will be under-exposed but may 
have a normal exposure in the full aperture picture. 

Knowing the apertures of the lenses in the two cases, it is possible by 
the application of the })rinciple8 of photographic photometry to find which 
parts of the images are normally exposed and also to compare the light- 
intensities of the different components. 

A recording microphotometer (Lambert and Chalotige 1926 ), where the 
image of an illuminated slit is focused on the photographic film and the 
intensity of the transmitted light is measured by means of a photoelectric 
cell, has been used for this purpose. Since the lenses of the Boys camera 
move in circles, the film is mounted on a special table liaving a circular 
motion. 

Fig. 21 shows a curve obtained in this manner at the point C on the 
negative of the Boys lens 1 image of stroke 76 (fig. 17, Plate 9). 

The zero line AB represents the photoelectric current when no light falls 
on the photocell. The illuminated slit is made to move from right to left 
across the negative of the upper image of fig. 17 (i), the recording of fig. 21 
being taken from left to right. The slit is first obscured so that a small 
portion of the zero line can be traced. When the obstruction is removed 
the light passes through the clear part of the film to the right of the photo¬ 
graphic image and the curve moves upwards off the paper. As the slit 
image approaches the more intense part of the film the curve moves down 
towards the right till it gives the minimum for component 3 whose edges 
are indicated by y and c. When it successively crosses components 2 and 1 , 
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two further minima are traced out but this time much lower down owing 
to the greater blackening produced by these components whose edges are 
marked by yff, b and a, a respectively. After passing the edge a the light 
traverses the clear part of the film and the curve again moves upwards off 




the paper. To get the zero line the slit is again obscured. This is done 
because the axes are not rectangular. 

The curve of fig. 21 has been used to determine the densities of the photo¬ 
graphic images produced by the various components. The relative in¬ 
tensities can be calculated from the densities. 

The derived intensity-time curve for the first four components at the 
point C of stroke 76 is shown in fig. 22, the intensity of the first component 
being arbitrarily ^ken as 100. It can be aeon from this curve that the 
channel first has a luminous intensity of 100 and then fades to about 45 
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and increases again to about 115 for component 2 . There now comes a 
sharp decrease to about 2, followed by two maxima of 18 and 2 for com* 
ponents 3 and 4 respectively. Component 6 has an intensity of 2 , and 
component 6 is too faint for measurement. Components 4, 6 and 6 are 
not included in fig. 21 . 

It is evident that in the case discussed components 1 and 2 are of the 
same order of intensity and are the most im|)ortant of the series. This 
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/tsec. 

Fio. 22 

conclusion appears to hold in general—^tbe third and further components 
are much weaker than the first two. 

This method involves the assumption that the spectrographic intensity 
distribution of the light remains constant till all the components are com¬ 
pleted. It is also assumed that the channel width of the stroke remains 
constant, thus giving uniform exposure time for all the components at a 
fixed point on the stroke. 

Special care has to be exercised that the ])hotometrio analysis is not 
made across bright streaks (Schonland and Collens 1934 , p. 657 ) which are 
over-exposed. 

A detailed study with improved spectrographic apparatus is in progress. 
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Genbeal Discussion 

This analysis of the luminosity-time relations in the return stroke shows 
clearly that within the limits of a resolving power of the order of 10 / 4 sec., 
the only important variations in luminosity are those connected with the 
development of branches. Since it is natural to associate the luminosity 
in the channel with the current passing through it, we conclude that within 
the limits of our measurements important current variations in the channel 
arise solely from branches. Less important variations occur after the 
return stroke has reached the cloud. We can find no evidence of oscillations 
in the channel arising from the self-oscillation mechanism suggested by 
Simpson ( 1929 ). Such oscillations if they exist must have a frequency 
exceeding 100 , 000 /sec. and appear to us to be unlikely in view of the 
mechanism of the return stroke. 

The connexion between return stroke components and branches we 
have shown to be very close. Fig. 6 of § 5 indicates that a component of 
luminosity and hence of increased current arises shortly after a branch is 
reached. Our measurements are, however, such as to make it possible that 
this fresh component of current is called for after the branch has been 
carried tw^me little way. For this increased current at branching points we 
can advance three causes: 

(а) The additional call for current on account of the splitting of the 
channel along tlie brancjh and the main channel. 

( б ) The increased charge carried per unit length of a horizontal branch 
as compared with the verticjal main channel.* 

(c) The increasing freshness of the charge left by the leader as we move 
along a branch outwards,* 

It is not proposed to discuss these causes in further detail here, as they 
are being dealt with in a more comprehensive survey of the discharge 
mechanism elsewhere. 

We wish to thank the Lightning Research Committee of the South 
African Institute of Electrical Engineers under whose direction this 
research has been carried out. We are also greatly indebted to Professor 
B. F. J. Schonland, director of the Bernard Price Institute of Geophysical 
Research, for his assistance and advice in the preparation of this paper and 
to tlie Bernard Price Institute and Professor Paine of the Witwatersrand 
University for the hospitality extended to one of us (D. J. M.) as a guest 
researcher. 


• These suggestions arose from discussions with Professor Schonland. 
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Rotatory Dispersion in the Amine Series 
I—<i-*S'j9iroheptane-Diamine and its Derivatives 

By the late T. M. Lowry, F.R.S. akd W. C. G. Baldwin, M.A., Ph.D. 

Laboratory of Physical Chemistry^ Cambridge University, 
and Physikalisch-Chemisches Institut, Heidelberg 

(Gommtinicated by R* 0 . W. Norrish, FM.S,—Received 21 May 1937 ) 

I—Calculation of Rotatory Power 

It has been shown by Janson and Pope (1936) that the diamines I and II 
are relatively easily resolved by means of the camphor-/?-sulphonic acids. 
The substance II presents one of the simplest possible dissymmetrical 
structures, and quite apart from its chemical interest, is also of importance 
owing to its use by Max Born (1935) as an illustration of the possibility of 
quantitative predictions of rotatory power. The calculated sjiecific rotatory 
power of the compound II was shown to agree with the observed value for 
the salt in water, but in Born's theoretical formula the rotatory power is 
dependent on the 8<A power of a distance, and for this reason the formula 
may find a wider application for localizing the vibrators in a molecule by 
use of the observed rotations. 

In the work now described the preparations of Janson and Pope have been 
repeated and extended in order to provide: (a) Rotatory dispersion data 
from which accurate values for the active frequencies could be deduced, in 
place of the very approximate ones employed by Born, (b) The corresponding 
absorption spectra, (c) As many optically active examples of this interesting 
type as possible, with a view to further application to chemistry of Bom's 
mathematical theory. For these j)urposes the following compounds were 
synthesized: 

HjN., /NHa 

^^P»>c»heptane-diamme. 

.M. LJri g Lxlg li 

H , /CH,y /NH, 

‘^-SpiVoheptane-diamino. 

(of. Lowry 1935, p. 391) 

and the d-dihydroohloride, d-diacetyl-spirobase, ({-dibenzoyl-aptVobase, and 
d-diamidocarbonamino-spiVoheptane.Totheeemay be added two compounds 

[ 204 ] 
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prepared by Backer and oo-workera ( 1931 ), viz. d-«jptroheptane-dicarboxylic 
acid, and d-dibromo-apiroheptane-dioarboxylic acid (III): 


(III) 


HOOC'^ ^CH/ ^Br 

(d-Dibromotfjnroheptano-dioarboxylio acid) 


In order to estimate the theoretical rotatory powers, suitable values are 
substituted in Born’s simplified equation, 

3*49x 10-ii./K(n2 4-2) / A?.AA ? 1 LW 2/ 

J/.A® •|(AA-A»)j 1 \« ’ 

U*'*'2/ 

where y is the rotation in degrees per dm., p the density of the medium, 
n its refractive index, M the molecular weight, L the distance between the 
two vibrators at one end of the molecule, and d the effective length of the 
molecule. Aj^ and A^ are characteristic wave-lengths associated with the 

end groups. In general it is best to take for the ^CH wave-length a value of 

1200 A, and for A^ the value determined from the observed rotatory dis¬ 
persion by means of a Drude equation. The values of L and d were deduced 
from a scale drawing in which the values C—= 1-6, N—H == 1*0, 
C —H = M, C — 0 = 1'5A for the internuclear distances were used. For 
the amine, L — 1-87 A and d = 6'15 A, when the vibrators are localized at 
the centres of the N and H! atoms. Assuming n = I-.*}, /> = 1-1, A^ = 1200 A, 
and putting A 1360 A, the value [aj 646 i = 4-3'’ is obtained, as compared 
with the observed value T’S”. This comparison may indicate the necessity 
for slightly reducing L and d, thus localizing the C—H and C —NH^ vibrators 
somewhere nearer to the rings, and to each other. For the dihydrochloride, 
for which A^ = 1934 A, the rotation is still more reduced. 

In dealing with substituted derivatives of the amine, the chief difficulty 
lies in localizing the second vibrator, since the attached groups are now large 
and anisotropic; for whilst one is probably justihed in treating the groups 
CHg and NHj, F and OH, NHg and H as approximately spherical, radicals 
such as CHjCO—, OjHjCO—, etc., can clearly not be so classified. For this 
reason the theory cannot strictly be applied to such compounds, but 
instructive results are nevertheless obtained. The second vibrator has been 
considered as being at the mean position of the N and O atoms, which allows 
for free rotation about the C—N and N—0=0 single bonds. For the acetyl 
base, L is then 2-2 A and d = 6-3 A. Putting Ag *= 1200 A and A^ = 1600A, 
and the other values as for the free base, “ 0*7°, as compared with 
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the observed value In order to obtain a better agreement, smaller values 
for An and/or for d and L are necessary. Similar discrepancies are observed 
for the benzoyl compound. On substitution of a larger value for Jf, and 
using Aijl ^ 1972 A as derived from the corresponding Crude equation, 
W 5461 reduced to about 0*5®. The observed values show the benzoyl 
derivative to be more highly active than the acetyl, and the theory is thus 
directly opposed to experiment. This may find its explanation in the 
anisotropy of the groups, or in the introduction of the phenyl radicals, since 
with Aii ™ 1972 A no fixed configuration gives sufficiently small values for 
L and d. Similarly, by localizing the second vibrator in the N or 0 atom 
only, L still remains too large both for the benzoyl derivative and for the 
carbonamide. Nevertheless, the dibromo acid gave a calculated value in 
excellent agreement with the value observed by Professor Backer, which 
was communicated to the authors after the calculation had been made— 
(C—Br:=2A, L^2*5A, d = 6*7A, n ^ 1^5, Jf = 342, A^ - 1800A, 
All = 2200 A; [a]j^ calc. = 7*45®, [ajg^^iobs. = 7*8° for the sodium salt in 
water). In some cases the formula can therefore produce a value of the 
correct order, e.g. for the amine, the salt, the dicarboxylic acid, and for the 
dibromo acid, but in more complicated molecules the model is no longer 
applicable, and some other factor seems necessary to bring the calculated 
values within range of the observed. 

Professor M. Born, having examined the present results, express^ his 
pleasure at the agreement obtained. He added, how^ever, that beffie his 
assumption of isotropic oscillators was definitely accepted, he would like 
similar calculations to be made on the basis of anisotropy of the substituent 
groups. This can be done in a simple way by use of the molecular model 
proposed by Kuhn and Bein (1933), in which the chromophoric groups are 
regarded as possessing complete (linear) anisotropy. The relevant data for 
the base (d = 6 A, a =* 1 A, / ~ 1, i>s5461 A, PqS 1360A) were therefore 
substituted in Kuhn’s equations (see Lowry 1935, p. 392). The specific 
rotation thus calculated, « 0*6®, is considerably lower than the 

observed value [a] 54 ei 7*8®,although8tillofthecorrectorderofmagnitude, 
and the results show that the Born formula gives better agreement with 
exi)eriraent. We conclude, therefore, that the assumption of isotropic groups 
is justified. 

II— Rotatory Disprrsion of ^?p/rohkptanb-diamine Dkrxvativrs 

When the active absorbing region of a compound lies in the near ultra¬ 
violet, a detailed analysis of the optical properties can be made, owing to 
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the possibility of measurements of circular dichroism, and therefore of the 
calculation of the rotatory dispersion on the basis of the equation of Lowry 
and Hudson ( 1933 ). Thus, the rotatory dispersions of some azides have been 
investigated by Kuhn and Braun ( 1930 ), of the aldehydes and ketones by 
Lowry and co-workers, and of chromophoric sulphur groupings by Levene 
(I^evene and Rothen 1934 ), by Tschugaeff ( 1909 ), and by Lowry and 
Hudson ( 1933 ). Although large numbers of active amines have been 
prepared, detailed data for their rotatory dispersions are almost entirely 
confined to measurements on nicotine by Lowry and Lloyd ( 1929 ) and 
Lowry and Gore ( 1931 ) which were necessarily limited by the intense 
absorption of this compound; and on ^pfroheptane-diamine dihydrochloride 
for wave-lengths in the visual region only by Janson and Po])e { 1936 ). The 
inaccessibility of the absorption bands of simple amines presents a serious 
experimental limitation, but it has now been found possible to extend the 
range of observations for the spiro series to short ultra-violet wave-lengths. 

(a) Rotatory Dispersion of the Base 

The comprehensive data set out in Table V show that the dispersion 
of Pope and Janson’s base is perfectly simple between 6708 and 2700 A. 
Although the aqueous solution absorbs strongly at 2200-2300 A, the dis- 
l>ersion equation [a] 2-1670/(A^ —0»01850) leads to the low value 
Aq 1300 A for the wave-length of the active centre, which indicates that 
the longer wave-length absorption bands of this amine are quite inactive. 
This result is of great significance, and a full discussion is given in the 
succeeding paper of this series, where it is shown that, in general, bases 
undergo large changes of rotatory power on neutralization. When this occurs, 
the absorption bands of the amines at about 2300 A which can be attributed 
to the unbound electrons of the nitrogen atom become circularly dichroic. 
We have therefore concluded that the rotatory power is due almost erUirely 
to th>e absorption bands associated tmth the lone pair of electrons. When the 
lone pair is used for bonding, as in the salts, these nearer bands disappear 
simultaneously with the disappearance of most of the rotatory power. The 
apiro base thus appears to behave as an exception in this respect, and further 
conclusive evidence of this is put forward in the subsequent paper, where the 
corresponding observations in the butylamine series are described. 

( 6 ) Rotatory Dispersion of the Dihydrochloride 

Over the range 6708-2637 A, the dispersion of the hydrochloride of the 
base is also simple. The results can be represented with high accuracy by 
the equation [a] =« 2-261/(A*“ 0*0374), A^ « 1934 A, whereas the equation 
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Table I —Rotatory Dispersion op 

rf-DlAMIDOCARBONAMINO-SP/fiOHBPTANB 



i =s 20® C., i = 6 dm., c 

s= 1*467 g. in 49*9 c.c. acetic acid 


A a 

w 

Diq^ersion ratios 

a 

6780 0*496 

2*814 

ab 1161 

b 

6461 0*677 

3*270 

ac 1-901 

c 

4368 0*946 

6*360 

bo 1-636 


In water, c = 0*2447 g. per 60 c.c., 

t«W = 1-70° 


Table II— Rotatory Dispersion of Diacetyl-sp/robasb 
IN Alcohol at 20° C. 

C ss 

3-962 g. per 100 c.c., 1 = 

6 dm. 

A 

OL 

[«] 

5780 

0-674 

2-83 ±0-08 

5461 

0-730 

3-06 ±0-10 

.4368 

0-46 

(Photographic) 

1-9 

4900 

0-73 

3-07 

4736 

0-68 

2-86 

4575 

0-58 

2-44 

4662 

0-63 

2-23 

4404 

0-48 

2-02 

4256 

0-38 

1-60 

4168 

0-28 

1-18 

3932 

0-00 

0-00 


Table III —Rotatory Dispersion op Dibbnzoyl- 
sp/ftoBASE IN Pyridine at 20° C. 


c =s [*188 g. per 100 c,c,, I = 6 dm. 


A 


WobB ■“WoMo. 

A 

[®]oto8. 

[<*]ob», Wcalc. 

6708 

8*00 

-0*43 

6438 

9*11 

-0*12 

6362 

9-20 

-0*20 

6104 

10*24 

-0*16 

5893 

11*21 

0*00 

6780 

11*64 

-0*10 

6700 

12*34 

0*24 

6636 

13*04 

0*09 

5461 

13*32 

-0*06 

6219 

14*71 

-0*12 

6209 

14*86 

-0*04 

5163 

15*29 

0*00 

6106 

16*70 

0*06 

6086 

15*99 

0*23 

4934 

17*10 

0*18 

4811 

17*95 

-0*06 

4722 

18*94 

0*14 

4680 

19*21 

0*00 

4602 

19*80 

-0*23 

4554 

20*36 

-0*23 

4358 

22*01 

-0*89 

4326 

22*88 

-0*60 

4143 

24*86 

-1*25 

4045 

26*23 

-1*67 

3940 

27*66 

-2*16 

8821 

29*08 

-8*22 
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TaBLB! IV —^ROTATOaV DiSPBESIOW of (Sf/HOHEPTANB- 
DIAMINB HyDROCHLOBIDB 




Solvent = 

water at 20° C. c s= 

10*940 g. per 100 

c.c. 




[alobs- 







A 


[<3f]calc. 

A 

[aJobs. 


A 

[aJoba. 

[aJcalc. 

6708 

5*30 

-0*17 

6497 

6*76 

- 0*12 

6438 

5-94 

-0*06 

6362 

6*07 

-0*08 

6104 

6*67 

-0*08 

5893 

7*35 

0*05 

5782 

7*68 

0*07 

5780 

7*08 

0*07 

6700 

7*77 

-0*09 

5636 

8*22 

~018 

6461 

8*59 

-0*07 

6219 

9*41 

- 0*20 

6209 

9*46 

-0*19 

6153 

9*95 

0*06 

6106 

9*92 

-0*19 

6086 

10*10 

- 0*11 

4934 

10*91 

-0*04 

4811 

11*66 

0*00 

4722 

12*34 

0*16 

4680 

12*70 

0*26 

4602 

13*00 

0*05 

4554 

13-49 

0*20 

4368 

16*09 

0*29 

1 









1 

4442 

14*39 

0*28 

4432 

14*18 

-0*03 

4384 

14*61 

0*00 

4350 

15*09 

0*20 

4298 

15*30 

-0*03 

4282 

15*76 

0*27 

4263 

15-76 

0*11 

4210 

16*45 

0*27 

4152 

16*69 

- 0*02 

4107 

17*37 

0*17 

4080 

17*60 

0*10 

4007 

18*60 

0*18 

3941 

19*41 

0*21 

3833 

20*56 

-0*09 

3769 

21*70 

0*10 

3708 

22*60 

0*00 

3630 

24*00 

0*06 

3605 

24*8 

0*4 

3522 

25*81 

- 0*22 

3441 

27*9 

0*0 

3392 

29*2 

0*1 

3329 

30*1 

-0-7 

3284 

31*6 

-0*5 

3232 

32*8 

-0*9 

3205 

34*1 

•"• 0*6 

3178 

35*6 

0*1 

3129 

37*4 

0*0 

3108 

39*2 

1*0 

3040 

422 

M 

2967 

44*1 

-0*5 

2900 

49*5 

1*1 

2865 

63*2 

2*7 

2788 

66*9 

0*8 

2725 

60*5 

- 0*8 

2718 

62*4 

0*6 

2686 

66*6 

1*3 

2631 

72*5 

1*4 

2682 

78*9 

1*8 

2537 

83*4 

-0*3 


Table V —Rotatory Dispersion of <Sp/roheptane 
DIAMINE IN Water at 20° C. 


c = 7*845 g. per 100 c.c. 

Solution pn^pared by mlding tho necessary quantity of caustic soda to the hydro- 


chloride. 


[®]ob 8 .~ 



[alobs.- 



Wot>s.“ 

A 

[^]ob 8 . 

[®]oalc. 

A 

[aJoba. 

[<3f]calc. 

A 

[^3t]ob8. 


6708 

4*97 

-0*04 

6497 

5*43 

0*05 

6362 

6*74 

0*13 

6104 

6*19 

0*07 

5803 

6*67 

- 0*02 

5782 

6*76 

- 0*10 

5780 

6*76 

- 0*11 

6700 

7*14 

0*07 

6636 

7-06 

0*13 

6461 

7*78 

0*03 

5219 

8*61 

0*08 

6153 

8*80 

0*03 

6106 

8*93 

- 0*02 

4934 

9*44 

-0*19 

4811 

10*14 

-0*03 

4722 

4554 

10*59 

11*41 

0*00 

-0*07 

4680 

4358 

10*96 

12*50 

0*16 

-0*13 r 

4603 

11*29 

0*08 


(Photographic) 


4675 

11*35 

0*00 

4448 

11*99 

-0*09 

4678 

10*71 

-0*09 

4326 

12*89 

0*04 

4216 

13*51 

-0*09 

4412 

12*26 

-0-06 

4150 

14*10 

0*00 

4053 

14*79 

-0*09 

4128 

14*14 

-0*12 

3796 

17*34 

0*06 

3792 

16*66 

-0*66 

3906 

16*06 

-0-10 

3470 

21*00 

-0*29 

3365 

23*06 

0*17 

3600 

19*20 

-0*30 

3222 

26*10 

0*70 

3140 

26*90 

-0*15 

3240 

25*61 

0*57 

3004 

31*22 

1*02 

2900 

33-30 

0*30 

3119 

28*40 

0*88 

2767 37 46 

Vol. CLXn-A. 

0*16 

2700 

39-18 

-0*62 

2790 

36*86 

-0*69 

t* 
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given by Pope and Janson for the visual region only led to the value 
Aq “ 1452 A. The important point to notice is that according to the Drude 
analyses, neither substance gives rise to circular dichroism in the near ultra¬ 
violet, although the base exhibits quite strong absorption in that region 
(e « 7*6at2500A,e ^ il3‘3at 2229 A). For the hydrochloride the absorbing 
power is considerably reduced in consequence of the utilization for bonding 
of the electrons concerned (e = 7-52 at 2240 A). 

A comparison between the data for the base and the salt shows that 
neutralization of the base is not attended by any serious change in the rota¬ 
tory dispersion—the dispersion centres are in the same spectral region, and 
the values of are comparable, viz. 7*78'^ and 8*50'" respectively. For 
this reason, the absorption bands associated with the lone pair appear to 
have no connexion with the rotatory power. This is in direct contrast with 
many bases of Pasteur-type asymmetry, e.g. i-butylamine, = — 8*63® 

for the pure base, ~ +1*15*^ for the hydrochloride 23 % in water), 

where 80% of the rotation is directly caused by the unbound nitrogen 
electrons, as will be shown in Part II. It seems reasonable to conclude that 
simple optically active bases may be divided into two types, namely; 
(i) the majority which show circular dichroism in the near ultra-violet bands 
of the nitrogen ‘‘lone pair and (ii) a small number for which these bands 
are inactive, i.e. which behave like the spiro base. Prom the scanty data 
available in the literature, it appears probable that the latter class consists 
only of the following compounds: (i) The menthylamines investigated by 
Read ( 1930 ). (ii) Tetrahydroquinaldine (Read and Pope 1910 ), for which 
1410 a and = 60-04^", whereas for the hydrochloride 1750A, 
and[a]j 5 = 66-47^. {iii)d-a^-Diami7U^-y-brompropaneioTwhich[a]x^ — 5-20® 
(base), and [a]j^ 7*27° (hydrochloride), (iv) d-Amiriobenzyl-fi-napk^l, 

[a]^ (base) = 58*84^, [a]jr> (hydrochloride) = 52*89°. (v) d-OL^-Diamiiio-y- 
methoxypropane, [<x]j^ == 8*19° (base). [oc]fj = 9*04° (salt), (vi) A series of 
amines described by Levene and Marker ( 1936 ). Most amino acids also 
seem to behave similarly, but as these compounds exhibit internal salt 
formation, and consequently do not possess typically basic properties, they 
are best omitted from the present discussion. 

(c) Rotatory Dispersion of the Diacetylhase 

This substance in alcoholic solution exhibits anomalous rotatory dis¬ 
persion, as shown in fig. 1 , since two absorption bands are now active, and 
give rise to components of the circular dichroism which are of opposite sign. 
The band of shorter wave-length has slightly the larger activity, although 
the two partial rotations approximately cancel one another, so that only a 
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small residual rotation is observed. This curve is of interest because of its 
great resemblance to those for tartaric ester, as recorded by Lowry and 
Cutter ( 1922 ), and for 60 % tartaric acid in water (Lowry and Austin 1922 ). 
On this basis the two bands may be attributed respectively to the N— 
radical (at approximately 1700 A) and to the acetyl groups (at approxL 
mately 2200 A), so that there is no need to assuine any effect from a band 
at the latter wave-length due to lone jmirs on the two nitrogen atoms. 

Seal* 1 ScaaO 



Fio. 1—Curve I: absorption spectrum of aqueous s^troheptanediamine on scale I; 
c= 0-949 M. Curve II: absorption spectrum of the corresponding dihydrochloride 
on scale II; c = 0-213 M. Curve III; rotatory dispersion of diewsetyl-apiroheptane- 
diamine in alcohol, on scale III. 

(d) Rotatory Dispersion of the. Dibenzoyl Base 

Measurements for this compound are limited in extent and accuracy by 
its lowsolubility even in such an unsuitable solvent as pyridine. Therotatory 
dispersion can, however, be represented by the equation 

[a] » 3-463/(A»-0-0389), 

which, although not perfect, demonstrates clearly that it arises in a strong 
absorption band with e = 18000 at 2360 A. This band undoubtedly contains 
at least two absorption systems associated respectively with the N—H and 
benzoyl groups, and the optical activity probably has its origin in the 
benzoyl bands. It should be noticed that the “step-out” at 2800A due to 
the phenyl rings, which is shown in the absorption curve for this compound 
in fig. 2 , is definitely inactive. This appears to be in contrast to the behaviour 
of mandelic acid, for which a strong induced dissymmetry was attributed 
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by Kuhn ( 1930 ) to this source. In the acid, however, the phenyl group is 
attached to an asymmetric carbon atom, whereas in the spiro compound it 
foims part of the configuration. The two cases are therefore not strictly 
comparable. In this connexion it is important to remark that all seven 
members of this d-spirane series so far prepared are uniformly dextro* 
rotatory, in contrast to the butylamine series where reversals are common. 
The reason for this uniformity is that the influence of a fixed dextro-rotatory 
nucleus is always impressed in the same way, but to different extents, on 
the absorption bands of the attached groups. 



Fig. 2—I'urvo I: absorption spootnim of diacetyl-s^piroheptanediamino in alcohol 
on scale I; c=: 0*1875M. Curve II: absorption spectrum of dibenzoylheptane- 
diamine in methyl alcohol, on scale II; c = 0'015-0-000026 M. 

(e) Rotatory Dieperaion of d-MamidomrbonaminoBpiroheptane 
A solution of this compound in water gave the low value » 1*7®. 

The rotation was higher for acetic acid solutions, [a] 54 ji = 3*27®. The dis¬ 
persion in each case was centred at 2050 A, and can therefore be attributed 
to the —CO— groups. 


(/) Absorption Spectra 

The large decrease in absorption on neutralization of a base with hydro¬ 
chloric acid has already been discussed. The data for the apiro base and its 
salt are shown in fig. 1 and those for the acyl derivatives in fig. 2 . 
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Expebimektal 

The general methods of preparation used by Janson and Pope were 
followed, but a few minor modifications were introduced. The spiro- 
dicarboxylic acid was found to crystallize free from troublesome tar when 
^0% glacial acetic acid and 50% strong HCl was used as the solvent. 
Eventually some 15 g. of pure d salt was obtained, and 7g. of the laevo 
product. 

d-Dibenzoyhpirobase, The product of benzoylation was twice crystallized 
from alcohol/benzene. Its melting-point, 242® C., was identical with the 
value given by Janson and Pope, who recorded [a] 54 gi = 14*5° for their 
specimen in pyridine. 

d-DiacMylspirobaae. The free base was refluxed with a slight excess of 
acetic anhydride, and then evaporated to dryness. The solid was crystallized 
three times from purified pyridine, and once from benzene/alcohol. Its 
melting-point was 215-216^0., i.e. 20® C. higher than that of the dl com¬ 
pound made by Janson and Pope. 

Pure d-dihydrockloride. The impure material was dissolved in wet alcohol, 
filtered, and evaporated with pure benzene until it crystallized. This pro¬ 
cedure was repeated. 

d-Diainidomrboimminospivoheptaiie, The solid was crystallized twice 
from water, once from methyl alcohol, and once from aqueous acetic acid. 
Melting-point 260° C. 

Pure U^pirohepiane-diamine, The wet base was heated for some time with 
its own weight of potash in small pieces, and distilled in vacuo. The distillate 
was diluted with chloroform and dried over anhydrous sodium sulphate. 
Two more distillations yielded an oil, with a tendency to fume, which solidi¬ 
fied in ice/salt, and on slow wanning melted at 17-5° C. Janson and Pope 
recorded 7-8° C. as the melting-point of the dl base. 

1: V-DikydroxyspiToheptane, 3-5 g. of pure d-dihydrochloride was dis¬ 
solved in water in a 50 o.c. flask, a little HCl being added. Double the 
calculated amount of sodium nitrite solution was slowly run in. When the 
nitrite had decomposed, the solution gave « 6*8°. Vacuum distillation 
from acid gave no product, but alkaline distillation gave unchanged base 
in good yield. 

The authors wish to thank Professor Sir William Pope for his interest in 
the work, Dr. F. G. Mann for the gift of 1 kg, of pentaerythritol, the 
Chemical Society and the Goldsmiths* Company for research grants. 
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StJMMARY 

1— A series of ^jwiroheptane derivatives has been prepared, and their 
theoretical rotatory powers calculated according to Born^s theoiy. Values 
of the correct order are only obtained when no long side«chain is present. 

2 — The absorption spectra of 4 ’^iVoheptane-diamine, its salt, and acetyl 
and benzoyl derivatives are recorded, and their significance discussed, 

3— The rotatory dispersions of these compounds and of diamidooarbon- 
amino^^tVoheptane are analysed, and correlated with the absorption 
measurements. 

4— The large changes of rotatory power of most amino bases, which are 
observed on neutralization, are caused by the saturation in this process of 
the “lone pair’' of electrons on the nitrogen atom, which usually give rise 
to circularly dichroic absorption bands. 

6 —Amino bases are divided into two classes according as the absorption 
bands in the 2300A region are active or inactive. When these bands are 
inactive, little change in rotatory power takes place on neutralization of 
the base, but such behaviour is exceptional. The «piroheptane base falls 
in the latter class. 
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Rotatory Dispersion in the Amine Series 
II—/-Secondary Butylamine and its Derivatives 

By W. C. G. Baldwin, M.A., Ph.D. 

{Communicated by R. G. W, Norrish, F.R,8,—Received 21 May 1937) 


In the preceding paper, nitrogenous bases were divided into two classes 
according as the first amino-absorptiofi bands, which they exhibit at about 
2200 A, do or do not contribute to the optical activity of the molecules. Thus, 
for ^piroheptane-diamine, the absorption spectrum showed a rapid rise in 
intensity caused by the presence in the molecule of two lone-pairs of electrons 
associated with the nitrogen atoms. On neutralization of the base, this 
strong absorption at 2300 A disappeared, but the rotatory dispersion re¬ 
mained almost unchanged. For both base and salt the active absorption 
region was between 1950 and 1400 A, and the bands of the amine at longer 
wave-lengths were not circularly dichroic. A test of the conditions pre¬ 
vailing in any particular case was specified on the basis of the behaviour 
of the specific rotation on neutralization, since, when a large change of 
magnitude or sign occurs, the bands of longer wave-length must play an 
important role. Care is necessary in the use of this rule, because solvents 
such as water may ox^-ordinate with the amine, causing the behaviour of 
the free base to resemble that of its salts. When, however, a non-polar 
solvent is used for the base, and the change is observed, it is practically 
certain that this interpretation is correct. 

In the present paper, a detailed account is given of the corresponding 
phenomenon as shown by a base whose optical properties are more typical 
of this class of compounds, namely, secondary butylamine: 


CHjv. /NH 
>C< 

CsH/ 


i 


The efiFects of neutralization have already been discussed by Rule ( 1930 ), 
but his attention was confined to the relationship between polarity and 
rotatory power, and the question of circularly dichroic absorption bands 
was ignored. Since, however, polarity is usually manifested in the groups 
with absorption bands nearest to the visual region, the two arguments run 
to some extent parallel to one another, but the present point of view is 
more fundamental. 


1 215 1 
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Ignoring for the present the amino-acids, the simple bases showing no 
“acid effect’^ can be divided into three groups: (a) Menthylamines, tetra- 
hydroquinaldine, and ^^Voheptano-diamine. {b) a/ff-diamino-y-bromo- 
propane, amiuobenzyl-y?-naphthol, and a/ff-diamino-y-methoxypropane. 
(c) A series described by I^evene and Marker (1936) of general formula 
NH2.(CHa)„.CHMe.(CHa)„Me. Consideration of the three subBtances 
under (a) indicates the tendency of “ring dissymmetry'' to cause no near 
circular dichroism in bases, i.e. no “acid effect”. Similarly, group (c) 
apparently shows the inability of the asymmetric grouping to function as 
an activator of the lone-pair over great distances. The substances under 
(6) are, for no apparent reason, some of the few exceptions to the rule among 
the simple amines. With a view to elucidating this fact, which cannot be 
explained, it is proposed to make at a later stage a full investigation of 
propylene-diamine and its derivatives. 

The substance chosen for the present work, i-secondary butylamine, has 
one of the simplest ])ossible structures producing optical activity, since the 
amino group is directly attached to the asymmetric carbon atom, and is 
thus fully exposed to the electrical anisotropy of the molecule. It is not 
surprising, therefore, to find that the “acid effect” is very marked. 

The laevo-base, prepared and resolved by the method of Pope and Gibson 
(1912), was found to have — 7 * 45 “, and df - 0 * 7205 , whereas the 

laevo-hydrochloride gave [a]^® == + 0 * 96 ®. This striking change of sign may 
be interpreted in two ways, one of which, the “electronic” interpretation, 
has been mentioned above. Another, but tentative point of view, is provided 
by Boys’s definition of the configuration of the amyl alcohols {1934), on the 
basis of which it would be concluded that Z-butylamine has the configuration 

CH, 

/\ 

NHj H 

where the ethyl group is above the plane of the paper (“molecular” in¬ 
terpretation). In this model the negative sign of the rotation is defined by 
the anticlockwise order of the groups as they diminish in size. When the 
amino group is ionized, the order of size, and sign of rotation are both 
reversed. At the same time the rotation of the salt is small owing to the 

4 - 

electronic similarity between the NHj and the CH3. On acylation of the 
amino radical, the latter must, as the largest in the molecule, take the place 
of the ethyl radical above the paper, and consequently, acylbutylamines 
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should be, and are, uniformly laevo-rotatory. All substituted secondary 
butylamines follow Boys’s rule, with one exception, namely 

CH3.CH(NH,).CH(0C2H5)„ 

described by Fischer and Kametaka (1909). The rule also breaks down for 
propylene diamine, since it predicts that the rotatory power of the dihydro¬ 
chloride should be opposite in sign to that of the base, whereas, in reality, 
it is not. Despite the success of the Boys model for many cases, it is therefore 
clear that the best method of approach to the problems offered by the bases 
is that which is founded on the consideration of active absorption bands. 
From this point of view, elimination of circular dichroism postulates a 
reduction in the magnitude, but not necessarily a reversal of the sign of the 
rotation, just as is observed for propylene diamine. The point can be readily 
appreciated from a study of Table I, compiled from the literature. 


Table I 


Base 

[a]D 

Wi> HCl 

LButylamin© 

- 7*45 

0*96 (Present values) 

Diefchybd-butylamine 

85-8 

4*24 (Present values) 

Nicotine 

-189*3 

16*46 

i-a-Phenylethylamine 

- 39*9 

- 6*3 

Amylamine 

- 5*80 

0*0 (Marckwald) 

- 0*21 (Levene [MJ^j) 

/-Propylenecliamino 

- 28*04 

- 4*04 

N-Et-i-a-Phenylothylatnine 

- 61*2 

-12*2 

N-Pr 

- 69*1 

-24*3 

N-Benzyl 

- 40*1 

-- 9*1 

d-a-p-Tolylethylamine 

30*67 

3*4 (Sulphate) 

/-p-Et-Phenyl 

- 31*7 

— 6*3 (Sulphate c = 3*34) 
-20-6 (Sulphate c = 0*41) 

— 30*8 (Oxalate, hydrolysis) 

Paeudoephedrine 

61*2 

-33*8 

LDihydro -a -methy lindole 

7*22 

1*68 

i-Narootino 

- 199*3 

+ 

Cocaine 

- 16*76 

-67*6 

/-Hyoscyamine 

- 23 

32 

a-Aminooamphoroxime 

00*6 

36*7 

Bomylamme 

46*2 

16*0 (HI) 

Mathylbomylamine 

81*0 

26*6 (HI) 

d-2*Ammo-octane 

6*41 [ML 

- 6*44 [ML 


Absorption Spectra —In common with all simple nitrogenous bases, 
butylamine exhibits strong absorption at aboxit 2300 A which disappears on 
neutralization, as shown in fig. 1. Other examples of this behaviour are 
found in ethylene-diamine, primary, secondary, and tertiary alkylamines, 
piperidine, and ammonia (Ley and Arends 1932; Bieleoki and Henri 1913; 
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Ley and Ulrich 1909 ; Hartley and Bobbie 1900 ). Of these, ammonia an 
excellent example, since the reduction in intensity of absorption, which 
occurs on solution in water, is due to interaction with the solvent. Solutions 
in hexane gave the typical amino absorption, which is now attributed to the 
lone-pair (Ley and Arends 1932 ). In general, amino acids lack this property 
on account of internal co-ordination, and must be treated separately. 



Fiu. 1—Curve I. Absorption spectrum of the secondary butylammonium ion, 
obtained by the use of a blank tube of HCl of equivalent strength, in order to eliminate 
the chloride absorption (scale I). Curve H. Absorption spectimn of homogeneous 
secondary butylamine, on scale II. 


Rotatoby Dispeksion op Secondary Butyxamink 

The observations of rotatory dispersion of the base confirm the argument 
set out above. For the pure liquid, the dispersion between 6708 and 3485 A 
can be expressed accurately by a Dnide equation with two terms, corre¬ 
sponding to active frequencies at 2300 and 1792 A. These values are in 
excellent agreement with Mulliken’s observations ( 1935 ) of the two chief 
absorption regions of aliphatic amines, namely at 2400-2000 and at 1800- 
1500 A respectively. The two Drude terms have opposite signs, and the 
dispersion must be classed as anomalous, although the anomaly actually 
occurs just outside the range of observations, as is shown by the following 
calculated wave-lengths; Reversal of sign, 2580 A; maximum rotation at 
2975 A; point of inflexion in dispersion curve, 3330 A. In order to obtain 
direct observations of the anomaly, experiments were made with an aqueous 
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solution. The active wave-lengths were then at 2258 and 1761 A, both 
showing the slight displacement to be expected when a hydroxylic solvent 
is used. The wave-lengths of the anomaly for the aqueous solution are in 
good agreement with values calculated from the corresponding Drude 
equation: maximum 3185 A (calc.) 3150 A (obs.); inflexion at 3625 A (calc.) 
3500-3600 A (obs.); reversal of sign at 2692 A. The difference between this 
type of dispersion and that of «j9iroheptane-diamine is very striking, not so 
much because of the anomaly, but because the first active absorption region 
for butylamine is 900 A nearer to the visual region. 

Rotatory Dispersion of Butylamine Hydrochloride 

Measurements of the rotation for the hydrochloride in aqueous solution 
in the visible and near ultra-violet regions lead to a Drude equation in which 
the active wave-length is 2262 A; but the absorption at this wave-length 
due to the butylammonium ion is only e = 0-27, and the ion shows no appre¬ 
ciable absorption at wave-lengths above 1900 A. It appears likely, therefore, 
that the simple Drude equation used does not completely represent the 
facts, and that the partial rotation expressed by it is a resultant of several 
higher frequency terms. It is highly improbable that circular dichroism of 
any magnitude could be manifested by such weak absorption, and the 
dispersion, therefore, should probably be considered as pseudo-simple. 
This conclusion is confirmed by the magnitude of the ‘ ‘ acid effect ’ * described 
above, which is the most important factor in explaining the behaviour of 
these compounds. The following paragraph gives further strong reasons 
supporting this argument. 

Rotatory Dispersion of N-DiETHYL-d-SEcoNPARY Butylamine 

The dispersion of diethyl-butylamine is in striking contrast to that of the 
parent substance, since the anomaly is no longer present. The Drude equa¬ 
tion leads to a value Xq - 2000 A at the higher frequency end of the system 
of bands produced by the lone pair, between 2300 and 2000 A. On neutraliza¬ 
tion of this base, the value of [a]^ falls from 85*8° to 4-24"^, and the calculated 
dispersion centre moves from 2000 to 1500 A, owing to the more saturated 
state of the salt. 

Rotatory Dispersion of Acetyl- and Benzoyl-butylamines 

The dispersion of benzoyl-butylamine strongly resembles that of the 
corresponding 5jE)ifoheptane-diamine derivative. A one-term Drude equa- 
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tion expresses the results satisfactorily over the range 6708-3290 A, and the 
wave-length of the active centre derived from it is 2057 A, which is in good 
agreement with the value 1972 A obtained for the ^piro-oompound. Absorp¬ 
tion in this region is attributed to the carbonyl part of the benzoyl group, 
and the results therefore indicate that most of the activity of these two 
compounds is caused by the induced dissymmetry of the benzoyl radicals. 
No term contributed by the nitrogen electrons is detectable. Such a result 
is not surprising when it is remembered that a base loses most of its typical 
proj)6rties on acylation. 

In contrast to diacetyl-spiroheptane-diamine, acetyl-butylamine gives 
no sign of anomaly in its dispersion. Between 6708 and 3290 A the ideal 
Drude equation again has only one term, with Ap = 1631 A. This result is to 
be expected in view of the low values of molecular extinction coefficients 
at 2400 A for the acetyl-spirobase as compared with those of the benzoyl 
compound, since the circularly dichroic acetylamine bands would seem to 
fall in a region of lower wave-lengths; but the unique development of 
anomalous dispersion in diaoetyl-spiroheptane-diamine is very curious. 


Rotatohy Dispersion of Sboondaby Butyl-Urea 

The dispersion of tliis substance is completely analogous with that of the 
corresponding ffp^Vo-compound, As before, the rotatory power is caused by 
the induced dissymmetry of the urea residue, centred at a mean w^ave- 
length of 1846 A, as compared with 2060 A for the ^piro-urea. This value 
serves as further demonstration that substitution of the amino group causes 
it to lose both its typical basic properties, and its dispersion characteristics. 
The nitrogen electrons no longer show any effect in the middle ultra-violet, 
and the substituting group now controls the rotatory power. 

Niwtine —The extensive researches of Lowry into the optical properties 
of nicotine and its derivatives have established the following facts: (a) The 
rotatory power of the base is very high, and the dispersion is centred at 
2626 A. (6) The salts have smaller rotatory powers, opposite in sign, with 
the active centre at 1600 A. (c) Both nicotine and its zinc chloride compound 
have an intense absorption band at 2660 A, which, in the case of the base, 
was identified as the dispersion centre. In the salts this band is apparently 
inactive, and the dispersion is controlled by the frequencies in the Schumann 
region only, {d) A similar “acid efieet“ occurs in themethiodide, which has 
two methyl groups on the nitrogen atom. The changes observed on forma¬ 
tion of the methiodide are therefore not due to the development of a new 
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aBymmetric centre in the N+, such as occurs in the formation of the nioo- 
tinium ion. (e) The pyridine nucleus is assumed to be the source of the chief 
active absorption bands in nicotine, but in the ion and methiodide, the same 
bands although present are inactive. (/) The iso-methiodide containing 
tervalent pyrrolidine nitrogen, conformed to the original nicotine type. 
Utilization of the lone-pair, either in the methiodide or dimothiodide, 
resulted in the characteristic change both of sign and dispersion, (g) Chlor- 
nicotine and methylnicotone conform to the type of the free base; both con¬ 
tain the pyrrolidine lone-pair. The dispersion of these two compounds is 
centred at 2550 and 2668 A respectively. Lowry suggested that the agree¬ 
ment between these figures indicated that the active absorbing group in 
each case is the same, i.e. the pyridine nucleus. The ketonic group is inactive, 
although it gives rise to an absorption band. 

On the basis of the results obtained with butylamine and its derivatives, 
an alternative interpretation of these phenomena can now be proposed. 
Thus; (i) The pyridine and benzene absorption bands are of a type which 
rarely show circular diohroism. (ii) The rotatory dispersion of nicotine is 
controlled chiefly by a frequency connected with the pyrrolidine lone-pair, 
which gives rise to a dichroic band buried in the strong but inactive pyridine 
absorption. On ionization of the pyrrolidine nitrogen, the absorption by 
the pyridine nucleus remains, and even increases in intensity, but the 
dichroic portion vanishes. The Schumann frequencies then become the 
centre of the optical activity, (iii) Similarly, in the methiodides, whenever 
the pyrrolidine lone-pair is unsaturated, the frequency at 2500-2600 A 
appears in the equations of rotatory dispersion, and when the nitrogen is 
ionized it vanishes, (iv) Methylnicotone has a dispersion controlled by the 
same active centre, but the ketonic group is also slightly affected, and the 
resultant dispersion is pseudo-simple. The value of the active wave-length 
obtained from the Drude equation falls at 2068 A and represents a weighted 
mean of the two absorbing regions at 2900 and 2400 A respectively. 


Expbrimkktal 

Resolution of Secondary Bviylcimine 

The bromocamphor-sulphonate of the dl base was fractionally crystallized 
twenty-seven times from absolute ethyl, acetate, and the optical purity 
tested from time to time by distilling a sample with baryta, determining the 
rotatory power, and estimating the concentration by titration. Deter- 
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minations of melting-point were valueless, presumably owing to the exist¬ 
ence of two crystalline modifications. On one occasion a dry sample melted 
at 98° 0., and, on standing, the melting-point rose to 167° C. After another 
crystallization it fell again to the lower figure. 


Table II— -Rotatoky Dispersion op Secondary 
Butyl-itrea in Water at 20° C. 


r = 2015g./100c.c. 


A (a) 

o 6780 -27-3 

6 6461 -31 08 

0 4368 - 62-4 


Ratios 

M39 
1*684 be 
1*919 ac 


Table III —Rotatory Dispersion op Homogeneous 
/-Secondary Butylamine at 20° C. 



100 [a] 

= 163-0/(A>- 

5-290)-409/(A» 

-3*212). 




1! 

> 

; All = 1792 A. 





[^]oba. ~ 



[^]ob8. — 

A 

t^*]obs. 


A 

[*]ob8. 

[i3t]calc. 

6708 

- 6*76 

-007 

6362 

- 6*34 

0*01 

6104 

~ 6*90 

0*00 

6893 

- 7*46 

0*00 

6782 

~ 7*65 

0*08 

6780 

- 7*65 

0*10 

6700 

-- 7*97 

0*00 

6636 

- 8*43 

0*03 

5461 

- 8*63 

0*08 

6219 

- 9*54 

0*02 

6163 

9*76 

0*09 

5106 

- 9*95 

0*09 

4934 

~ 10*76 

0*04 

4811 

-11*60 

-0*23 

4722 

-11*96 

-0*11 

4680 

-12*21 

-0*13 

4602 

-12*67 

-0*08 

4654 

-12*81 

-0*04 

4370 

- 13*89 

0*07 

4358 

- 13*99 

0*01 

4283 

- 14*63 

-0*02 

4196 

-16*23 

0*00 

4096 

-16*06 

-0*08 

3993 

- 16*89 

-0*10 

3901 

-17*69 

0*02 

3849 

-18*17 

-0*06 

3842 

-18*28 

-0*08 

3804 

-18*66 

0*00 

8713 

-19*01 

0*61 

3660 

- 19*86 

0*21 

3666 

- 20*68 

0*48 

3485 

-21*62 

0*43 


Acetyl-butylamine. This substance was not isolated. A standard flask of 
appropriate size was taken, and rather more than half-filled with very pure 
acetic anhydride. The pure amine was run into this weighed quantity of 
anhydride through a very fine capillary tube, the flask meanwhile being 
cooled in ice. A very violent reaction occurred, and the acetyl derivative was 
immediately formed. The quantities were adjusted so that there was a slight 
excess of unused anhydride. 
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Benzoyl-btUylamim (Pope and Gibson 1912 ). This was purified by two 
orystallizations from optically pure cyclohexane, M,P. 92° C, 

Secondary Butyl-urea (Urban 1904 ). The impure material was crystallised 
twice from water. M.P. 168-169° C. (166° C., Urban). Analysis: nitrogen 
24*27 % obs., 24*2 % calc. 

d-Dieihyl-butylamine (Leithe 1930 ). The picrate was crystallized four 
times from alcohol, until its melting-point was constant at 117° C. The base 
was steam distilled out from the alkaline picrate solution, and dried by 
solid caustic soda. Its purity was estimated as better than 99-6 %. B.P. 
130-131° C. df 0-753. [ci]f ^ 85-8°. I^ithe found [a]i/ = 89-3°, 

The author expresses his indebtedness to the late Professor T. M. Lowry, 
F.R.S., and thanks Dr. F. B. Kipping for the loan of butylamine. He also 
gratefully acknowledges grants from the Goldsmiths’ Company and from 
the Chemical Society. 


Table IV—Rotatory Dispersion op /-Secondary 
Botylamine in Water at 20° C. 


c = 8-89 g./lOO c,c. in 6 or 1 dm. tube. 

100 [a] =: 1761/(A2-6-100)-341-8/(A*-3099). 


A 


[a]ob».- 

[®)calc. 

6708 

- 3-69 

0-04 

6438 

- 4-07 

*-001 

6104 

-- 4*52 

0-01 

5782 

- 5-08 

~ 0-04 

6700 

- 5-27 

-0-07 

6461 

- 6-66 

0-01 

6209 

- 6-28 

-007 

6106 

- 6 66 

-0*08 

4934 

- 6-88 

0-04 

4811 

- 7-44 

-0-19 

4722 

- 7-64 

0-01 

4678 

- 7-87 

-0-19 

4564 

- 8-14 

-.0-02 

4304 

- 9-03 

000 

4143 

- 9-69 

-0-01 

4063 

»10-07 

0-00 

3930 

-10-23 

0-48 

3871 

-10-91 

0-03 

3700 

-11-81 

-0-08 

3290 

--14-06 

-0-63 


A 

[^]obs. 

[aJob*.- 

[‘3t]calc, 

6497 

- 4-01 

- 0-03 

6362 

~ 4-26 

*-009 

6893 

- 4-86 

0-00 

5780 

- 6-04 

0-00 

6636 

~ 6-49 

0-01 

6219 

- 6-26 

--0-06 

6163 

6-47 

-013 

6086 

- 6-66 

-0-06 

4912 

- 6-92 

0-04 

4800 

- 7-64 

-0-24 

4680 

-- 7-80 

-Oil 

4602 

- 7-86 

()08 

4358 

-- 8*77 

0-01 

4226 

^ 9*32 

0-04 

4142 

- 9-67 

0-01 

3965 

-10-53 

-0-10 

3900 

-10-80 

0-00 

3815 

-U-20 

0-01 

3471 

--12-94 

-0-14 

3160 

Maximum 
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Table V—Rotatory Dispersion op I - Secondary 
Butylaminb Hydrochloride 



t = 20° C. 

c = 22*84 g./lOO 

c.c. wat-er. 

i = 6 dm. 




[a] = 0*2923/(A«- 

-0*05116), 





Wobs.- 



Wob 8 . “ 

A 

[ot]ob8. 

[^]calc. 

A 

[®]obB. 

[aJcalc. 

6708 

0*77 

0*04 

6497 

0*80 

0*01 

6438 

0-79 

- 0*01 

6362 

0*83 

0*00 

6104 

0-89 

- 0*02 

5893 

0*96 

-0*03 

5780 

100 

-0*03 

6700 

1*06 

0*00 

5536 

Ml 

-0*03 

6461 

M5 

-0*03 

5219 

1-31 

- 0*01 

5209 

1*31 

- 0*02 

5153 

1-36 

0*00 

6106 

1*44 

0*06 

5086 

1*46 

0*04 

4934 

1*68 

0*06 

4811 

1*62 

0*00 

4800 

1*67 

0*04 

4722 

1*73 

0*03 

4678 

1*76 

0*02 

4602 

1-86 

0*04 

4584 

1*76 

-0*08 

4554 

1-91 

0*04 

4477 

1*90 

-0*06 

4433 

1 97 

-0*04 

4358 

2*19 

0*08 

4353 

2 12 

0*01 

4253 

2*26 

0*01 

4138 

2-41 

- 0*02 

4067 

2*56 

- 0*01 

4030 

2*70 

0*07 

3961 

2*86 

0*06 

3862 

303 

0*02 

3792 

3*25 

0*09 

3713 

3-43 

()06 

3668 

3*61 

on 

3584 

3-79 

0*01 

3535 

3*98 

0*02 

3471 

4-16 

-0*06 

3450 

4*29 

- 0*02 

3400 

4*61 

-0*03 

3366 

4*68 

-0*09 

3310 

4*86 

-0*14 

3295 

5*03 

- 0*07 

3260 

5*43 

0*06 

3134 

6*13 

-0*08 

3100 

6-67 

0*06 

3048 

7*00 

0*00 

2999 

7*18 

-0*37 

2976 

7*61 

- 0*22 


Table VI — Rotatory Dispersion op 



AoETYL-i-SEOONDARY BuTYLAMINB AT 20° 0. 



c 

= 34*40 g./lOO c.. 

0 . acetic acid. 




[a]= -6*607/(A« 

0*02660) 

• 




[a Jobs. ~ 




A 



A 

[^iobg. 


6708 

-13*21 

-0*05 

6497 

-14*10 

- 0*01 

6362 

- 14*72 

0*00 

6104 

-16*08 

0*00 

6893 

-17*30 

0*07 

6782 

-18*10 

0*00 

5780 

-18*17 

-0*05 

6700 

-18*66 

0*00 

5636 

- 19*97 

-0*16 

6461 

-20*50 

0*00 

5219 

- 22*66 

0*01 

5153 

-23*26 

0*04 

6106 

-23*89 

- 0*10 

4934 

-26*70 

0*00 

4912 

-26*00 

-0*08 

4811 

-27*52 

r-0*32 

4722 

-28*51 

-0*19 

4720 

- 28-62 

- 0*22 

4080 

-29*60 

- 0*68 

4640 

-29*50 

0*06 
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Table VI — (continued) 


A 

[«]ob 8 . 

Wobe.- 

[^Icalc. 

A 

[*]ob 8 . 

[alobtt.- 

Wcftlc. 

4602 

-^30 30 

-0*33 

4566 

- 30*68 

- 0*02 

4554 

-31-39 

-0*58 

4463 

-32*12 

0*16 

4300 

-33*60 

-0*08 

4368 

-34*10 

0*02 

4316 

-3507 

-0*17 

4220 

-36*60 

0*28 

4132 

-37*02 

0*69 

4085 

-39*40 

0*32 

4044 

-40*81 

- 0*11 

3951 

-43*13 

- 0*08 

3845 

-46*09 

-0*14 

3759 

-48*66 

-0*06 

3713 

-49*6 

0*4 

3674 

-61*36 

0*04 

3623 

-53*1 

0*1 

3605 

-63*91 

0*00 

3550 

-56*1 

- 0*1 

3484 

-69-1 

-0*3 

3410 

-62*1 

0*0 

3290 

- 68*0 

0*2 



Table VII—Rotatoev Dispeesion of Benzoyl- 



/“SecondAE v Bittylamine 

AT 20° C. 



c= 11*900 g./lOO 

o.c. alcohol. 

[a] = -8-637/(A*-0-04231). 




l^^Jobs. 



[^loba. ““ 

A 

[^]ob 8 

[* Icalc. 

A 

I ^ Jobs. 

[“]calo. 

6708 

- 21*18 

0*01 

6497 

- 22*76 

- 0*01 

6362 

- 23*78 

0*02 

6104 

- 26*05 

0*07 

5893 

- 28*33 

- 0*03 

6782 

- 29*54 

0*01 

5780 

- 29*57 

0*03 

6700 

- 30*62 

0*03 

6636 

- 32*77 

0*02 

6461 

- 33*67 

0*09 

5219 

- 37*39 

0*09 

5153 

- 38*44 

0*22 

6106 

- 39*56 

-0*05 

4934 

- 43*02 

0*38 

4811 

- 46*66 

0*00 

4722 

- 47*73 

0*07 

4680 

- 49*03 

- 0*12 

4602 

- 51*06 

- 0*08 

4554 

- 52*26 

0*00 

4358 

- 58-36 

0*15 



** Photographic 



4532 

- 52*79 

0*10 

4427 

- 65*87 

0*28 

4355 

- 58*35 

0*10 

4307 

- 60*04 

0*19 

4273 

- 61*40 

0*04 

4184 

- 66*10 

-0*09 

4125 

- 67*35 

0*16 

4078 

- 69*76 

- 015 

4020 

- 72*40 

-0*09 

3967 

- 76*06 

- 0*06 

3911 

- 77*86 

0*15 

3857 

- 80*62 

0*49 

3852 

- 80*67 

0*63 

3821 

- 83*46 

- 0*21 

3810 

- 83*95 

0*06 

3776 

- 85*98 

0*07 

3762 

- 87*40 

-0*39 

3730 

- 90*77 

- 0*67 

3659 

- 94*13 

0*12 

3618 

- 97*60 

0*00 

3666 

-101*7 

0*1 

3608 

- 106*8 

0*0 

3451 

- 112*1 

0*3 

3404 

-117*2 

0*0 

3341 

-124*2 

0-2 

3290 

-131*3 

-0*3 


u 


VoL CLXII—A. 



226 


W. C. G. Baldwin 


Table VIII —Rotatory Dispersion of Dibthyl- 
(i-SBCONDARY BtITYLAMINB AT 20° C. 


Density = 0'7C3. Length of tube = 0-4953 dm. [a] = 26-44/(A*—0-0397). 


A 

[«]ob8. 

[^]calc “* 

[ajobs. 

A 

[^]oba. 

<^]calc. 

[a]ob«. 

6438 

70'5 

±0-0 

4021 

217-7 

-0*7 

5893 

85-8 

0-3 

3906 

234-1 

0-3 

5780 

89-7 

0-1 

3766 

261-4 

-0*2 

6461 

1021 

0-1 

3623 

288-6 

0*6 

6086 

120-6 

0-2 

3614 

316*0 

±0-0 

4937 

130-4 

-0-7 

3420 

343-2 

-0-8 

4800 

138-3 

0*4 

3333 

370-4 

0*2 

4736 

1440 

-0*7 

3257 

397-8 

0*7 

4678 

147-9 

-0*3 

3193 

426*1 

±0*0 

4630 

160-4 

-0-5 

3134 

. 462*4 

-0*6 

4360 

176-3 

-0-4 

3081 

479-7 

-0*7 

4358 

176-0 

±0-0 

3025 

607*0 

4-0 

4164 

198*6 

-0-6 

2978 

634*3 

6*7 


Table IX —Rotatory Dispersion op Diethyl- 

d-SECONDARY BXTTYLAMINE HyDROCHLORIDB 


In -wtttOT at 20“ C. c = 6-29 g./lOO c.o. 1 = 6 dm. 
[a]= l-376/(A*-0-0226). 


A 

L^^lobs. 

[^]calc.““ 

[<3^]obs. 

A 

r^3tjob8. 

[o^lcalc, ~ 
[aJobB. 

6708 

3-42 

-0-20 

4680 

6-96 

0*06 

6362 

3-76 

-0-16 

4602 

7-63 

-0-26 

6104 

3-92 

0*01 

4565 

7*46 

-0*04 

6893 

4-24 

± 0*00 

4427 

7*98 

-0-04 

5782 

4*42 

-0*01 

4368 

8-04 

0*17 

5780 

4-48 

-0*06 

4348 

8-61 

-0-26 

6700 

4-61 

0*04 

4206 

9-04 

-0-13 

6461 

4-96 

0*04 

4105 

9*56 

-0*14 

5218 

5-44 

0-06 

4005 

10*10 

-0-11 

6163 

6-70 

- 0*04 

3896 

10-62 

0*02 

6086 

6-83 

± 0*00 

3821 

11-16 

±0-00 

4936 

6-39 

-0*17 

3741 

11-69 

0*01 

4811 

0*03 

-0-05 

3672 

12-21 

0-04 

4800 

6*60 

0*01 

3616 

12*73 

-0*02 

4722 

6*97 

-O-U 

3530 

13*29 

0*16 

4707 

6*92 

-0*01 





Summary 

The rotatory dispersion of secondary butylamine is largely due to circular 
dichroism in the absorption bands at 2200 A associated with a lone-pair of 
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electrons on the amino-nitrogen atom, whereas the dissymmetry of a 
spirane nucleus is insufficient to produce activation of these bands. 

Secondary butylamine shows anomalous rotatory dispersion for which a 
satisfactory explanation is put forward. 

The rotatory dispersion of acyl-butylamines, butyl-urea, and of butyl- 
ammonium hydrochloride is simple. The activation of the lone-pair occurs 
only in the free base. 

A new theory to account for the observed changes of rotatory power of 
amino bases on neutralization is put forward. 

The absolute configuration of laevo-secondary butylamine is defined. 

Saturation of the lone-pair of the tertiary base, diethyl-butylamine, 
causes the active wave-length from the Drude dispersion equations to move 
further into the ultra-violet, thus confirming the theory. 

Lowry^s results for the nicotine series are reinterpreted according to the 
present theory of activation of the absorption bands associated with the 
lone-pair. 
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Rotatory Dispersion in the Amine Series 
III—The Absorption Spectra of Diamines 

By W. C. G. Baldwin, M.A., Ph.D.* 

Laboratory of Physical Chemistryy Cambridge University 

{Communicated by R. 0, W» Norrishy F,R,8,—Received 21 May 1937) 

In view of the striking effects on the rotatory powers of optically active 
amines which occur when the lone-pair of electrons on the amino-nitrogen 
atom is saturated, as described in the two preceding papers, it was of 
importance to investigate the corresponding changes which are indicated 
in the absorption spectra of simple amino compounds. Absorption spectra 
are therefore now recorded for hydrazine and for ethylene-diamine, and the 
effect on these spectra of varying the acid concentration of the solutions has 
been measured. 

No previous measurements of the absorption of hydrazine in solution 
have been recorded, but Sunao and Imanishi (1931) observed a series of 
bands between 2400 and 2200 A in the vapour. Ethylene-diamine has been 
examined by Bielecki and Henri (1913), and Castille and Ruppol (1928) have 
investigated its hydrochloride. The latter authors reported a weak absorp¬ 
tion band in aqueous solutions of the salt A), but this 

observation is not confirmed by the present results. It may be attributed 
to the presence of an impurity, since, in the first series of measurements now 
described, made with material of commercial purity, a similar band ^ 

at 2031 A) was also seen, but after recrystallization of the salt it disappeared 
completely. 


I— Hydrazine 

(a) Pure Base —The pure base begins to absorb appreciably at 2500- 
2600 A, and, in solution in water, at 2300-2400 A. This shift is normal and 
may be attributed to interaction with the solvent. The presence of water, 
and thus the formation of a hydrate, does not completely suppress the 
absorption due to the lone-pairs on the nitrogen atoms, although it appears 
to produce a small decrease in the intensity of absorption. The present 
observations with amines indicate that a pure anhydrous base will always 
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absorb more strongly than its aqueous solution, and the spectral cut-off” 
usually occurs at about 200 A nearer to the visible region (see fig. 1), 

(b) Hydrazine Dihydrochloride —A solution prepared by adding acid to 
the hydrazine, in the proportion of two molecules to one of base, showed 
no appreciable absorption at wave-lengths longer than 2070 A, when 
measured against a solution containing acid of equivalent concentration, in 
order to confine any measured effect entirely to the hydrazinium ion. The 
limiting value for the molecular extinction coefficient is e < 0-09 at 2070 A. 
This result is to be expected when the nitrogen lone-pairs are completely 
saturated. 



Fig. 1— Curve I, Absorption spoctrum of tho anhydrous base on scale 1 ; Curve II. 
Absorption spectrum of hydrazine in water, on scale 2; Curve III. Absorption 
spectrum of hydrazine in water on scale 1. 

(c) Hydrazine Monohydrochloride —A solution of this substance, also 
compared with an acid “blank”, showed no appreciable absorption at 
those wave-lengths at which the absorption of the free base is observed 
(e < 0»29 at 2050 A, of. e « 186 for the base). This remarkable result suggests 
that no normal lone-pair is present in the mono-salt. Thus, it may be 
oonolOded that whilst the first amino group is saturated by the proton from 
the acid molecule, the second must become saturated either through oo- 
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ordination with water, or, more probably, throt^h an interaction between 

the residual lone-pair and the positive NH 3 group at the other end of the 
molecule, so that their characteristic absorption is no longer manifested. 
This explanation is in harmony with the well-known chemical fact that 
hydrazine, being nearly ten times weaker as a base than ammonia, is 
effectively only a monacid base in solution, and no great difference between 
the properties of the mono- and di-salts of hydrazine in water is to be 
expected since the latter are invariably hydrolysed. A simple displacement 
of the bands of the lone-pair towards shorter wave-lengths might, however, 
be expected, in view of the proximity of the lone-pair on one nitrogen atom 
to the positive charge on the other. 

{d) Go-iyrdination of Hydrazine —^Attempts were made to saturate the 
lone-pairs in a different way, e.g. by forming co-ordination compounds of 
hydrazine. Thus, the zinc chloride compound was prepared, but in common 
with others, it proved to be unstable in solution. 


II— ETHYnENE-PIAMINE 

(а) Pure Base —The purified base in aqueous solution gave an absorption 
curve rising steeply beyond 2350 A to e = 81 at 2150 A, in agreement with 
the limited observations of Bieleoki and Henri ( 1913 ). 

( б ) Ethylem'diamine Monochloride —A solution containing unimolecular 
proportions of caustic soda and ethylene-diamine dihydrochloride gave the 
absorption curve 11 in fig. 2 . There is no similarity between the absorption 
spectra of the mono-salts of hydrazine and of ethylene-diamine in water. 
In the former case, saturation seems to be complete, whereas in the latter, 
the curve is intermediate between those for the base and for the salt. 
Ethylene-diamine therefore behaves optically as a normal diaoidic base, in 
harmony with the fact that its basic strength is considerably higher than 
that of hydrazine. The dilference between the absorption spectra of the 
mono-salts of the two bases would be expected if the curve for hydrazine 
monohydrochloride is displaced towards shorter wave-lengths os a result of 
interaction between the lone-pair on one nitrogen atom and the positive 
charge on the other, since in the case of the ethylene-diamine ion such 
interaction must be considerably reduced on account of the greater separa¬ 
tion between the two nitrogen atoms. 

(c) Bihylene-diamine Dihyd/rochloTide —The di-salt shows no appreciable 
absorption in aqueous solution (curve III, fig. 2 ), 
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Conclusion —^These results seem to indicate conclusively that the absorp¬ 
tion band in the region of 2200 A observed for simple amines is eharacteristio 
of the lone-pair on the nitrogen atom, and can be suppressed progressively 
as the basicity of the solutions is decreased. Results obtained by CastiUe 
and Ruppol ( 1928 ) for cadaverine, putresceine and guanidine show that 
the same generalization is true also for more complicated amines. Very weak 
absorption bands at longer wave-lengths observed by them with putresceine 
dihydrochloride and guanidine hydrochloride may be attributed to im¬ 
purities, sincje corresponding bands now observed could be eliminated by 
rigorous purification. 



Fig. 2 —Curve I. Absorption spootrum of ethylene-diamine in water; Curve II. 
Absorption spectrum of ethylene-diamine monohydrochloride in water; Curve III. 
Absorption spectrum of ethylene-diamine dihydrochloride in water. 

Materials —Hydrazine hydrate was distilled twice from solid caustic soda, 
and once from a large quantity of barium oxide in the absence of air. 
B.R 1136° C. 

Bthylene-diamine was kindly supplied by Dr. F. G. Mann, to whom the 
author expresses his thanks. He also wishes to thank Dr. C. B. AUsopp for 
help and advice. 
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StTMMABY 

Absorption spectra are recorded for aqueous solutions of hydrazine and 
ethylene-diamine, and of their mono- and di-hydrochlorides. The suppres¬ 
sion of the absorption due to the nitrogen lone-pairs of the bases, as these 
are progressively saturated, is discussed. 
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Solution of Oseen’s Equations for an Inclined 
Elliptic Cylinder in a Viscous Fluid 

By D. Meksyn, D.Sc., Imperial CoUege of Science and Technology 
{Communicated by L. BairsUno, F.R.S.—Received 21 May 1937 ) 

1 —Inteoduction 

Solutions of Oseen’s equations have previously been obtained for the 
circular cylinder (Lamb 1916 ; Bairstow, Cave and Lang 1923 ; Southwell 
and Squire 1933 ), circular and elliptic cylinders (Berry and Swain 1923 ; 
Harrison 1924 ; Fax4n 1927 ) and flat plate (Berry and Swain 1923 ; Piercy 
and Winny 1933 ). 

After eliminating the pressure from the equations of steady motion of a 
viscous fluid in two dimensions the equations become 

Oseen’s modification is 

where F is the undisturbed velocity of the fluid and the axis of a; is in the 
direction of the undisturbed motion. 
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Boussineaq, and later Southwell apd Squire, showed that equation (1*1) 
can be converted to equation (1-2) if u and v are harmonic functions satis¬ 
fying the relations 

'dx 0y * I 


u = 


— 0a 0y? 


(1-3) 


and instead of x and y the variables are changed to a and 

Most of the solutions have been obtained with a » — Fx, /ff = — Fy and 
with a combination of analytical and graphical methods. Southwell and 
Squire, however, solved by graphics the case of flow round a circular cylinder 
when 




(1-4) 


The method adopted in several of these solutions was that of adding a 
number of separate solutions of equation {1-2) and combining them so as to 
satisfy the boundary conditions at a finite number of points. 

The present paper shows that for a4-iy5 — — F 2 all previous solutions 
can be obtained completely in terms of Mathieu functions; at the same time 
an extension is obtained which covers the general case of the inclined elliptic 
cylinder. 

The forces on the cylinder have been evaluated, and for very small 
values of the Reynolds number (> 4) the lift and drag curves as functions of 
angle of incidence are found to be similar to those of a normal aerofoil, 
though no experiments are available at such small Reynolds numbers. For 
a Reynolds number of 3*3 the curves for lift, drag, etc., are shown in § 7. 

The drag is much greater, whereas the lift is little different from that of 
an ordinary aerofoil. The curves for drag, lift and ratio lift/drag as functions 
of the angle of incidence are similar to those of an ordinary aerofoil, although 
the corresponding positions of maxima and minima are different. 

Lift rapidly increases with increase of angle of incidence, reaches its 
maximum value at 45®, and then decreases to zero. 

Drag increases more slowly, so that the curve lift/drag passes through a 
maximum. 

Method of Solution —It is assumed initially that the motion is irrotational 
and then use is mode of the corresponding velocity potential in the equation 
of motion of vortioity in a viscous fluid. 
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The axes of reference have been taken as the princupal axes of the elUpse 
and not along and normal to the undisturbed stream. 


2—Ibrotational Motion of Fluid 

Consider an elliptic cylinder at rest in an infinite non-visoous fluid. 

The X and y axes (fig. 1) are along the major and minor axes of the cylinder. 
The undisturbed fluid moves with velocity F at an angle 6 with the positive 
direction of x. 



The velocity potential and the stream functions 
motion are 

a = - F co86i.a;— Fsin^.y.j 
p ss — V oos 0 .y+Fsin 0 .ar.f 

Introducing elliptic co-ordinates 


of the undisturbed 
( 2 . 1 ) 


a: = c cosh I COB 17, y = csinh^sini;, (2.2) 

we obtain for a and fi the expressions 

a » —Fc[ooshg 008J7 oo80+sinh|sini7 8in0],» 

/S = -Fc[sinhgsin37 oos^—ooshg COS17 sin^]./ ^ 

The equation to the ellipse is 


ar* y* 

c*oo8h*|'*"c*sinh*^ = 1, 


(2-4) 
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The irrotational motion of the fluid roimd the elliptic cylinder is defined 
by the potential and stream functions 


cosh(g - cos(?; - 0 ),] 

^0 « - sinh(g - go) sin(9/ - 0). J 

It is easy to verify that (2-5) is the required solution. The condition g =» go 
makes the stream function, vanish; also the component velocities at 
infinity have the required values (Ramsay 1920 , p, iii) Fco80 and Fsin^. 


3—Rotatiokal Motion 


(a )—Equation of Vorticiiy 

The motion of a fluid round a cylinder is considered as though produced 
in two stages: 

(i) At the beginning there is an irrotational motion defined by the 
expressions (2*5) for the velocity potential and stream function. 

(ii) This motion is disturbed by friction between the boundary of the 
solid body and the fluid which gives rise to a layer of vortices; and our task 
is to find the motion of these vortices in a viscous fiuid. 


We have 


The vorticity is 


u 


dy' dx' 


y _dv du 
^~dx~^ 


VV- 


The equation of motion in terms of vorticity is given by 




(3-1) 

(3-2) 


(3-3) 


where v — ~, 

P 

ft being the ooeflSoient of viscosity, and p the density of the fluid. 

This equation is solved by successive approximations, inserting in the 
first approximation the values for u and v as obtained from the undisturbed 
motion; or 


ac Saac 3a 
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The equation (3-4) expressed in elliptic co-ordinates 7 becomes 


aa0n _ m,^\ ] 
¥ dt \didC 9 ^97V’ 


h^dt 


(3-6) 


(3-6) 


c*(cosh® ^ — cos* If)' 

Assume a solution ^ ly, t). 

Equation (3»5) is thus transformed, after dropping the factor exp| — , 

and making use of ( 2 * 3 ), into 

If 

we obtain the following equations for /, and/jt 


(3-7) 

(3-8) 


9 C* 

1 ^^ cosh* ^ ^ cosh* g - 

0 

il 

< 

5 %, 

a'^* 

cos* 1 ] 4 - ^ C08*7-f 

il 

P 


(3-9) 


where E ia a, constant which is found from the condition that / 2 (i;) is a 
periodic function in i}. 

For steady motion A = 0 , and the solutions for /, and are Mathieu 
functions. 


Let 


Vc ifc* 

= E + ~^4a, k^^32q. 


2p ' 2 

Then, after an easy transformation, we obtain 

^ -f [4a -f-10g cos 2^]/2 = 0, 


Zij 

^ - [4o -f 16g cosh 2^]/^ = 0. 


(3-JO) 

(3*llo) 

(3-116) 


(6 )—Solution of the. equations 

The solutions of (3-11) are Mathieu ordinary and associated functions. 
We denote (Whittaker and Watson 1927 , p. 409 ) by ce,, ceg,», 
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<^8n+i Mathieu functions which reduce to sin 2 n?^, sm(2n4“ 1)7;, 1, cos 2 n 7 
and cos (2714* 1)1], when ? - 0 . 

We have now to construct the solution of equation (3-116), the associated 
Mathieu functions* 

Since the expression for ^ includes an exponential factor 


exp|^ (cosh ^ cos y cos 0 + sinh ^ sin tj sin 0 )|, 


which tends to infinity when g~>oo, the associated Mathieu functions must 
vanish exponentially at infinity, in order that f shall vanish at infinity* 

Goldstein ( 1927 ) has shown that Mathieu functions can be expanded in 
series of Bessel functions, the coefficients being proportional to the corre¬ 
sponding terms in Fourier's expansion. 

We try, accordingly, to expand the associated Mathieu functions in 
series of Bessel functions which vanish at infinity (Gray and Mathews 
1922 , Chap. III). 

An example of such an expansion is given, and then only the final results 
are quoted. 

Write Mathieu's equation in the form 


+ [4a +163 CO8 2a;] = 0, 


and the associated equation as 

- [ 4 a + 16g- cosh 2 a;] y, = 0 , 


where 

I* = 32y. 

Let the solution of (3-12) be 


OO 

ccjn = y4a,c08 2ra;, 

00 ' 

o^tn+i “ 2COS (2»- + 1) a;, 

r-O 

r-0 1 

00 

*®ai» “ J,Bf,an2rx, 

r-l 

«e 2 „+i » i-Bfc.+,sin(2r+ l)a:. 

r=»0 J 


(3-12) 


(3-13) 

(3-14) 


(3-16) 


Inserting the expression for ce^n into (3-12) we find that the coefficients 
satisfy the following recurrence relations: 

aAo+2qA2 = i>, 

4qA^■^(a-\)Az■¥^A^ = 0, 

2yi42^_j + (o - f») Ai, + 2qA3,+i = 2., 


(3-16) 
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The oorreBponding expression for the associated Mathieu function Cdc^^ is 
found by introducing a new variable 

fccosha: = 2, 

when equation (3*13) becomes 

(z^-k^)-^l+z^^^-[z^+4a-lQq]y^ = 0. (3-18) 


Assuming an expansion 

Vi = 




r =»0 


(319) 


we substitute for Cek^n in (3'18) and make use of the equations 


z^K; + zA'; - (r*+z*) A, = 0 , ■ 
AT = J{AV, + 2A, + A^*), . 
Kl = i(A, + Ao). 


(3-20) 


where dashes to K denote differentiation with respect to z (Gray and 
Mathews 1922 , pp. 20 - 2 ). 

Equating to zero the coefficients of the A^’s we find that the ^’s satisfy 
the same relations (3'16) as the ^’s. Hence 

= A^. (3-21) 

The expansions for Sek^n and fSe&jn+i more complicated. 

Assume a solution (Goldstein 1927 , p. 311 ) 

i/gsutanhx, (3‘22) 

where «“ 2(2»’+l)^8r+iATr+i(2)- (8*23) 

r«=0 

The corresponding equation for m is then 

(2»-P)tt* + zM'-(z* + 4o-169r)« + 2P^0| * 0, (3-24) 


and making use, in addition to ( 3 * 20 ), of the identity 

(3-25) 

we find that the jSj^+i’s satisfy the same relations as the Ajh-i ® “ 
corresponding Matliieu fimotions. 
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Finally, the following expressiouB for the associated Mathieu functions 
are obtained: 


Cek^Jpc) =» K^{kco^x), 

r-O 


E^^i{kcoBhx)j 


fKaO 


Sek^rfx) = K^^{k cosh, x)^ 




Sek^^^x(x) ~ tanh x ^ ( 2 r + 1 ) cosh a?), j 

In our case x^ i. 

Using the asymptotic expression for the A^„ functions, i.e. 

„ / , jn J. 4n®-P I 

X ^ k cosh ^ 

K «= /.^- e-'^cmbifi^ M 

V 2 Acoshg 


where 


or 


k=- 


Z? 

2p" 


which will reduce the exponential factor 


Vc 


to zero at infinity in 
Finally 

Vc 


exijj“(cosbg cosy cos^^ + sinh^ sin 17 sin 0 ) 




(3-26) 


(3-27) 


X CeK(i) «e«(9) + 2 fn SeK(i)ae ^], (3-28) 


where C^’s and tS^’e are coefficients to bo found from the boundary conditions. 




240 


D. Meksyn 


4—Stream Fitnotion op Rotationai. Motion 
(a) Oreen’a Function 

It is necessary now to find the corresponding stream function, i.e. to 
solve the equation 


~dx^ ~dy^ 




(4-1) 


Instead of solving (4*1) in the x, y plane consider the plane rf with the 
corresponding vorticity as ^jh^; the region of integration is now not the 
plane Xy y external to the ellipse, but a strip of plane rj bounded by lines 

7]^0y 7i^27ry g = ^0- 

In order to solve equation (4*1) we have to find Green's function 
G(^', ?/), where g', rj' and rj are corresponding source and field 2 )oints 

(fig. 2). 


2Tr 


t J7' 


IV 


Fig. 2 

As is known the solution is based on Green’s formula 




where u and v are functions of x and y, and the differentiation is taken 

dn 

along an external normal. 

If V satisfies an equation similar to ^ (4*1) wo insert in (4*2) instead of 
its given value, and instead of u the corresponding Green’s function; 
and, thus, obtain in the well-known way the expression for v. 

One of the conditions that Green’s function is required to satisfy is that 
the integral 

dv 


J- 


on 


(4-2o) 
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taken round the boundary vanishes; this is usually achieved by making u 
vanish on the boundary* 

Such a procedure, however, cannot be applied in our case, since it would 
make ^ = 0 and ^7 = 27r or y = 0 a stream line, which would correspond to 
a case when there is an infinitely thin, infinitely long screen along the axis 
of X, 

We can, however, make the integral (4* 2 a) vanish if u vanishes along 
i and if u and ware periodic functions in ^ with a period 27r. The integrand 

(4*2a) along the line ^ == ^0 from ^ = 0 to 17 = 27r will vanish, and the inte¬ 
grands along the lines tj — 0 and ^ = 2 ;r will mutually cancel out; for, when 

dv 

the integrand is periodic in 7} with period 27r, has opposite signs at the 

corresponding points, since the normal is always an external one. 

Now, Green’s function for an infinite half-plane, bounded at one side by 
the line g == is 

It vanishes along the line i = Iq. 

The function sought, however, must be periodic in 7j with period 2n\ so 
that the expression for Green’s function will be 




In U + r - 2go)* + (v -V'- 27rnF*- 


(4-3) 


This sum, as in the case of a rectangular parallelepiped, can be expressed 
as a definite integral (Courant and Hilbert 1931 ). 

Consider the integral 


/ 




dt 


0 t 

where a > 0 and 6 > 0 . 

Combining (4-3) and (4'4) we easily find 

in] n t 


log^. 


(4-4) 


Q: 




(4-6) 


where it has been assumed that the integration and the summation can be 
interchanged. 

The infinite sura can be expressed in 6 functions (Whittaker and Watson 
X 927 , p. 464 ) 

9 = (4-6) 


Vol. CLXII—A. 


R 
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It is easily seen that in our case 


I 


(4-7) 


and accordingly 


G = 


1 r 00 e-i(£+£'-2e.>« +(7-i,')«i t _ e-K~£')* +<»-,'« i 


1 f' 

4^0 


t 


d3{ - 2m{ij dt. (4*8) 


Next, apply Jacobi’s transformation to the d function, namely (Whittaker 
and Watson 1927 , p. 475 ) 


In our case t = 4 rr»(, 

whence 


(4-9) 

(410) 




and 




(4-12) 


Put 

to find that 




t'8 


ow ^'.e \ 1 f^r -<i +r-8t.)' .(jtinr “ n 

l^c <• -e I- Jj^l + 2 V co 8 »(^- 7 ')Jei<, 


where the dashes to the i’s have been dropped. 
The stream function is 


(4-13) 


V) 




dg'dri' 
"A* ’ 


A* 


C*(C08ll*^' — COS*^'). 


(4-14) 


where 






O^een^s EqucUions for an Inclined Elliptic Cylinder 243 


The S and y components of the velocity are 






(4-15) 


It can be verified that the normal flow vanishes at the boundary; i,e. 



(6) Determination of Coefficients in the Expansion of ^ 

We have now to find the values of the coefficients and in 
Our boundary condition is that the tangential motion at the boundary 
shall be a prescribed function of the variable rj; it is, of course, a j)eriodio 
function, and can be expanded in a Fourier’s series. 

The tangential velocity is 


h 


d}/r 

Tr 




The problem is simplified if it is assumed that is the prescribed function 
at the boundary, i.e. at g 
Assume, therefore, that 


{%)( i ^ ^^o + lK<^onnr, + ^F„Binnv, 

is evaluated by (4-14). 

From (4’13) 


(4-16) 


where the variable t has been changed into 


t 


and the dashes to the t's have been dropped. 

This expression can be integrated with respect to t, since 

f %-(•'•*?)* . 

Jo 

R 2 
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Accordingly + 2^ cos n{^ — ^')J, (4* 17) 

whence we find from (4r-17) and {4* 14) 

X (cosh2i^^coB2ri')di'd7i\ (4*18) 

Expressing cosw(ry — 9 /') in terms of the angles rj and 7i\ namely 

cosn( 7 /- 7 /') GOBnrj cosnT/'H-sinni; sin 7117 ', 

and comparing the coefficients of the terms in cos and sin nn] in equations 
(4-18) and (4*16) we obtain an infinite number of linear equations from which 
the coefficients and are to be found. 

It is assumed that there is no slipping at the boundary, or 


di, b — feo> 

whence = Fce“sin( 9 - 0 ), 

where denotes the irrotational stream function (2-5), 


(4-19) 


5—Forces Acting on the OyLiNDEE 


The equations of motion are 

x = f+k*+^. 

r ^ 


(6-1) 


where p is the pressure, q the velocity and Q the potential of external forces. 
It is assumed that 13 => 0 . 

Now eliminating x from ( 6 - 1 ) we derive the equation ( 3 * 3 ) for ^ in which 
we have substituted for u and v in the terms and — v^, their irrotational 
values 

0/? dfi 

dy’ 


u 


(6-2) 
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Accordingly our expression for ^ gives the condition of integration for x* 
Considering the steady motion, and substituting instead of u, v their 
values from (6»2) we easily transform (5-1) to our new co-ordinates £, if; 
and thus obtain 


ee dv 

dT,^ dll') 


(6-3) 


Only the expression for x the boundary of the ellipse, i.e. for ^ ^ 

needed; accordingly we consider only the second equation, and find 




(6-4) 


The streBses are 


Pxx 

Pvv 

Pxv 


a ^ 

--J. + 2/.5J, 

_ 3t> 

Idv du\ I 

” 9 j^) ■ J 


( 6 - 6 ) 


The X component of the forces is 

X ^f(lp,x + mp^)ds - -J2>§‘^+ 


= —jpdp+pjvHidxdp, (5-6) 


where 


, dy dx 


are the direction cosines of the external normal to the cylinder. 


Now 

Accordingly 


V*M 


.1^ = 
dy' dx' 


(6-7) 


X - -jpdy-/ij^dxdy = jydp+pj^dx = j^y^dy+pj 


where the integration is taken for g =■ go* 


( 6 * 8 ) 
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Now a: =x cooshgo co8^, j/« CBiithg^siii^ {6'9) 

, dp dx aa 

since we assume that 9 = 0 and Q = 0; whence 

r*” / ^0 aA r*' 

X = I ^csinh^o sini/^p^^+/tg|jd^-J ^/tccoshgosin^d^. (6*10) 
Similarly 

Y =: j{lpj^ + mp^y)d8 - jpdx+pjvhidxdy 
= jpdz+/Ij~^dxdy - ^xdp+p^^dy = - ^^x^dy+ 

r*" r ^0 acn r*" 

= - J ^ccoshfo C08);|^/Oi;^ +/t^Jdi7+/«J ^csinhfo sini; l^dy. 


where in (6-10) and (5'11) we have to put ^ = &>. 


( 6 - 11 ) 


Consider the case -— = 1, which corresponds to small Reynolds numbers 

R < 4 and to a very small value of q (3'10). Dropping the exponential in ^ 
in (3'28) and retaining only the first two terms we get 

^ = CCeki(i)co6y + 88eki(^)emy, (6-12) 

where, further, only the first terms in ce^ and have been retained. 

It is easily seen that to our degree of approximation 


r*" d0 

J ^CHinhgo“«?C-^<^9 = 0, 

r*’' d0 

J ccosh ^0 cos y^-^dy — 0. 


(6.13) 


Finally from (6.10), (5.11), (5.12) and (6.13) 


X = /tcffiS^sinh — cosh Co 'Se^i(S)j. | 

Y = pcnC^ - cosh lo Oekid)^ , 

1 -^ 0 . 


(5*14) 
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6 —^Evaluation of VoBTiomr 

The coefficients in ^ for small values of k only are evaluated, In the 
example chosen 


A; « — «r 

2p “ 


(6*1) 


It has been assumed in (5*12) that 

^ = CCek^(^) cos ri + 8Sek^(^) sin 7. (6-2) 

From (4*18) and (4-19) we obtain 

— 7 - f f [CCekJ^')coBi]' S8ekJ^')Binri'] 

47IJ 0 J 

X [1 + 2€~ cos {fi — v')] (cosh 2^' — cos 2?/') . (6*3) 

Integrating with respect to and comparing the terms in sini/ and cos 17, 
we finally obtain 


0^ 


4F sin<9 


8^ ^ 


4F 00s 6^ 


(6*4) 


c 2if2-if/ c 2i^2 + iVi’ 

Jf, = rCcifci(r)e"e'C, « f"6\fci(r)c-^'cosh2g'C, 
J f • J u 

iVj = j'°^Seki{i')e-i‘d^', = J"5e4:,(g')cosh Hg'di'.] 

For our value of k(Q-l), the Reynolds number is equal to 

„_F.2a_2o_ 2a 
~ p ~ c ~^(o*—6*)' 

Combining (6-13), (O-l) and (6-4) we obtain finally 


( 6 - 6 ) 
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7—Drag and Lift 


The coefficients of drag and lift are (fig. 3) 


XcobO+Y 


J. ‘2apV^ 


Cr 


— Xain0+ ¥ ooaO 
^2apV^~ 

a + b . 




(7-1) 



Assuming, as a sufficiently close approximation, that 

Ceki{^) ^ Ki(kooah^), /Seii(£) = tanhgifi(ioo8hg), (7*2) 

numerical results for two values of a/b are given. The corresponding 
integrals have been evaluated by numerical integration; 

(1) a/6 - 6-08, ^ - 0-2, 2Mt-Mi = 4-16, 2N^ + Ni «= 3-6, i? « 2a/c * 2 

Cd = 0-12oo8*(9 + 2-2sin*(9, 

Cx * 1-0 sin 2d. 
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The maximum value of ooours at d = 46°, and the maximum value of 
Cl/Cd at 0 =» 13° at which angle Cj^ICq s 2 . 

(2) 0/6 = 1-26, go =1-1. ^Mi-Mi^2Ni+Ni^2-l4., JB = 3-3. 

Cj) — 6-3cos*&+9-7sin®d, 

Ct = 1-7 sin W. 

The maximum value of is again at 46°, and the maximum value of 
CiJCj) occurs at about 39°, at which angle C^/C^) = 0-218. 

In fig. 4 are curves for Cx,y Cjr, and Cj^jCj) as functions of 6. 



For d"« 0 the above values of drag can be compared with the corre¬ 
sponding results for an elliptic cylinder obtained by Bairstow, Cave and 
Lang ( 1923 ), namely 


B 


a 

o-h 6 


^nfiV 


-y-lg 


V{a + by 
8p 


(7-3) 


where a > 6 , and the flow is along a. 
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The values of Ci) for = 0 are, according to (7*4), 

Cp 05 6*84, ajb 5e 5, 

Cj) == 7*86, ajb = 1*25. 

The agreement is satisfactory only in the latter case. This arises because 
the expansions of Cek^{^) and Sek^{^) are more rapidly convergent for large 
values of Now, = 0-2 for ajb 5 and « M for ajb » f, and the one 
term approximations for and Gek-^{l^) prove to be satisfactory only 

for the latter case. 

Also, the neglecting of higher harmonics, namely ccj, etc., is hardly 
justified in the case when ajb « 5. 

In the case when ajb = 1*26, on the other hand, the omitted terms are of 
lower order of magnitude, and the obtained results can be considered as 
valid to a first approximation. 

I wish to thank Professor L. Bairstow, F.R.S., and Dr. W. G. Beckley for 
valuable help and many useful suggestions. 


Summary 

The equations of motion of a viscous fluid round an inclined elliptic 
cylinder have been solved by Oseen*s approximation, the solution being 
expressed in Mathieu functions. The complete stream function for no slipping 
on the surface of the cylinder has been found and formulae for lift and drag 
at very small Reynolds numbers < 4 have been obtained. It remains for the 
future to extend the computations to larger values of Reynolds number. 

Incidentally, an expression is found for Green’s function for a plane 
external to an ellipse. 

For an ellipse with the ratio of major and minor axes of 1*25 and Reynolds 
number 3*3 the calculated values of the lift and drag coefl&cients and the 
ratio of lift to drag are shown in § 7. A maximum lift coeflScient of about 1 *1 
is reached at an angle of incidence of 46*’, 

The drag increases continuously with increase of angle of incidence and 
the ratio of lift to drag has a maximum of about 0-22 at an incidence of 39*’. 
Whilst no experimental results exist for such small Reynolds numbers the 
general type of curve is that for aerofoils. 
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Reversible Oxidation of Chlorophyll 

By E. Rabinowitch and J. Weiss 

From the Sir WiUiam Ramsay Laboratories of Inorganic and 
Physical Chemistry, University College, London, W.C. 1 

{Communicated by F. 0. Donnan, F.R.S.—Received 29 May 1937) 

In studying the photochemical behaviour of chlorophyll solutions we 
found some simple reactions of this substance which have apparently 
esoajied attention. We observed that chlorophyll is transformed by certain 
oxidizing agents, e.g. ferric chloride, into a yellow product from which it 
can be easily regained, e.g. by the action of ferr 6 us chloride. The equilibrium 
between chlorophyll, its yellow transformation product, ferric and ferrous 
iron is shifted by light towards the yellow form. 

In this paper we present the results obtained so far in the study of the 
thermal reaction. The influence of illumination was dealt with in a pre¬ 
liminary paper (Rabinowitch and Weiss 1936 ) and will be described in 
detail on a later occasion. 
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1 — Extinction Ctjeves of CHLoaopirxxii a, ChlokophyIiL b, 

AND Ethyl Chlorophyludb 

We have measured the extinction curves of ohlopophyll a, chlorophyll b, 
and of the mixed ethyl chlorophyllides a and b. These three preparations 
were kindly supplied to us by Professor A. Stoll (Basle), to whom our 
sincere thanks are due. 

The arrangement consisted of a 1000 o.p. pointolit© lamp, a condenser 
lens, a Hilger-Miiller double quartz monochromator, and a selenium 
“Sperrschicht” photocell {Electrocell) connected to a Zemicke galvano- 



Fia. 1—^Extinction curve of chlorophyll a. 

... This paper (meth. alcohol). — Zscheile (ether). 
O Ghosh and Sen Gupta (acetone). 


meter (Zc., ~ 10~^® amp./mm.). Two plane-parallel glass cells (1 cm. thick) 
were fixed on a sledge and placed alternatively between the exit slit of the 
monochromator and the photocell. On© cell was filled with chlorophyll 
solution, and the other witlf pure solvent. / and Jq values were determined 
for wave-lengths between 3600 and 7000 A, in steps firom 60 to 60 A, with 
slits adjusted so as to isolate bands 10-20 A wide from the continuous 
spectrum of the lamp. In order to control the steadiness of the lamp, two 
4 readings were taken for each wave-length, with an I reading between 
them. 

The samples were weighed and dissolved in methyl alcohol; they wete 
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used for the measurementa not later than a few hours after dissolution. 
Figs. 1 and 2 show the molecular extinction coefficients e (ficd — logiofo/^) 
of the two chlorophyll components. The full lines are the curves given by 
Zscheile (1936). In the case of chlorophyll a, the two curves are roughly in 
agreement, although Zscheile’s bands are sharper and—especially the red 
one—^higher than ours [e(0600A) =«= 4*6x 10* according to our measure¬ 
ments, against 6*8 x 10* according to Zscheile], The position of the violet 
maximum is also somewhat different (4200 against 4275 A). 



Fig. 2 —Extinction curve of chlorophyll 6. 

... This paper (meth. alcohol). — Zscheile (ether). 
O Ghosh and Sen Gupta (acetone). 


In the case of chlorophyll b, the differences are greater, the maxima of 
the two bands being 4650 and 6560 A, according to our measurements, 
instead of 4626 and 6460 A, according to Zscheile. We observed that the 
extinction curve of chlorophyll 6 changes with time; that of a 2 weeks old 
solution was much nearer to Zsoheile’s curve than the one determined im¬ 
mediately after dissolution. Fig. 3 shows this for the violet-blue band. 

These discrepancies illustrate the difficulty of using extinction coefficients 
for quantitative analysis of a-(-6 chlorophyll mixtures, as suggested by 
Ghosh and Sen Gupta (1931) and Zscheile (1936). The coefficients given by 
Ghosh and Sen Gupta cannot be molecular extinction coefficients because 
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of their order of magnitude, whioh is much too small. If they are moKdpflied 
by 32 (so as to make the “red” maxima coincide with ours), the values 
marked by crosses in figs. 1 and 2 are obtained. 



Fio. 3—Violet bund of chlorophyll 6. 

5 Udas^^oM solution} “ *''' Z^heile’s curve (in ether). 

Zsoheile’s curves refer to ether solutions, ours to solutions in methyl 
alcohol, which may account for some differences (Hubert 1935 ). Ghosh and 
Sen Gupta used acetone as solvent. 

Fig. 4 shows the extinction curve of the “natural” mixture of the ethyl 
chlorophyllides a + b. The two maxima in violet and blue (4200 A, probably 
due to a, and 4650 A probably due to b), as well as the “red” maximum 
(6600 A) are the same as in chlorophyll. The violet band is in this case scarcely 
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higher than the red one. This is due mainly to the ooinddenoe of the red 
bands of a and 6 , whereas the violet bands of the two components are almost 
completely separated. The absolute value of the “red” maximum is, how¬ 
ever, also higher than in chlorophyll (e^ax — 5*5 x 10 * for ethyl chlorophyllide 
a-f 6 , as against 4*5 x 10 * for chlorophyll a, and 3*5 x 10* for chlorophyll 5). 
Stern and Wanderlein ( 1936 ) observed that the substitution of methyl for 
phytyl causes a still stronger increase in the intensity of the red band: the 
maximum extinction coefficient of methyl chlorophyllide a (in dioxan) in 
the red is 10 x 10 *, at 6600 A (dotted curve in fig. 4). 



Fio. 4—Extinction curve of ethyl ohlorophyllid© a + b. 

— This paper (in CHgOH). -Stern (methyl-chlorophyllide a in dioxan). 


2—The Reaction of Chlorophyll with Ferkio Chloride 

All three preparations—chlorophyll a, chlorophyll 6 , and ethyl chloro¬ 
phyllide a+ 5—immediately change their green colour into yellow on the 
addition of FeCl^ or other ferric salt. Most of the following experiments 
were done in methyl alcohol solution, but the same reaction was also 
observed in ethyl alcohol and in acetone. 

(a) Extinction Curve —The yellow colour of the reaction product suggests 
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the disappearance of the red absorption band. This is confirmed by absolu¬ 
tion photographs taken immediately after the reaction. A few minutes later, 
however, the green colour begins to reappear slowly—a process which will be 



Fig. S—Rod band of chlorophyll a. 

• Original. ® Restored by NaCl. 

® Oxidized by FeClj. Q Restored by 8ta3dng. 

O Restored by FeCl,. 

discussed in §6. This “self-regeneration” of the green pigment makes the 
exact photo-electric determination of the extinction curve of the yellow 
reaction product difficult, a full set of measurements requiring about 2 hr. 
Fig. 0 gives a rough extinction curve of chlorophyll a in the red after 
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reaction with FeCIj, measured in the course of the first 5 min. after the 
reaction. It shows already an indication of the reappearing red band. 

The violet band of cldorophyll a is not essentially affected by reaction 
(fig. 6) below 4100 A; the extinction coefficients in the interval 4100-4500 A 
are, however, lowered, and the maximum shifted from 4200 to 4100 A. 



Fig. 6—^Violet band of chlorophyll a. 

• Original. O Restored by FeClg, 

P Oxidized by FeClg. (3 Restored by NaCl. 


Pigs. 7 and 8 show the extinction curves of chlorophyll b immediately 
after reaction with FeCls. The red band (fig. 7) has nearly vanished. The 
violet band (fig. 8) is more strongly affected than in the case of chlorophyll a; 
the maximum at 4660 A is lower, and a new maximum has arisen at 4300 A. 
(Only a slight indication of this maximum is found on the extinction curve 
of pure chlorophyll b.) This is the beginning of a slow reaction (obviously 
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different from the one which causes the disappearance of the red band). 
Curve C in fig. 8 shows the appearance of the violet band 4 hr. later: only 
tracses are left of the original maximum at 4650 A, the new maximum at 
4300 A having grown at its expense. The violet band of the so transformed 
chlorophyll h lies near to that of chlorophyll a ^ against 4200 A 

in a). The extinction curve of ethyl cldorophyllide a-f 6 after reaction with 
FeCl 3 shows that the two components behave in the same way as in the case 



Fio, 7—Red band of chlorophyll 6. 


• Original. 3 Restored by NaCU 

@ Oxidized by FeCh- B Restored by staying. 

O Restored by FeCl*. 


of chlorophyll itself. The red band disappears, the hump of the violet band 
at 4650 A—obviously due to the 6 component—also vanishes, and the 
maximum at 4200 A is enhanced by superposition of the violet band of the 
transformed b component on that of the a component. 
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V 

These experiments show that FeCIa quickly attacks the **red*’ (and, 
much less strongly, also the violet) ohromophoric group of both chlorophyll 
components and causes an additional slow change in the ‘ Violetchromo- 
phoric group of the b component. 



Fig. 8—Violet band of chlorophyll 6. 

A • Original (14 days old C ® Same* 4 hr. later, 

solution in CHjOH), D O Same, 23 hr. later. 

B O Same + FeCls at once. E gj Same, 72 hr. later, 

(6) Fluorescence —With the disappearance of the red absorption band, 
the red fluorescence of chlorophyll also vanishes. It is known that it can be 
excited by absorption both in the red and the violet. The yellow reaction 
products of chlorophyll and FeCl, still strongly absorb in the violet; 
fluorescence is, however, nearly absent. 

The intensity of chlorophyll fluorescence can easily be measured by using 
complementary filters, as shown in fig. 9. With Wratten No. 47 (violet- 
blue) +1 cm, saturated CuSO* solution in Fj, and Wratten No. 25 (red) in 
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F^, no light is perceptible even by looking straight into the cr&tei of the arc— 
unless red fluorescence is emitted from A. By placing the red filter, with the 
photocell PC behind it, in F'^, at right angles to F^, the fiuoresoent tight can 
be measured without any disturbance by scattered light from the arc. 


PC 



Fig. 9— CA, carbon arc; Co, condenser lensj F,, Filter Wratten No. 47; F, (or Fi) 

Filter Wratten No. 2,5; Cu, CuSO, solution; A, rectangular cell; PC, photocell. 

We found in this way, in chlorophyll + FeCl, solutions immediately after 
mixing, a fluorescence intensity of about 20-30 % of that of the original 
chlorophyll. This residual fluorescence is probably due to a certain pro¬ 
portion of unchanged chlorophyll being still present in the solution. More 
exact measurements are impossible because the yellow products are 
extremely sensitive to violet light (see §3). 

(c) The Nature of the Reaction of Chlorophyll with Ferric Iron —Three 
possible explanations of the reaction of chlorophyll with ferric chloride are: 

( 1 ) Formation of some substance containing chlorophyll and ferric iron. 

( 2 ) Isomerization of chlorophyll catalyzed by FeCl,. 

(3) Oxidation of chlorophyll and reduction of ferric to ferrous chloride. 

The first assumption is improbable because none of the known compounds 

of chlorophyll with metals (i.e. products in which magnesium is exchanged 
for another metallic element) can be obtained with such ease; neither can 
the original pigment be regenerated directly from these substitution pro¬ 
ducts (as this is possible with the substance obtained by reaction with 
FeClg, see below). The second assumption is analogous to the one suggested 
recently by Fischer ( 1936 ) as an explanation of the so-called “phase-test 
reaction which in the case of chlorophyll .a and its derivatives consists in 
a temporary appearance of a yellow coloration (“yellow phase”) in the 
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reaction of chlorophyll a with concentrated alkali. Fischer assumed that 
the yellow colour is due to enolization in the isocyclio ring. Stern ( 1936 ) 
and collaborators concluded, however, from extensive measurements of 
absorption spectra of chlorophyll derivatives, that the existence of a red 
absorption band is characteristic of the heterocyclic ring system (so-called 
di-hydroporphine system) underlying the structure of the chlorophyll 
molecule. Its presence is not affected by substitutions in the side-chains 
or in the isocyclic ring, nor by a disrupture of this ring; the red band is, 
however, reduced to about half its original height by removal of the com¬ 
plexly bound Mg, and disappears practically by dehydrogenation of the 
di-hydropyrrol ring. It is therefore not improbable that the '‘yellow phase 
differs from the original chlorophyll more than by an enolization in the 
isocyclic ring. It is worth mentioning in this connexion that the reaction 
with ferric salts is shown by "aged” ("allomerized”) chlorophyll solutions, 
which have completely lost the capacity of giving the "phase test”, in the 
same way as by freshly prepared ones. The third hypothesis—which we 
thought to be the most probable—we tried to confirm directly by a sensitive 
reaction of the Fe^ formed by reduction. A positive result was obtained 
by a spot test with aa'-dipyridyl, which forms a red complex with Fe^*. 
If one drop of FeClg, one of chlorophyll and one of aa'-dipyridyl (all dis¬ 
solved in methyl alcohol) are brought together on filter paper, a red spot is 
formed, which is absent if one of the throe components has been omitted. 
Another argument in favour of the oxidation hypothesis is the fact that the 
same reaction can be produced also by other oxidizing ions, e.g. (see § 6 ). 

The first stage in the oxidation of chlorophyll by FeClg is in all prob¬ 
ability the transfer of an electron from the chlorophyll to the ferric ion: 

( 1 ) Chi -i- Fe 8 + Chl+ + 

The oathion Chl+ may be stable enough to persist as such in solution, 
subject to an equilibrium with anions present, e.g. 

(2) Chl+ + Cl-i^ChlCl, 

or else it may dissociate, liberating an H+-ion: 

( 3 ) Chl^*- H+ + monodehydro-chlorophylL 

It is also possible that the oxidation goes one step farther, leading to 
Chl*+ (or to the corresponding neutral molecule ChlC^), or else to the 
didehydro-ohlorophylL The reversibility of the oxidation—^which will be 
demonstrated in the next section—can, however, be taken as an indication 
of it not going beyond the unstable stage—that of the radioal-like odd 
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molecule Chl+ (or mono-dehydroohlorophyll). We shall pnmtd<uuJly call 
the “reversible” oxidation product the "oxy-chlorophyll”. 

We cannot say which part of the molecule is affected by the reaction. 
It is shown both by chlorophyll and by ethyl chlorophyllide, but no analogous 
change occurs with the pheophorbide. Neither a change in colour, nor a 
reduction of Fei“ can be observed in solutions in which the magnesium has 
been removed from the chlorophyll molecule and the latter converted into 
the pheophorbide by an acid. We made some experiments in order to see if 
positive chlorophyll ions are actually formed by reaction with FeCl 3 , as 
according to ( 1 ). The mixture was placed at the bottom of a U-shaped tube; 
pime FeCls solution was filled on top of it on both sides. A potential of 220 V 
was applied between a Pt cathode and an Ag anode. On the cathodic side 
a movement of the boundary between green and yellow solution was 
observed. After a certain time a green la 3 mr was formed half-way to the 
cathode, separated by a yellow zone from the green solution at the bottom. 
A possible explanation of these effects is that colourless (or yellow) Chl+ ions 
move to the cathode and are converted back into Chi molecules by reaction 
with Fe®+ diffusing fi^m the cathode (where it has been formed by reduction 
ofFe«+). 

These experiments are preliminary; they indicate, however, the formation 
of some kind of positive chlorophyll-ions by reaction with Fe®®. 

Reaction ( 1 ) goes very quickly (in a few seconds), but not instantaneously. 
If solutions of Chi and FeClj are cooled to — 80°C. before mixing, the 
change in colour is visibly delayed. Another observation showing that a 
certain energy is required for reaction ( 1 ) is that it is accelerated by light. 
This follows from experiments on the shifting of the oxidation-reduction 
equilibrium (15) by illumination, which were mentioned in our preliminary 
note ( 1936 ), and will be discussed in full on a later occasion. 

3—Regeneration of Chloeophyix by Ferrous Chloride 

The yellow solution of chlorophyll oxidized by FeCls regains its original 
green colour upon addition of FeGg. This reaction occurs instantaneously 
even at - 80° C. If FeCl, is added first, no change in colour at all occurs by 
subsequent addition of FeCl,. The extinction curve of the regenerated 
chlorophyll a, is, if the regeneration has been carried out immediately after 
the oxidation, identical with that of the original substance, both in the 
violet and in the red (figs. 5 and 6 ). If FeClj is added, not immediately after 
reaction with FeCls but some minutes later, only a partial restoration of 
the red band is observed. In the case of chlorophyll b, the red band is 
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restored without essential alteration (fig. 7). The differences between the 
curves A, C, D, and E in fig. 7 are probably due to different ages of the 
solution (see p. 263). The violet band remains at first in the shifted position 
shown by fig. 8, curve C, 

In the case of ethyl ohJorophyllide a + 6, the hump at 4600 A remains 
absent and the maximum at 4100 A enhanced after the restoration of the 
red band by FeClj, showing that the two components of the ethyl chloro- 
phyllide behave in the same way as in the case of chlorophyll itself. 

The reaction with FeCl 2 presents itself, in the case of chlorophyll a, as a 
reversal of the oxidation process (1), i.e. if we assume (1) as an oxidation 
process: 

(4) Chl+4-Fe^^-*>ChI + Fe3^ 

In the case of chlorophyll 6, on this quick reversible process there is 
superimposed a slow one, affecting the violet chromophoric group—a group 
which in the b component must be different from the corresponding group 
of the a component. 

The regeneration of chlorophyll by Fe^^ is accompanied by a restoration 
of fluorescence. If the reduction has been carried out immediately after 
oxidation, the original fluorescence intensity is restored. If, however, some 
minutes elapse between oxidation and reduction, the fluorescence is weaker 
than before, although the green colour reappears even if the solution has 
been kept in the oxidized state for several hours. 

The regeneration of the green pigment by Fe” becomes impossible after 
the oxidized solution has been exposed to light for a short time (violet 
and blue light being alone active). 

An irreversible change also occurs on addition of water to the oxidized 
solution. The first few drops of water cause sometimes a spurious reappear¬ 
ance of green colour; by addition of more (say 20%) water the colour 
changes to a straw yellow, which is not affected any more by addition of 
FeClj. Even if FeClg was added before HjO, the subsequent addition of 
water causes a slow disappearance of the green colour. 

The assumption that the action of Fe“ is to reverse the reaction due to 
Fe^ and not merely to produce a new substance with an absorption spec¬ 
trum very much like that of chlorophyll itself, is corroborated by the 
observation that the whole cycle can be repeated. By adding first FeCl,, 
then FeCl 2 , to a chlorophyll solution, evaporating the mixture, extracting 
the iron salts with water and dissolving the residue in methyl alcohol, a 
green solution is obtained which can again be bleached by FeCla and 
restored by FeCl^. 
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4—^Thk SjOjT Effect 

The yellow oxidized solution of chlorophyll regains its green colour also 
by addition of salts soluble in methyl alcohol—e.g. CaClj, NaCl, LijCOg, 
and KI. Pigs. 5 and 6 show that in the case of chlorophyll a the extinction 
curve of the green substance obtained in this way is identical with that of 
the original chlorophyll. Fig. 7 shows the restoration of the red band of 
chlorophyll b by NaCl. The violet band remains shifted. 

We cannot yet give a complete explanation of the salt effect. The nearest 
explanation would be to assume that the equilibrium 

(5) Chi + Fein—oxy-Chl + FeW 

is shifted towards the left by increasing the concentration of anions Cl”, 
because of a decrease in the concentration of free Fe®^ ions. Only a part of 
the FeCl 3 molecules are dissociated into ions in methyl alcohol solution, and 
the addition of an equivalent quantity of the strongly dissociated NaCl may 
cause a disappearance of the greater part of the Fe*"’’ ions. A certain diffi¬ 
culty is, however, presented by the fact that a corresponding—although 
less strong—effect can also be observed when Ig is substituted for Pe^ (§ 6). 
Another possible explanation is that the back reaction in (5) is affected by 
NaCl. It would then be necessary to postulate that the reduction occurs by 
way of undissociated molecules ChlCl, formed by reaction (2), which is 
obviously accelerated by increasing the concentration of Cl ions (or other 
anions). 

6—Self-restoration of the Green Pigment. Chlorophyll 

AS Catalyst 

It was mentioned in § 2 that the yellow oxidized solution of chlorophyll 
regains its green colour after some time, even without addition of FeCig. 
Pig. 6 shows the restoration of the original chlorophyll a after it has been 
left standing with FeClg in the dark for 24 hr. (the restoration does not occur 
in the light because of the irreversible changes mentioned in §3). The 
restoration of chlorophyll 6 is shown by fig. 7. Curves D and E in fig. 8 
show that by staying in the dark for several days the blue-violet band of 
chlorophyll b is also slowly restored to its original position at 4650 A. It thus 
appears that the change in the 6 molecule which causes the shifting of this 
band from 4650 to 4300 A is also a reversible process. It is remarkable 
that the red absorption band is more or less completely restored by standing, 
although its complete restoration by PeClj becomes impossible a few minutes 
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after o:xidation. This could be considered as indicating that the * ‘ self-restored 
chlorophyll ’’ is different from the original substance. The following observa¬ 
tions—^besides the identity of the extinction curve—support, however, the 
restoration hypothesis: It can be shown—e.g. by reaction with NH^CNS— 
that the regeneration of green colour by warming, or standing of oxidized 
chlorophyll for 24 hr., is accompanied by a disappearance of Fe*^, in quan¬ 
tities ten or twenty times greater than the equivalent of the chlorophyll 
present. 

The "‘self-regeneration” of chlorophyll is thus due to a slow reduction 
of Fe*^^. The disappearance of FeCla is also shown by the fact that by a new 
addition of FeClg the self-restored chlorophyll can be bleached again. 

No change in concentration of FeCIg was observed after 24 hr. in a ceU 
containing FeClj solution in CH 3 OH without chlorophyll. It thus appears 
that chlorophyll acts as a catalyst for a reduction of FeCl 3 in the dark— 
most probably by oxidation of CH3OH. When the chlorophyll oscillates 
between the original and the oxidized state according to (5), a small number 
of molecules of the oxidized substance return to the reduced state, not by 
reaction with Fe^^, but by oxidizing the solvent. This reaction is obviously 
slow, i.e. it requires an activation energy. The self-regeneration of oxidized 
chlorophyll is delayed indefinitely by cooling to — 8 ()®C., and accelerated 
by warming. 


6—OxiDATION-RKDlTOTrON EQUILIBRIA WITH OTHER ReAGENTS 

A change of colour from green to yellow also occurs when ceric saltSj 
iodine or cupric chloride are added to a chlorophyll solution; hydroquinoney 
potuasium iodide and cuprous chloride cause the green colour to reappear. 
In the case of CuCl„ the “self-restoration” of the green colour occurred 
very quickly (i.e. in the course of a few minutes). The addition of sodium 
chloride causes a reappearance of the green colour, also in the reaction with 
iodine, although the recoloration goes much more slowly than in the 
reaction with ferric ions. 

We see the importance of these results for the chemistry of chlorophyll— 
and |>oasibly for the part played by this pigment in the photo-reduction of 
carbon dioxide—in the demonstration of the fact that Chi yields a highly 
reactive oxidation product, from which it can easily be regained by reduc¬ 
tion. This property enables chlorophyll to act as an oxidation-reduction 
catalyst, even in the dark. Experiments on the influence of illumination 
on the oxidation-reduction equilibrium show that light absorption increases 
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the tendency of chlorophyll to be oxidized, i.e. -enhances its capacity of 
acting as a reduction catalyst. 


Summary 

In this paper some experiments are described showing that chlorophyll 
reacts with certaiji oxidizing agents—especially with ferric ealte —forming 
a yellow product, from which it can be easily regained, for instance, by the 
action of ferrous salts. 

Photoelectric measurements were made of the extinction curves of ; 

I. The methyl alcohol solutions of chlorophyll (both the pure chloro¬ 
phylls a and 6 , and the “natural” mixture of the two ethyl chloro- 
phyllides). 

II. The solutions of the same three substances after reaction with FeCls* 

HI. The same solutions “restored” by PeClg. 

Solution (II) showed the complete absence of the characteristic red 
absorption band of chlorophyll, whereas in solution (III) this band was 
restored to its original shape. 

Fluorescence of chlorophyU was shown to drop to 20-25 % of its original 
value by addition of FeCl^, and to reappear in its original strength by 
addition of FeCljj. 

These experiments are explained by the assumption of an equilibrium 
Chl4*Fe^^^^oxy-Ch]+ Feii, where oxy-Chl is an oxidation product which 
may l>e, for instance, a positive ohlorophyU-ion, or a dehydroohlorophyll. 

The oxidation theory of the reaction of chlorophyll with Fa^^^ is confirmed 
by a sensitive test for Fe« in a mixture of chlorophyll with FeClg. The rever¬ 
sible character of the reaction is verified by the possibility of repeating the 
cycle after separating the “restored” chlorophyll from the iron salts. 

It is further shown that chlorophyll is also restored in the solutions 
decolorized by FeOljj by keeping them for several hours in the dark at room 
temperature. This is due to the disappearance of FeClg, which apparently 
oxidizes the solvent (CH3OH) in the presence of chlorophyll. Chlorophyll 
is thus able to act as an oxidation-reduction catalyst in the dark. The 
reaction of chlorophyll with ferric chloride is accelerated by illumination. 

Further experiments described show the instability of the “oxychloro- 
phyll towards light and water, the influence of salts upon the equilibrium, 
the special effects obtained in the violet absorption band of the 6 component, 

and the analogous equilibria obtained in the systems Ce*^_ 0 e*+ _Cu^ 

and Ij—1“. 
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On the Nature of Atmospherics—V 

By R. A. Watson Watt, the late J. F. Heb» and F. E. Lutkin 
Radio Department, National Physical Laboratory 

{Communicated by Sir George Simpson, F.R.S.—Received 4 June 1937) 

[Plates 11 , 12 ] 

Despite the defects and limitations of the methods described in the first 
three papers of this series (Watt and Appleton 1923 ; Appleton, Watt and 
Herd 1926 ), which were recognized from the first and towards whose elimina¬ 
tion continued experimental work was directed, it was considered desirable 
to make a preliminary survey of the problem of the wave form of atmo¬ 
spherics without awaiting the results of this developmental work. Extensive 
series of observations were therefore made in the Red Sea and Indian Ocean, 
in Egypt, and in the Anglo-Egyptian Sudan, with “control” observations 
in south-east England. In all of these series one or more of the present 
authors participated as observers. While no detailed discussion of the 
results is at present proposed, the general features of the survey are presented 
in Tables I-VI (see pages 286-291), in the form which was adopted for 
Table II of the second paper of this series. 

The authors’ own criticisms of this early technique fell into two main 
groups: those arising from the impossibility, at the time of the early obser¬ 
vations, of obtaining photographic records on any economically attainable 
basis of adequate sampling, and those arising from the lack of sufficient 
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knowledge as to the place of origin of the disturbances studied. Some of 
the criticisms made by other workers, however, ai>peared to be bcused on 
misconception of matters discussed in the earlier papers. It is not now 
necessary to discuss these criticisms at length; one of the most important 
points at issue was very fully discussed at the Copenhagen meeting of the 
Union Radio Scientifique Internationale, and this discussion resulted in the 
complete acceptance of the argument of the papers, that the time constant 
of the input circuit, if sufficiently high, did not modify the apparent duration 
of the field change when the initial and final field values were sensibly the 
same. Ad hoc photographic tests by the authors, on large-aerial systems of 
the type used in the earlier work, in which the time constant was varied 
over wide limits had, in the interval, confirmed the view that sensible 
distortion of the recorded form only occurred when the time constant fell 
to the abnormally low value of about four times the duration of the field 
change to be delineated. 

The improvements in technique which have enabled us to resume dis¬ 
cussion of the nature of atmospherics have already been outlined in a 
publication in which two of us were associated as authors with our colleague 
Mr. L. H. Bainbridge-Bell (Watt, Herd and Bainbridge-Bell 1933 ), and they 
need not, therefore, be discussed here. Mention will, when necessary, be 
made of outstanding problems of tech nique in relation to results illustrating 
or suggesting the need for special care in interpretation. 

The present discussion is concerned with two main series of observations, 
in which the wave forms and apparent directions of arrival of individual 
atmospherics were recorded photographically at the two ends of the 
560 km, base-line Slough (5r29'N., 0°34'W.)—Leuchars (56^23'N., 
2 ^ 52' W.). The Slough installation for the delineation of wave form com¬ 
prised a T-aerial of 26 m. geometric height, with a single-wire top 600 m. 
long, connected to the resistance-battery coupled amplifier described in 
Paper II of this series. 

The output from the amplifier was arranged to produce horizontal de¬ 
flexion of the cathode-ray spot and the resulting patterns were photographed 
on moving film which provided the time scale for opening up the patterns. 
Film speeds of J m./sec. and later 1 m./sec. were used, and these speeds, 
with a fine-grained film emulsion, with the new cathode ray tubes giving 
a very much finer s|K)t than had hitherto been obtainable, and with a camera 
lens of high resolving power, enabled frequencies up to a few kilocycles per 
sec. to be sufficiently opened for analysis. 

At Leuclmrs the aerial system was of smaller dimensions than that at 
Slough, the geometric height being 16 m. and the single-wire roof 66 m. long. 
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The pairs of photographs reproduced in figs. 3a, b, c, Plate 11 , are perhaps 
the most directly convincing evidence that the recorded wave forms at the 
two stations are not sensibly influenced by the substantial diflferenoes in 
aerial and grid-circuit characteristics at the two places. 

At both stations the photographic recording of apparent directions of 
arrival was carried out on identical installations of the type described by 
Watt, Herd and Bainbridge-Bell ( 1933 , pp. 140 - 71 ). 

The substitution of a moving-film technique for the earlier time-base 
system was justified by the complete sampling which it permitted, in 
resj)ect both of full delineation of each individual field change and of the 
whole of the changes occurring during the observations, and also by the 
simplification which it permitted in the heavy labour of interpretation 
and measurement. 

The operations were controlled from Slough by means of a line telephone 
link kindly made available by the Engineer-in-Chief of the Post Office; 
this line was used for the transmission of time-marking impulses so that all 
four films (films of wave form and direction of arrival at each end of the 
base-line) bore time marks from a signalling apparatus at Slough. This 
apparatus impressed short trains of an oscillation of 1000 c./sec. on all four 
oscillographs at intervals of 1 sec. (in later work at intervals of 0*2 sec.), with 
characteristic signals at each half-minute and minute. The certainty with 
which an individual atmospheric can be identified at each station, and the 
substantial identity of the principal features of the disturbance stream at 
the two stations 560 km. apart are illustrated by figs. 4a, 6 , c and d, Plate 12 . 

The first series of records to be discussed was made during August and 
September 1931. In this series simultaneous directional records were made 
at both stations, but wave-form records at Slough only. The film speed for 
directional recording was 2 cm./sec., for wave-form 50 cm./sec. 

In the course of this first series the increased prominence of the high 
audio-frequencies in the forms delineated photographically led to the 
replacement of the resistance-battery coupled amplifier by the resistance- 
capacitance coupled amplifier shown in fig. 1 . 

The main reason for using the resistance-battery coupling hod been the 
need for a good response characteristic for the lowest frequencies. This 
involved a sacrifice of the response to frequencies above about 10 ko./sec., 
since the capacitative shunt paths due to the necessary bulk of the coupling 
batteries permitted the higher frequencies to escape amplification. Now the 
observations already discussed have established the fact that the lowest 
frequencies attaining sensible amplitudes in the sj:)eotrum of the delineated 

radiation ” forms were over 100 c./sec. Further, the spurious effects due to 
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the grid-circuit time constants prevented full quantitative utiliaation of the 
trace delineating “net-change” characteristics. Thus it was clear that a 
resistance-capacitance cascade permitting a much improved response to 
the higher frequencies which it was now desired to record would still give 
adequate low-frequency response, while the provision of amplifier time 



Fio. 1—Circuit diagram of amplifier. 1, 2—High-insulation low-capacity terminals. 



oonstants of the same order as those of the input grid circuit would not 
impair the value of the records to any greater extent than did the grid- 
circuit limitations alone. The frequency-response curves of the amplifiers 
adopted are shown for several gain levels in fig. 2. 

The available amplification with this new amplifier was of the order of 
1000 times, so that adequate amplification of atmospherics of much smaller 
amplitude than could be recorded with the old amplifier was obtained. 
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The second series of observations, in which both types of record were 
made at both stations, was made in the period December 1933-January 1934. 
The speed of the wave-form recording film was increased to 1 during 

this period for better resolution of the higher frequency components. The 
relatively low level of atmospheric distiirbanco in this winter period involved 
the use of high gain levels in the amplifiers, so that in tins series some in¬ 
convenience resulted from the recording, superposed on the atmospheric 
wave forms, of signals from long-wave high-power radiotelegraphic stations, 
and of deflexions due to the residual voltage from electric supply networks. 
At each station the 50 c./sec, voltage induced into the recording installation 
from the supply mains was approximately balanced out by a variable e.m.f. 
from a phase-shifting transformer, but irregularities of supply wave form 
and variation with the load on the mains prevented the complete main¬ 
tenance of compensation. Some small proportion of the delineated forme 
were rejected because of the impossibility of freeing their measurement 
from doubts due to this superposition. 

The examination of the photographic records from the earlier series 
revealed the fact that while the prominent general features of individual 
forms had been delineated correctly in the earlier eye-and-hand work, a 
very important relation between form and distance of origin had, on account 
of the recognized limitations already mentioned, escaped detection. The 
examination of records from sources at distances varying from approxi¬ 
mately 200 to 4000 km. confirmed the previous conclusion that the typical 
composite atmospheric'** consisted of a succession of comparable elements, 
separated by time intervals of the order of 10-60 msec. (cf. fig. 6). Each such 
element, however, was now found to comprise a “slow” component very 
closely comparable with those delineated in the earlier work, and an 
“oscillatory” component, containing relatively high-frequency elements, 
also comparable with forms previously delineated. The essential novelty of 
these 1931 results was that the temporal incidence of the higher frequency 
elements relative to the lower was controlled by the distance between the 
observing station and the discharge channel. In very few cases were ** slow ” 

• Wo do not propose to enter into any long diaciission of what is meant by the 
term “on atmospheric”. Such discussion as has been published in the interval 
between Papers III and IV of this series seems to us to be unnecessary and undesir¬ 
able in the present state of our knowledge. We propose to apply the term *'an atmo¬ 
spheric” indiscriminately to the relatively long-sustained group of field changes 
which the radiotelegraphist calls an atmospheric, and which one of ua has shown to 
persist in some cases over a period of 1 to 5 sec, (Watt 1927 , 1929 ) and to the shortest 
discrete component of the group, a component which may have a duration of a 
fraction of a millisecond. In any adequate discussion the context should obviate 
confusion, and there is as yet no sound physical basis for a closer definition. 
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forms recorded without traces of an accompan3dng ‘'oscillatory’* form, 
although in a (ronsiderable number of cases the "oscillatory** form was 
delineated without a corresponding "slow" form. In such cases the whole 
atmospheric seemed to consist of a succession of the simple oscillatory trains, 
separated by quiet periods of the kind mentioned. 

In the case of atmospherics radiated from sources within some 200 km. 
of the recording station the oscillatory component formed a high-frequency 
embroidery on the slow form, as illustrated in the earlier work. When, 
however, the discharge channel was at a distance of t he order of 2000 km., the 
high-fre<juency components appeared to have outrun those of lower fre¬ 
quency, 80 that the typical element then comprised an oscillatory train 
followed by a slow form which was completely detached from it by an interval 
of sensibly zero field-change, this interval being of the order of a single 
millisecond. 

250 km. 



Fig. 6—Tracings of typical forfne showing the tletachment of the two 
components with increase of distance of origin. 

A typical group of records, traced from enlargements of the original 
photographs, is reproduced as fig. 5; these show the characteristics which 
have just been outlined. While this first series is of historical importance, 
as that in which this very important relation between form and distance 
was first detected and studied, further improvements in technique make it 
desirable to give more attention in discussion to the later series than to 
these earliest photographic studies. It was, in fact, thought desirable to 
delay publication of the results obtained in the reduction work, which was 
carried out in 1932, until the improved methods then being developed could 
be applied to the closer study of this important dispersive phenomenon. 
The relation between form and distance was of the kind to be expected from 
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propagation in a dispersive medium, and^ sinoe ll ’^iks thus likely to throw 
light on the still wider problem of propagition of radio waves through the 
atmosphere, greater temporal accuracy and greater accuracy in location of 
sources were very important. 

In the present part of this discussion it is proposed to deal separately 
with the observed characteristics of the slow and oscillatory comjK)nents* 
and then to proceed to the lelations between them and to their relations 
with the net change of field corresponding to the “electrostatic'’ term. 


The Slow Component 

It was already strongly indicated in the earlier work that the division into 
“quasi'periodic” and “aperiodic" forms did not correspond to any pro¬ 
foundly fundamental phenomena, the apparently aperiodic form having 
most of the quantitative characteristics of the first half-cycle of the quasi- 
periodic form. This division has therefore been abandoned in the present 
discussion—although the systematic differences observed require later 
discussion—and the characteristics will be specified in ttums of a first 
quasi-half-cycle, which may be followed by a second and later half-cycles 
of sensible or of negligible amplitude. The duration of the first lialf-cycle 
varied from 0*5 to 6 or 7 msec.; in the disturbances of small amplitude no 
great accuracy in measurement of the points of departure from and return 
to the base-line was attainable. The mean value of the duration of the first 
half-cycle in the “summer" (1931) series was 2*8 msec., in the “winter" 
(1933-4) series, 5*0 msec, giving an overall mean of 3*7 msec. Later reference 
will be made to the difference between summer and winter means. 

The peak field intensity recorded on the average was, as explained in 
earlier papers, largely determined by the up 2 >er and lower limits of re¬ 
cording. The gain levels used on any particular occasion were set with regard 
to good sampling and economical utilization of film for that occasion, so 
that while in the summer runs full-scale deflexion corresponded to several 
volts per metre, the corresponding value for winter runs was about 0* 1 V/m. 
The average peak field-change recorded in summer was 263 mV/m., in 
winter 7 mV/m., the overall mean 163 mV/m. 

Sign Relations 

Of 370 slow forms observed in the summer series, 296 had the first half¬ 
cycle positive, 74 negative; the 235 winter forms gave 176 positive to 69 
negative. In both series, then, it will be seen that positive forms were more 
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than three times as numerous as negative, the pre¬ 
ponderance being greater in summer. The visual 
series previously reported had shown a value of 1*4 
for this ratio. The considerable difference in the 
summer photographic series may in part be re¬ 
ferred to the fact that a frequent and typical 
summer phenomenon is a sequence in which a large 
negative is followed by a group of smaller positives, 
with time intervals of the 5’-50 msec, order alretuly 
mentioned, as shown in the specimen trace of fig. 6. 
In eye-and-hand recording the negative first dis¬ 
charge would, alike from amplitude and time of 
incidence, be preferentially recorded. 

The mean peak value of negative first half-cycles 
was 1-4 times that of positives. 

The oscillatory coniponent was present in all but 
about 1 % of the recorded forms. It usually took 
the form of a train of some eight or ten oscillations 
of sensible amplitude, and the logarithmic^ decre¬ 
ment of a damped oscillation of approximately 
constant frequency most nearly representing the 
observed decay rate was tabulated for each form by 
visual matching against reference curves. An at¬ 
tempt to specify the sign of the initial departure 
was abandoned as arbitrary; changes of gain-level 
would clearly bring into view or suppress the one 
or two oscillations of small amplitude which were 
involved in the building-up process. The average 
peak amplitude of the summer series was 340 
mV/m., winter 32 rnV/m., of the whole group 172 
mV/m. The equivalent logarithmic decrements were 
for summer 0*8, winter 0-4, overall 0*5. 

The freq-iiencie^ which were prominent within the 
oscillatory component were of the order of 5-20 
kc./seo., the quasi-period of the earliest arriving 
oscillations being shorter than that of the later parts 
of the oscillatory group. The assigning of a mean 
quasi-frequency by the counting of the number of 
principal stationary points in the whole duration 
of the oscillatory group would have produced an 
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arbitrary relationship with amplitude, as the extreme earliest and latest, 
and lowest amplitude, portions of small amplitude groups would have 
escaped measurement. The “prominent quasi-frequency” tabulated is 
therefore that of the oscillations occupying the period of about 0*6 msec* 
centred on the peak amplitude, this peak occurring normaUy, but not in¬ 
variably, very near the beginning of the received field change. The mean 
prominent quasi-frequency in summer was 5-5 kc./sec., in winter 10 
kc./sec., overall 8*5 kc./sec. In the J931 summer series the resolution 
was inadequate, and this may contribute to an explanation of the low 
summer value, but other factors will be considered later. 

It will in fact be found that the steady improvement of technique has 
permitted the photography, since the second main series here discussed, of 
random samples in which a much clearer view of the frequency distribution 
is possible; these will be discussed in a later paper. 

Rklations with Distakce 

Passing from these general indiscriminate averagers, we may now proceed 
to use the data as to approximate distance of origin, which forms the second 
important new feature of the present series. No very liigh precision can 
be claimed for the location of the jdace of origin of any particular atmo¬ 
spheric, for the following reasons. The location is effected by coil direction¬ 
finders; it is subject, therefore, to abnormal-polarization enw. Only two 
stations are used; the fix is subject, therefore, to doubts in triangulation 
which would have been resolved by a third bearing. The base-line is of 
560 km. only, running nearly North and South; it is too short, therefore, for 
accurate location of distant sources, and is ill-oriented for location of 
nearer sources, since English sources can never subtend any great angle 
relative to the base-line. The present application is not, however, one in 
which high precision is required, and it is not considered that any feature 
of the present very general review is in substantial doubt on account of 
errors in location. The data do, however,indicate, as has already been noted, 
a wide field of research into the propagation of low radio freijuencies, in 
which more precise location by direction-finding will be required for satis¬ 
factory progress. It will become increasingly obvious, as discussion pro¬ 
ceeds, that the irregularities in moon curves of the diffei'ent parameters, and 
the scatter about these means, are mainly due to the relatively steep 
variation with frequency of the two main factors in propagation, group 
velocity and attenuation. The present review can hardly go further than to 
show how strongly marked are these relations with frequency, even in the' 
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very narrow frequency band of about 0-5-20 kc./sec^ studied by the methods 
in use. The number of sampling periods discussed does not, for example, 
permit of any discussion of the diurnal variation of these propagational 
characteristics. 

Stringent investigation of the dispersive process which leads to the 
separation of the atmospheric into two discrete portions cannot yet be 
attempted. Qualitatively the phenomena are relatively simple, but the 
interpretation of the qiiantitative data is made difficult by their incom¬ 
pleteness and diversity. Thus the scatter diagram of fig. 7 shows the varia¬ 
tion, with distance from place of origin, of the time interval between the 
first sharply marked excursion identifiable as belonging to the oscillatory 



Distance of origin (km.) 

¥xo, 7—Scatter diagram showing the relation between distance of origin and 
the interval between the slow and oscillatory coraix>nents. 


component, and the corresponding first excursion initiating the slow 
component. But this diagram could only be reduced to a specification of 
group velocities were the form of the field change at the place of origin, 
and the form at the receiver, completely known. The former is unknown, 
but is known to be far from constant. The diagram quite certainly includes 
points representative of many different forms at origin; the relative phases 
of the Fourier components in the originating field change are certainly 
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not constant from one discharge to another, even in the case of discharges 
oioseiy grouped in space and time. The form at the observing station is 
known approximately, but the resolving power of the installations used 
in the series now under discussion was still inadequate for full specification. 

The nature of these difficulties is well illustrated by one specimen group 
of observations. On 21 December 1933, a single run of 30 sec. duration 
showed nineteen atmospherics as proceeding from one small area of about 
1500 miles radius c^entred in the Atlantic, at 45*^ N,, 23"^ W. The peak 
amplitudes of these nineteen, as recorded at Slough, varied from 10 to 
300 mV/m. One which had a jx^ak of 150 mV/m. at Slough had a peak of 
50 mV/m. at Leuchars; another of 40 mV/m. at Slough reached 40 mV/m. at 
Leuchars, and the ratios of peaks at the two places varied from 0*3 to 1*0. 
No simple law relating amplitude with predominant frequency will reconcile 
these values w ith the assumption of a constant standard specification ’’ at 
origin; correspondingly it may be concluded that the possibly simple law 
relating group retardation with frequency will be obscui'ed in the data by 
this diversity at source. 

The difficulty of interpreting fig. 7 may be stated more directly by saying 
that the measured interval will contain two parts, one due to the relative 
lateness in time of occurrence at source of the first high-frequency element, 
the other due to the group retardation of the low-frequency elements 
relative to the high-frequency element, over the trajectory between source 
and observer. The first part is unknowm, and variable from one case to 
another, the second part depends on the siJectrum at source. There is, 
moveovor, a fundamental difficulty in explaining why there should be two 
discrete parts in the atmospheric of distant origin, with an interval of zero 
field change between. The separation int^) two parts and a gap, as opposed 
to a single long train with high frequencies merging gradually into low, 
indicates a gap in the spectrum of the atmospheric, but whether the gap is 
in the spectrum at source or is mainly due to selective absorption, en route, 
of the frequencies between about 1000 and 5000 c./sec., has yet to be 
explored. The hypothesis of selective absorption by the intervention of 
hydrogen ions would be more attractive were there any reasonable ground 
for postulating the existence of hydrogen ions in quantity. 

It is, then, unprofitable to go further at this stage in the handling of fig. 7 
than to say that the group of frequencies round 500 c./sec. appear to travel 
with group velocities some 10 % less than those around 5000-10,000 c./sec. 

The ambiguities due to variation in spectrum are illuminated by an 
examination, which again can be only preliminary and rudimentary, of the 
relative amplitudes and frequencies at Slough and Leuchars. Over the 
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whole of the data the peak amplitude at Leuohars, compared with the peak 
amplitude at Slough in the same atmospheric, varied from 0*2 to 2*0. In 
the specific group already quoted, this ratio varied from 0-3 to 1-0, and the 



Fio. 8—Scatter diagram showing the manner in which the ratio of peak amplitudes 
of the received form at the two stations varies with the predominant frequency. 

plotting of this amplitude ratio against predominant frequency gives a 
curve, fig. 8, of remarkable steepness but reasonable smoothness. It must 
be inferred from this curve that any attempt to investigate attenuation in 
relation to frequency and distance only would be unsuccessful, and that 
the problem must be faced with the realization that the relative attenuations, 
and the closely associated relative group velocities, are dependent on some 
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other factor, presumably the magnetic azimuth of transmission. The trajec¬ 
tories from the Atlantic sources considered to Leuchars are only 4 % longer, 
but 20° nearer the magnetic meridian than are the trajectories from these 
sources to Slough. 


LeuoliarB 




Slough 



Fia, 9—Tracings from records at Slough and Leuchars of two atmospherics from 
the game etorm centre, showing large variations in the relative amplitudes. 


Tracings of the wave forms of two atmospherics from this area as recorded 
at Slough and Leuchars respectively, and occurring within a few seconds 
of each other, are shown on common time and amplitude scales in fig. 9. 
It will be noted that, in these examples, the amplitude of the atmospheric 
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received at Slough, relative to that at Leuohars, was less for the atmospheric 
with the higher leading frequency, as suggested by fig. 8, 

This complicating differential effect has been mentioned os a further 
indication of the variety of factors intervening to produce, from an esta¬ 
blished diversity of forms at origin, a still greater diversity of forms at the 
observing stations. It offers, in fact, a convenient occasion for the general 
remark that all the quantitative data given in the present paper must be 
treated as the product of insufficient sampling by processes of insufficient 
resolving power, and so, as indicative of trends and orders of magnitude 
only. Any attempt to explore or explain the minor details of the curves 
shown would, in the authors^ view, be uneconomical, since the improvements 
in technique now being effected offer the prospect of much more satisfactory 
observational material in the near future. It should, however, be said, on 
the other hand, that such discussion as is here given in broad outline is 
believed to be statistically justified; we are, in fact, anxious to make avail¬ 
able just so much of the broad outline as is reasonably established, and to 
avoid any appearance of a precision which the distribution and the technique 
do not justify. 

Reverting to the limited and simplified summary of the Slough observa¬ 
tions alone in relation to distance from source as determined by Slough and 
Leuchars jointly, we present in fig. 10 a series of curves relating the mean 
values of important parameters to distance from source. It will be seen 
from these figures that the time interval between the start of the oscillatory 
component and that of the slow component varies from about — 1 msec,, 
sometimes reaching — 3 msec, near the source (the oscillatory component in 
this case starting at this time interval after the start of the slow component), 
through zero at about 500 km. to about msec, (the high frequencies now 
leading) at about 3000 km. 

The oscillatory component, which usually builds up to its maximum 
amplitude in one or two oscillations, and decays to negligible amplitude 
aft^r some six or more oscillations, has predominant quasi-frequencies of 5 
or 6 kc./sec. at its head up to 300 km., and the predominant and leading 
frequency increases to 10 kc./sec. at about 2600 km. The peak amplitude of 
the oscillatory component decays with distance from values of the order of 
600 mV/m. at 100 km. to 200 mV/m. at 1000 km. and to 25 mV/m. at 
4000 km. 

The slow component, which has a peak amplitude of 126 mV/m. at 
100 km., decays to 60 mV/m. at 500 km. and to some iO mV/m. at 4000 km. 
The duration of its first ^‘half-cycle” appears to decrease froiU about 2-5 
msec, at 100 km. to a minimum of 1-4 msec, at 800 km. Thence it increases 
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Fio- 1<)—Curves showing variation with distance of origin of a, peak amplitude of 
oscillatory component; b, frequency of oaoillatory component; c, duration of first 
half-oyole of slow component; d, p<^ak amplitude of slow component; e, interval 
between oscillatory and slow; /* ratio-amplitude of oscillatory to amplitude of slow. 


kc./sec. volts/metre Ratio 
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to some 3*5 msec, at 1000 km. and to about 4-5 msec, at 2000 km. It is 
reasonably strongly indicated that at 4000 km. from the source the mean 
duration is still increasing, from its value of about 6 msec, there, at a rate 
of the rough order of + 1 msec, per 1000 km. 

The ratio of amplitudes of the oscillatory to the slow' portion of the whole 
atmospheric thus falls off with distance, but the oscillatory component is at 
all normal distances of' greater amplitude than is the slow. It is, however, 
possible to trace in some of the groupings of field changes (each group 
emanating, so far as can reasonably be inferred, from the discharge processes 
at a single source) much smaller oscillatory components preceding the main 
one. One example may be seen in fig. 3c, Plate 11 . This precursor is usually 
about one-tenth of the main oscillatory component in amplitude, and pre¬ 
cedes it by an interval of the order of a millisecond. The quasi-frequencies 
contained in it are still higher than those already discussed, atid are not, in 
fact, adequately resolved at a film speed of 1 m./sec. Further attention is 
being devoted to these higher quasi-frequencies; meanwhile a specimen 
record at a film speed of 10 m./sec. is shown in fig. 11 to illustrate the nature 
of this ])recur 8 or. It is not possible to exclude completely the hypothesis 
that this further separation is enhanced, or even produced, by the differences 
in group velocity with frequency which separate the main oscillatory com¬ 
ponents from the slow form. It is, however, very much more probable that 
the precursors are radiated during those minor discontinuities in the (a) 
portion of the discharge (Apf)leton and Chairman 1937 , p. 19 ) which have 
already been associated with the discontinuities in the leader stroke 
identified by Schonland, Malan and Collens ( 1935 ). 

About one in every twenty of the oscillatory forms recorded may be found 
to resemble No. b of fig. 3, Plate 11 . It would appear that in such cases the 
originating discharge takes the form of some twenty or thirty component 
discharges each radiating a decaying oscillatory train similar to the typical 
oscillatory component discussed above. This whole sequence appears to be 
associated with a single slow form and occupies a time interval of a few 
milliseconds only. In the case of these sj^ecial forms again a higher photo¬ 
graphic resolution is required than that |)ermitted by the simple 1 m./sec. 
film recording, and further studies at higher film speeds will be discussed 
in a subsequent paper of this series. 

The work described was carried out as part of the programme of the 
Radio Research Board of the Department of Scientific and Industrial 
Research. We are indebted to our colleagues in the Radio Department of the 
National Physical Laboratory for much assistance; we wish to mention in 
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particular Mr. G. H. Culver, who carries out, single-handed, the work of the 
Leuohars observing station. 

In relation to the material summarized in Tables I to VI we are indebted 
to many authorities and individuals for special facilities and co-operation. 
The work resulting in Table I was done in association with the Admiralty, 
and Messrs. C. E. Horton and J. W. Drabble of H.M. Signal School co¬ 
operated in the experimental and observational work. The work leading to 
Table III could not have been carried out without the generous co-operation 
of the Admiralty, the War Office, and the Physical Department of the 
Government of Egypt. Particular thanks are due to Dr. H. Knox-Shaw, 
then Director of Helwan Observatory, and to Major (now Colonel) J. P. G. 
Worlledge, Royal (.^orps of Signals, and his officers. The work summarized 
in Table V was mode possible by the cordial co-operation of the Government 
of the Sudan, and special thanks are due to Bimbashi H. Williams of the 
Department of Posts and Telegraphs at Khartoum. 


Summary 

The results of eye-and-hand delineations of atmospheric wave forms 
observed in the Red Sea and Indian Ocean, Egypt, the Anglo-Egyptian 
Sudan and in ‘‘controP’ observations in south-east England are presented 
in tabular form. 

Photographic recording of wave form and of apparent direction of arrival 
at the two ends of a 560 km. base-line reveals the details of the dispersive 
process by which the higher frequency components, travelling with a higher 
group velocity and subject to heavier attenuation than the lower frequency 
components, form, at distances over some 500 km., a discrete oscillatory 
component preceding and completely detached from a slow form of the 
type delineated by the eye-and-hand method. The principal characteristics 
of the resulting dual wave form are plotted against distance over ranges 
up to 4000 km. 

The oscillatory component is shown to contain prominent frequencies of 
the order of 5-20 kc./sec., and to have peak amplitudes falling from 500 
mV/m. at 100 km. to 26 mV/m. at 4000 km. The slow form, with peak 
amplitudes of 125 mV/m. at 100 km. and 10 mV/m. at 4000 km. has a first 
half-cycle” whose duration lies between 1-5 and 2*5 msec, in the first few 
hundred kilometres and rises to 6 msec, at 4000 km. 

Some of the complexities in the factors controlling relative amplitudes 
and structure at the two ends of the base-line are briefly indicated* 

The occurrence of a **precursor” of small amplitude, comprising still 
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higher frequency components, and approximately a millisecond in advance 
of the main oscillatory component, is provisionally associated with the 
discontinuities in the leader stroke identified by Schonland, Malan and 
Collens. 
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The Behaviour of an Osglim Lamp 

I—Introduction, Drift, Equilibrium and A.C. Bridge 

Measurements 

By Lewis F. Riohabdson, F.R.S. 

{Received 12 January 1937) 

[Plato 13J 

1—IntbODItction 

I\g. 1 shows the relation between the voltage across the osglim and the 
current through it during various periodic disturbances. We see a tangle of 
curves intersecting each other, and one of them even intersecting itself. 
Evidently there are many varieties of behaviour to be discussed. An attempt 
will be made to formulate a single law that shall apply to them aU. Briefly, 
the first clue is that each loop except the self-intersection may be regarded 
as the deformation of a circle and that the equilibrium states, shown by 
the dotted line in fig. 1 , are the deformation of a diameter of that circle. 

The experiments here described, although in themselves plain physics, 
have been pursued in the hope that the resulting empirical equations may 
afterwards be applied, with due caution, to some of the more mechanistic 
parts of psychology. How this may be is explained by quoting the summary 
of a paper in the Psychological Review (Richardson 1930 ): 

“This is a development from an analogy between sensations and spark 
published by McDougall in Brain of 1901. The strain of expectation, which 
we feel when we wait for the solution of a problem, is here compared with 
the electric intensity in a spark-gap before the spark passes. The time of 
imageless suspense is compared with the spark-delay, noting that each of 
them is fickle. The least intensity with which we must attempt any problem 
if we are ever to solve it, is compared with the minimum sparking potential. 
Cleverness, in J. C. M. Garnett’s sense ( 19190 , 6 ), is compared with the 
ionization of the spark-gap by X-rays or y-rays. Having found nine 
analogies, of which the foregoing are a sample, the author then predicted, 
from McDougall’s theory of inhibition by drainage, that it would be possible 
to connect two spark-gaps so that the passage of one spark should inhibit the 
other; the change-over either (o) requiring an extra stimulus, as in purposive 
thinking; or ( 6 ) ocCTBring automatically, as in reverie. Both predictions 

VoJ. CLXn—A. (I Octobw 1937) [ 293 ] 


V 



L. F. EichstrdBon 


m: 

have been verified by using neon lamps as spark«gaps.'*' Altogether sixteen 
mutually consistent analogies have been collected. These analogies show 
that when physicists shall have agreed among themselves about the theory 
of sparking, their formulae will be of great interest to both physiologists 



and psychologists. For the physical equations will provide a description 
of the analogous psychological events on giving the following new names 
to the symbols: Intensity of trying-to-think for potential difference, in-^ 

* The experiment (a) was exhibited at the Physical and Optical Societies’ £x> 
hibition, London, January 1932. 

t [10 A^>gu8t 1937. The two uppermost arcs require further correction for stoays.] 
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tensity of imagery for either electric current or energy radiated, cleverness 
for ionization due to X- or y-rays.” 

Mention should also be made of a remarkable electrical model of the heart 
constructed by van der Pol and van der Mark ( 1928 ) from neon lamps and 
explained by them in connexion with the former’s theory of relaxation 
oscillations. 

Psychological analogies seem to be peculiarly liable to misinterpretation. 
The analogy between mental images and sparks is of the same general type 
as that discovered by Prandtl when he showed that the equations, which 
describe the form of a soap film, resemble those which describe the dis¬ 
tribution of stress in a twisted metal bar. Griffith and Taylor ( 1925 ) have 
used that analogy to find the stresses in bars of various sections by measuring 
soap films. How absurd it would be to interpret Prandtl’s analogy as meaning 
that a metal bar consisted of soap solution! Correspondingly the analogy 
between mental images and sparks must be understood in a mathematical, 
not in a materialistic sense. 

[Note added 20 April 1937. The author feels bound to sympathize with 
any reader who should complain that the psychological analogy lacks the 
clear-cut precision characteristic of physios. A referee suggested that the 
statement of the analogy should either be omitted or else further developed. 
Yet to omit any reference to the analogy would be to conceal the true 
purpose of the investigation, leaving it open to the objection that it has 
not been planned as industrial nor as atomic physics. On the other hand, to 
develop the analogy at the present stage would be to ignore some very 
relevant experiments which are being prepared for publication in a later 
paper.] 

This being the purpose, it seemed better to use the commercial osglim 
lamp, which was known to give these interesting effects, rather than to try 
pure neon and electrodes of simple geometric form, as anyone interested 
mainly in atonaic structure would have preferred to do. 

[Note added 20 April 1937. In the earlier stages of this research eleven 
osglim lamps were used miscellaneously. But the small differences in their 
behaviour as regards current, voltage and time seemed much less interesting 
than their agreements. Also the spectra of all the lamps were very similar, 
showing strong neon and helium lines. Some of them also showed the Balmer 
lines of hydrogen. But the only connexion found between spectrum and 
electrical behaviour was that a lamp which exhibited the peculiar dickering 
glow described by Leyshon ( 1932 ) had in its spectrum some faint lines 
doubtfully attributed to iodine (Richardson 1932 ). In view of the slight 
disagreements between different osgUms, it seemed best to make all the 
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later experiments on a single specimen. This indeed has been a sufficient 
task; for it has involved the photographing of hundreds of oscillograms, in 
addition to the bridge-measurements now reported. The selected lamp was 
one of those used in 1028 in the original distraction-circuit, and is labelled P, 
The coil of wire inserted by the makers in the stem was removed at the outset. 
Unless the contrary is stated, all measurements refer to osglim P with the 
polarity such that the glow was nearer to the disk electrode than to the 
‘‘beehive^’ spiral wire electrode. The spectrum of osglim P has been photo¬ 
graphed for reference. It does show hydrogen lines. 

Attention has been concentrated on properties intrinsic to the osglim 
lamp, because once those are discovered its behaviour in an external circuit 
containing any arrangement of inductances, resistances and capacitances 
will become predictable.] 

Of the many publications concerning the osglim lamp, a few that par¬ 
ticularly lead to the present work will be mentioned. The author has hod to 
choose between investigating or reading, so that he owes a general a}>ology 
to those whose publications he has not read. 

The fla.shing of an osglim lamp was explained by Pearson and Anson 
(1922 a, b) by a very simple theory. They assumed that the lamp lit as soon 
as the voltage across it rose to an “up|ier critical potential ’’ of about 170 V, 
and that the lamp ceased to pass current as soon as the voltage across it fell 
to a “ lower critical potential ’* of about 140 V. They showed that this theory 
accounted quantitatively for the frequency of flashes of the order of one 
per sec. It is, however, quite inadequate for general purposes. 

Shaxby and Evans ( 1924 ) investigated the relation between current and 
voltage for steady currents less than 0*1 mA, and showed that the upper 
critical potential of 153 V at zero amperes was probably connected by a 
continuous curve of equilibrium potential with the lower critical potential 
of 139 V at 0*1 rnA. The connecting curve was not all observed because in 
one region, where steady currents were expected, flashes occurred. But it 
was suggested that the flashes might be due to the capacitance of the lamp 
itself. 

Leyshon ( 1930 ) by means of a cathode-ray oscillograph, made it clear that 
interesting effects were to be sought in times briefer than 10 "^ sec, Ley¬ 
shon’s volt-amjxjre characteristics showed that flashing lamps passed current 
at 10 or 15 V below the usual static characteristic. This made one doubt 
whether a lower critical potential existed. 

As time rates of change are in question, a theory by Braunbek is par¬ 
ticularly relevant. He follows Townsend, and assumes the ionization by 
the positive ions to occur in the gas, not at the kathode. 
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In his “continuity theory” Braunbek ( 1926 ) oonaiders a pair of infinitely 
wide parallel plane electrodes distant 9 from one another and having an 
electric intensity E between. If and are the mobilities of the ions and 

and n_ the numbers of them per volume, and t is the time, 

-^-^-Eii,.^ + Eii^n^a-^En^n+P+N, ( 1 ) 

=: ( 2 ) 

in which N is the number of ions per time formed in unit volume by externa] 
agency, and cc and yS are the average numbers of ions produced in 1 cm. run 
by the negative and positive ions respectively. 

When the potential is near to its sparking value 0^, the equations lead 
approximately to 

= ^(/f++/f_){ei\r + 0-022«jP(95-^5,)}, (3) 

in which m is the electric current,* e is the electronic charge and P is a positive 
increasing function of^; say 0 ' 022 eP = /(^). More briefly, 

dw 

=! (positive constant) ^{N + uf{^). (<l> - (4) 

In the present exj^riments N was due only to stray radiation and may be 
expected to be negligible except at zero current. In these circumstances 
(4) becomes 

= ( 6 ) 

where Pi(?i) is some unknown function of 


2 —Slow Dbift and Recovery 

It is comparatively easy to record, with an accuracy of 1 %, the behaviour 
of the osglim during an interval of 20 sec. But when records made under 
similar circumstances after an hour, a week or a year have been compared, 
discrepancies as large as 60 % have occasionally been found. These are 

* The author begs leave to use the symbol m instead of the conventional i for 
eleotrio current. The advantages of u are threefold. It does not like i confuse with 
V" — 1. Again tl can be written for du/dt. Lastly « has no other very common meaning 
in eleotrioal theory. 
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certainly not due to experimental error. If they were simply due to the rise 
of temperature produced by the discharge, the same “relaxation time** 
would be common to both. But it was observed that a thin thermo-junction, 
laid against the outside of an osglim (labelled H) and covered with a piece 
of rubber plaster, attained one-half of its ultimate temperature change in 
about 2 7 min. when the lamp, complete with makers’ ballast, was main¬ 
tained on 200 V A.C, Some of the drifts in the electrical constants of the 
osglim have indeed a half-period time of that order; but for others it is very 
much longer, so that considerable effects persist for a day. The drift is much 
more rapid and goes further at 5 mA than at 01 mA. 

Unfortunately, a great many observations had been taken before the 
importance of drift was fully realized. And even when it is realized there 
remains the difficulty of defining a standard condition which shall be con¬ 
venient for all f)urpo 8 es. The problem will be taken up again in the following 
sections. 



3—EQUILiBBIXrM 

The general form is well known, but some particular features need 
attention. 

To clear up a doubt, expressed by Shaxby and Evans ( 1924 ) (see p. 206), 
a cathode-ray oscillograph was included in the circuit to show for certain 
whether the current was steady, and not the average of an intermittent 
effect. Those recorded in § 3 were certainly steady. The oscillograph took an 
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appreciable current, of the order of a few mioroainpereB. So, for the smallest 
currents in the osglim, the oscillograph could not be connected directly 
across the osglim. Instead, the voltage across the osglim was observed by a 
Wulf electrometer of resistance > 10“ ohms; the current through the osglim 
was observed by a moving-coil instrument and the oscillograph was put 
across a series resistance as in fig. 2. 

The range of currents was from 0*6 to 7700 /tA. The general results are 
shown in fig. 3, but the smaller currents are plotted on a much magnified 
scale in fig. 4, Plate 13. 
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The collection of ourvea seems to have a definite low-voltage l im i ting 
curve. For simplicity this will be discussed first. 

The surmise of Shaxby and Evans (1924) was confirmed. What Pearson 
and Anson ( 19226 ) had called the upper and lower critical potentials are 
merely two parts of a continuous equilibrium curve. 

There is indeed a discontinuity, but it is in another place, on the large- 
current side of the minimum voltage at about 1-3 mA. It is to be seen on 
Oscillogram 68 , It was observed more in detail when the osglim was 
connected in a telephone bridge. For a click was heard in the telephone at 
the instant when the glow was seen to jump from one side only of the cathode 
to both sides; and when the current was diminished there was another click 
as the glow jumped back again. The current at w’hich the jump occurred 
varied by ± 0'3 mA from day to day, but on the same occasion it was always 
less when the current was decreasing than when it was increasing. That is 
to say there is a range extending normally from 1-1 to 1-5 mA in which 
^g(u) is a two-valued function. 

The low-voltage limiting curve is approximately straight for the smallest 
currents and again for the largest currents, and has the following slope 
resistances: 

For currents between 2500 and 6000 /lA, p — + 2460 ohms. 

For currents between 0-5 and 60 /(A, /) = — 2-8 x 10 ® ohms. 

There is an effect of temperature. Pearson and Anson ( 19226 ) showed 
that their “lower critical voltage” was increased by 22 V when the tem¬ 
perature of the medium surrounding the osglim was raised from 0 to 100 “ C. 
In the present experiments a similar but rather smaller temperature coeffi¬ 
cient, namely -f 0'16 V/ 1 °C., was observed between 10 and 40° C., when 
the current was such as to make the voltage a minimum, and was allowed 
to pass for so short a time as not to produce much drift. But usually the 
electrical history of the osglim is of more consequence than the room 
temperature. 

Drift and recovery must now be considered. The lower curves with 
crosses in fig. 3 were recorded on an oscillogram (Osc. 68 ) with brief currents 
in August 1934 in a room at 17-6° C. Many other observations taken at 
about this time gave nearly parallel curves within a volt or two of that shown. 
But the passage of current raised the equilibrium voltage. This is dearly 
shown on Oscillogram 72, fig. 4, Plate 13, where the numbers placed beside 
the dots are time in half-minutes from the start. The osglim had been free 
from current for 2 days. All the experiment was done with as brief currents 
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a8 possible, except between 5 and 26 on the scale of half-nainutes. During 
that period the current persisted; and a notable drift occurred. Part of the 
drift persisted when the current was diminished. 

Similar but much larger effects are shown in the upper part of fig. 3. The 
osglim having been free from current for 6 days, observations began on 
7 November 1936 at a small current, at a point marked O on fig. 3. The 
numbers beside the graph are time in minutes from the beginning of the 
run. There was a minimum voltage of 142-4 V at 12°-6. So the minimum had 
risen 6 V in 2-3 years; certainly not a temperature effect, for that would be 
0-8 V in the opposite sense. The current was then increased to 7-6 mA, each 
eye observation being taken with extreme rapidity and the current im¬ 
mediately switched off. See the points marked 66, 70, 75, 100. On testing 
again 16 min. later at 0-376 mA the voltage is seen to be 4-5 V higher 
than it was 97 min. earlier at the same current. 

At first sight the loop might be caUed a hysteresis loop; but that name 
might be misleading. Because in magnetic hysteresis, time-order alone 
matters; whereas for the osglim, duration has also a great effect. 

After nearly 24 hr. rest, the osglim appeared to have quite reoovered, as 
judged from the first observation; which is marked 1, and is even a little 
belpw the minimum of the previous day. The succeeding observations 
numbered 6, 8, show, however, that the appearance of complete recovery 
was illusory. The numbers placed beside the points are time from the start 
in minutes. From 12 to 30 the current was fiowing continuously. A huge 
drift occurred in this period. The voltage rose by 16 V, while the current 
decreased. The crowding of the numbers towards the top of the line shows 
how the drift slowed down in a nearly exponential manner, one-half of the 
ultimate change being attained in about 3 min. This time constant is of the 
same order as that for heating (see § 2). This resemblance suggests that the 
drift of the equilibrium voltage may be a consequence of the heating of 
some solid part of the osglim by the discharge. Now the whole rise of 
voltage at the point labelled 30 is 30 V above the value for the same current 
applied briefly. And a rise in external temperature ultimately raised the 
equilibrium voltage by 0-16 V per 1* C. Therefore, to explain the drift, we 
have to suppose that some solid part is raised by 30/0-16 = 188° C. This 
rise cannot be attributed to the inner surface of the bulb; for the power being 
dissipated was only 0*87 W; whence, from the size of the bulb and the con¬ 
ductivity of glass, it is evident that the inner and outer surfaces would 
differ in temperature by not more than about 0-1° C.; and the outside was 
sparoely warm. But it is conceivable that one or both metal electrodes 
might be raised by 188° C. 
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After the point labelled 30 the current was switched ofiF and only inter* 
mittently passed for the observations marked 35, 39 and 41 min. It is 
evident from the diagram that recovery at zero current is slower than drift 
with persistent current. The rise of voltage may perhaps be explained as a 
consequence of heating, but the fall cannot be explained as an immediate 
consequence of cooling. 

The osglim was now given a week’s rest at no current. Then (on 16 Novem¬ 
ber 1936) a set of observations was made with very small brief currents. 
They are shown in fig. 5 and numbered in minutes as before. The drift was 



Fio. 6 —Equilibrium for small currents. Crosses 24 October 1036. 
Circles 16 November 1936 with time in mins. 


much smaller and in the opposite sense to that at large currents; for the 
voltage fell as time went on, ending about 1*6 V below that observed on 
24 October 1936, before the osglim haul been subjected to the large currents. 

One effect of the passage of current is to make the slope resistance more 
positive. There are several straight lines on fig. 3 corresponding to a slope 
resistance of about 4600 ohms, a value of frequent occurrence in the bridge 
measurements of § 6. 
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To secure comparable results it is evidently important: 

(i) to avoid large currents such as 5 mA, 

(ii) to allow for recovery from any unavoidable large currents, 

(iii) either (a) to observe within a few seconds of the starting of the 
current or (b) to maintain a steady current for about 15 min, before ob¬ 
serving, 

(iv) and most important, to observe the equilibrium as nearly as possible 
at the same time as the disturbance with which it is to be compared. On 
later oscillograms the time interval between photographing the loop and 
the dots was ordinarily a minute or two, and could hardly be made less. 


4~Thk taxiATioN OF Current 

The experiments described in this section were made in the year 1931 on 
an osglim, labelled L, glowing on the spiral. This lamp resembled osglim P 
used for all the other experiments. It was found that in the range 
2 X 10‘“® < w < 3 X 10“*^ amp., the equilibrium voltage was 

^,(u) ^ P+Qu, 

where P = 163*5 V, ^ -3-3x 10*^ ohms. It seems reasonable therefore 
to write Limit ^ P ^ 163*5. But actual observation of by in- 

u 0 

creasing ^ at zero current until a discharge began, gave voltages erratically 
higher than P; so that 

9 l,( 0 ) > Limit $!«(«). 

0 

The osglim was connected in a Pearson-Anson circuit and the time of 
charging was varied from 10 to 0-3 sec. by altering the capacitance. The 
voltage across the osglim was observed by a Wulf electrometer which had 
a period of vibration of the order of 0-02 sec. As the speed of charging was 
increased, the maximum voltage ceased to have any definite value. Dis¬ 
charge began at various voltages lying in a wide range. The lower end of 
this range remained apparently fixed at about 163 V, but the upper end 
rose greatly, as if the osglim were waiting for some external event that did 
not occur more fifequently than about 6 times/sec. on the average, and 
occurred erratically. On covering the osglim with black paper, the flashes 
became rarer and the highest voltage rose further, sometimes pausing for 
a visible fraction of a second at the full 220 V given by the battery. 

Fig. 6 (Wulf 12) Plate 13 shows the effect when the osglim was entirely 
surrounded by 0*4 cm. thickness of lead. The time lines are 0*40 sec. apart; 
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the other scale is 2<02 V/division. It is seen that there are erratic variations 
of 24 V in the sparking potential. 

An explanation, which will be justified in §8 is that the factor ~ in 

uW ” causes dujdt to vanish when u vanishes; so that, although 

the electrical state is unstable above limit any discharge would 

ti 0 

begin with indefinite slowness, in the absence of external disturbance. 
Nothing happens until a stray ray starts the ionization. The osgUm then 
functions rather like a Rutherford-Geiger counter (Valle and Rossi 1935 ; 
Valle 1936 ). When in the lead case it was probably counting cosmic rays, as 
there was no known radioactive material about. 

To test various kinds of light, the osglim was enclosed in a lead box and 
light from a tungsten lamp was admitted through a hole 0‘6 cm. diam. 
covered with various filters. The active light, which prevents the extreme 
overvoltage was: 

almost perfectly transmitted by quartz, fluorite, or water in layers 0 * l- 0'3 cm. 
thick, 

partially transmitted by vita glass 2’0 cm. thick; less so by ordinary greenish 
plate glass 0*94 cm. thick, 

entirely stopped by ebonite 0'07 cm. thick, or by red, green or blue gelatine 
filters. 

It was concluded that the active light had a wave-length less than 0 ' 33 /(. 
The author has repeatedly looked for an eflect of daylight or of tungsten 
light on the electrical constants of an osglim which was already glowing; 
but he has found none. 


6—Smauj OsoitiLATioNS ABOUT EquHiIbbium. Inteodcotion 

A glow in the gas was maintained by a steady current from a battery. 
On this was superposed a much smaller alternating current. 

The reason for studying small oscillations before large disturbances is the 
same for the osglim lamp as it is for the pendulum, or for sound waves: by 
so doing we avoid, in the theory, terms of degree higher than the first; while 
in the experiments we avoid the production of harmonic overtones. 

Two quite different instruments were used: the kathode ray oscillograph 
and the alternating current bridge. At frequencies above 5000 e./sec., 
elliptical oscillograms were obtained; one co-ordinate being voltage, the 
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other being cloeely related to current. At lower frequencies the ellipse 
became too narrow to be useful; but A.C. bridges were reliable and con¬ 
venient. Above 6000 c./sec. the simpler circuit used with the oscillograph 
was preferable, because it allowed a correction to be made for stray capacit¬ 
ances. In the intervening region near 5000 c./sec. neither method was at 
its best. 

For the convenience of readers who are interested in the psychological 
analogy, the results are described before the methods are discussed in detail. 
Indeed a preliminary acquaintance with results is needed before one can 
judge of the suitability of the methods. 

As a preliminary we must make sure that the capacitance and resistance 
when not glowing do not disturb the effects of glow. 

The D.C. insulation resistance between the terminals of the osglim 
exceeded 3 x 10 ^ ohms. 

For alternating potentials measurements were made by a Sobering 
bridge (Table I). 

Table I 

Equivalent Equivalent 

series parallel 


^ .. ^ r .. ■ 

Frequency Capacitance Besietance Power Capacitcuice Beaiatanoo' 


c./eec. 

" C. 

/iftF 

niogohma 

factor 

j»/tF 

megohms 

660 

13 

I0-, 

41 

016 

10-4 

180 

980 

13 

lO'. 

1-9, 

013 

10-, 

126 

1062 

13 

0-4 

0.7, 

0*09 

»•* 

97 

2640 

11 

11-1 

<0-64 

0005 

11-0 

^60 


Hartshorn { 1927 ), who found that the power factor between the electrodes 
of an H-type valve was 0 ' 2 (), remarked that “These high-power factors are 
probably due to absorption effects in the glass.” 


6-~Smaix Oscillations. Results of Bbidge Measurements 

The bridge measurements are most easily interj)reted as giving the slope 
inductance A and the slope resistance p of the osglim. The way in which A 
and p vary with frequency and with the superimposed steady current 
is made plain by fig. 7. A change of frequency from 60 to 1826 c./sec. causes 
changes in A and p much larger indeed than those exhibited by good coils, 
and yet small in comparison with the large ratio of the frequencies. 

The superimposed steady current has a very marked influence on both 



Henries 



0 12 3 4 

raA 

Pig. 7— Bridge measurements of small oscillations. 

The words ** pip’* or stem ** indicate the side of the disk on which the glow occurred. 


c,/sec. 

Glow 


c./seo. 

Glow 

9805 

Pil> or botli 

• 1 

1825 

Pip or both 

9805 

Stem 

0 

1826 

Stem 

5008 

Pip or both 

+ ! 

60 

Pip or both 

6008 

Stem 

+ 

60 

Stem 
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A and/). The slope resistance, as its name suggests, is found to be of the same 
order as the slope of the equilibrium potential That is to say, 

p^d<j>Jiu)ldu at low frequencies. 

In particular p is about 4000 ohms for steady currents lying between 4 and 

1 mA, p changes sign when % is about 0‘3 mA, and p has been traced to very 
negative values such as — 30,000 ohms at = 0*1 mA. 

On the other hand, the slo|)e inductance A is of the order of 0-1 H when 
Ug 3 mA, and A steadily increases as Ug decreases so that A attains the value 

2 H when Mg is about 0-1 m A. There may be technical applications for this 
remarkable combination of — 30,000 ohms with 2 H, especially as it has 
a negligible magnetic field ! 

At the frequency 1001 c./sec., the equivalent inductance varied inversely 
as the steady current Mg, the product Awg being constant and equal to 
2-1 X 10 * H-amj). provided the glow only covered part of the stem side of 
the disk; that is to say for currents up to about 1 mA. For larger currents 
Awg increased somewhat. 

The foregoing remarks refer to the values of A and p after the osglim has 
been glowing for about 15 min. 

A cause of variation of A and p is the position of the glow. All the experi¬ 
ments refer to glows near the disk rather than near the spiral, so that the 
disk was always the kathode. For steady currents Mg greater than about 
1-4 mA the glow entirely covered both sides of the disk. A current of 0-8 mA 
was sufficient to form a glow all over one or other side of the disk, but not on 
both sides. A current of 0-3 mA covered only half of either side of the disk. 
When the glow only partially covered the kathode, any adjustment of the 
bridge was apt to cause the glow to shift to a different position; and A and p 
were then usually found to have changed, sometimes by as much as 30 %. 

Slow changes. It was observed, in almost every set of bridge measurements, 
that the slope resistance p of the osglim increased with time. When the 
slope inductance A of the osglim was held constant, the mean current Mg 
also usually increased with time. On the contrary when Mg was held constant, 
A increased with time. In order that results obtained on different occasions 
may be comparable, it is necessary to conform to a time schedule. Obser¬ 
vations taken after J hr. glowing were regarded as standard. It is seen from 
fig. 7 that i hr. from the start of a run AMg is roughly the same for all Mg. 
So we may summarize the observations in the statement that p and usually 
also Amo increase with time. 

At small currents such as Mg = 0‘2 mA the drift had practically ceased 
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after the osglim had been glowing for 5 min. At large currents, such as 
Wq = 3 mA, the drift was still considerable after 2 hr. of glowing; as is shown 
by fig. 8 (Ref. Br 51). So persistent a drift cannot bo an immediate effect of 
the heat produced by the discharge. 

Recovery from tlie changes produced by 15 min. glowing was also very 
slow in comparison with that for temperature tjhangcs. At Wq « 0*2 mA it 
was possible to obtain consistent observations by glowing the osglim for 
ISmin.every hhr.,because recoverytookplace in this time. Butatw^ 2mA 
an interval of 6 hr. was not sufficient for recovery. See fig. 9. After the osglim 
had not been glowed for a week, p and were at first unusually low, so 
that it seemed best to reject the first 15 min. glo\^^ing, then to leave the 
osglim extinct for 0 hr. At the next glow ing it was in its usual state. 

An invisible change 2 yrior to lighting —Once w hen the osglim had not been 
gkjiwed for a month or more it was connected into a Orover bridge and the 
battery intended to produce the glow was switclied on. During about 2 sec. 
before the osglim lit, the bridge went progressively more and more out of 
balance, as w^as made plain by the swelling sound in the telephone. This 
showed that there was an invisible change prior to lighting. But that is a 
rare phenomenon. 


Temperature coefficients 

To measure these the osglim was kept extinct in transformer oil in a 
Dewar flask for about 6 hr. It was then lit and 15 znin. later the bridge was 
balanced. It was necessary to go both up and down in temperature as there 
was considerable hysteresis. The bridge was such that the slope inductance 
A was held constant while the mean current and bridge resistance were 
adjusted to suit the temperature T. Thus, if suffixes denote what is constant, 
the bridge measured (duJdT);^ and {dp/dT)^. Table 11 shows the values 
found in the neighbourhood of room temperature. 


Table II 



(SpIdTh 

«o at 

Frequency 

Reference number 

rnAr C. 

kilohm/” C. 

mA 

c./sec. 

of observations 

- 0-()02 

-0-6, 

0-21 

mi 

117, 118 

- 0-008 

- 0-3 

0-34 

5008 

126. 127, 128 

- 0-028 

- 0'2 

1-56 

9800 

129, 142, 143, 144 

- 0-06 

-O-li 

1*9 

6008 

130, 131, 132. 133 

tt is seen that the progression of the values of (3«( 

JdT)j^ and (dpIdT)^ 


functions of Uq is not much disturbed by a jump in the frequency. 
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For many purposes wo want to know the coefficients {dpldl\^ and 
taken at constant current. Now it can be shown that 



HourH 

Fi( 4. S—Continu()U8 glowing by D.C. of 2 % inA, iiu'asuremontH 
by small superposed A.O. at 50 c./sec., 14*0 C. 



Hours 

Pjq, 9—Intorrnittonl- glowing by D.C. of 2*95 rnA kejU on for Jf> min. at a time, 
MeasuremeutH by small 8uper|K)sod A.(^ at 9805 e./soc., C. Ref. Br 146 151, 

in which (^X|^U(^)fp and (dp/duQ)^^^ can bo read from the curves in fig, 7. By 
usins these formulae the numbers in Table IT were converted to those in 

Table III. The simplest of these facts is that ^ is of the order of - 4; 

Vol. CLXII—A. 
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so that, at constant mean current, A varies inversely as the fourth power of 
the absolute temperature, or nearly so. 


Table Ill 


at. 

18 " e. 



T /dT\ 

rnA 

11/ K. 

kilolin./‘’K. 

numeric 

0*21 

-OOli 

-0-62 


OU 

-O-Oli 

-013 

-4-5 

1*55 

-().()()2a 

-0-2, 

-- 4.4 

10 

- () ()03 

-0-1, 

-5-8 



Mean 

--4*3 


No su(rh simplicity (^an be expected in the variations of p; for as p changes 
sign remains negative. 


7~ Small Oscillations. Bridge methods 50-1825 ( ./sec. 

There was always a considerable background noise. It was not mains- 
hum, for it persisted when the house was disconnected from the mains. It 
resembled the sound of rain, or other sounds caused by a multitude of small 
impacts. To quieten the l>a(ykground a tunable telephone (by Messrs 
S. 0. Brown, Ltd.) was used. The background is most disturbing at the low 
audio-frequencies such as 258 c./sec. At tin's ])itch it was foiind that the 
bridge could be balanced more accurately wlien tlie generator had a ticking 
grid (A])pleton, Watson-Watt and Herd 1926 ) so that its note sounded 
intermittently. 

The description v^ill be shortened by references to the standard treatises 
of Hague ( 1930 ) and Campbell and Childs ( 1935 ). All the bridges were 
provided with Wagner auxiliary arras. 

As the alternating voltage applied to the bridges had to be restricted to 
a range of about 1 V, the balance was at first insensitive; a fault which was 
remedied by feeding the detector through a triode amplifier. 

The first bridge to be tried had equal ratio resistances and the osglim 
lamp was balanced against a battery, a resistance and a self-inductance, all 
in series. By adjusting all these three parts a balance was obtained for both 
alternating and direct currents. But the interpietation of the results was 
doubtful, for compact battories have polarization and bulky batteries have 
capacitance to earth. So that type of bridge was abandoned. 

The omission of the battery left an unbalanced steady electromotive 
force of about 140 V across the detector, which therefore had to be protected 
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by a condenser; wliile, to prevent excessive currents in two of the bridge 
arms, it was desirable to insert a condenser in at least one of them. A bridge 
of this type was invented by Hay and improved by Hartshorn (Hague 1930 , 
p. 268 ; Campbell and Childs 1935 , p. 242 ). Hay’s bridge was tried for the 
present purpose with some satisfaction; but the successive adjustment for 
balance occupied a few minutes during which the condition of the osglim 
drifted. 

Hay’s bridge was therefore abandoned in favour of Owen’s bridge 
(Hague 1930 , p. 276 ; Campbell and Ciiilds 1935 , p. 244 ) which could be 
balanced in less time. 

The Owen bridge, on account of its asymmetry, is affected by the im¬ 
purity of its component parts in a complicated way. Care was taken to use 
parts of good quality. The condensers had mica or air for dielectric. The 
larger resistances were eitlier Dubilier metalized 1 W white sticks, con¬ 
temporaneously standardized for D.C. resistance or else Ferranti anode- 
feed wire-wound resistances standardized for D.C. The smaller resistances 
were (Cambridge and Paul boxes designed for A.C. bridges. Even thus the 
residuals of the Owen bridge were too large to be neglected at 50 c./sec.; for 
at this frequency the problem was to measure a reactance in the presence 
of a resistance about 100 times larger, this resistance being placed next the 
osglim to ensure stability. The Owen bridge, in these difficult circumstances, 
was used only to measure the differences in A and p between the osglim and 
a coil substituted for it. 

Quicker and more reliable than Owen’s was a bridge in which balance was 
attained by adjusting both a resistance and the steady current The speed 
of ojHjration depended on the fact that the main ratio arms and Wagner 
arms were both set beforehand. The arrangement, apart from the si:)ecial 
nmthod of balancing and an interchange of source and detector, was that 
known as Grover’s (Hague 1930 , p. 276 ). The coils with which the osglim 
was compared were standardized at the same frequencies either by Dye’s 
shunt bridge (Hague 1930 , p. 306 ; Campbell and Childs 1935 , p. 253 cor¬ 
recting the formulae given by these authors) or by Campbcirs unecjual 
ratio bridge (Hague 1930 , p. 298 ; Campbell and Childs 1935 , p. 233 ) or at 
the higher frequencies by Gruneisen and Giebe’s resonance bridge (Hague 
1930 , p. 244 ; Campbell and Childs 1935 , p. 271 ), with a correction for stray 
capacitance to earth. For example one of the larger coils (R36/2) varied 
with frequency in the manner shown in Table IV, 

Bridge methods at 9800 and 5008 c.jsec. 

The difficulties usual in bridges at such frequencies and caused by stray 
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capacitances were here complicated by drift and increased by the large value 
of the impedance to be measured. Whereas in the admirable bridge of Dye 
and Jones ( 1933 ) the arms were of the order of 300 ohms, here they had to 
be 30,000. The author can hear 5000 c./sec. but not 9800 c./sec, A small 
detector could not be used, because the only kinds available were the vaouo- 
junction and the metal rectifier, and these, being unselective, were disturbed 
by the background rain-noise” of the bsglim. The bulkier heterodyne 
detector was made as symmetrical as possible by using two tetrodes in 
push-pull connexion and by earthing their midpoint. The generator and 
its leading wires were enclosed in earthed screens. Separate screens enclosed 
the detector, the ammeter and the battery for the superposed direct current. 
But it was found to be best not to earth any screen except that of the 
generator and its leads. 

Table IV 


"C. 

C./«ec, 

Ohms 

H 

9-8 

0 

4371 

— 

171 

0 

4610 

— 

14‘8 

1000 

4462 

M92. 

13-6 

6011 

4600 

l-21i 

13-7 

9813 

6030 



The arms of the bridge were not screened, but were well separated from 
each other and from the table and were connected by thin wire, 0*0193 cm. 
diameter. An adjustable resistance of the order of 10 * ohms had to be in 
series with the bridge in order to regulate the direct current. Experience 
showed that it was important to divide this resistance into two equal 
rheostats, one on each side of the bridge. It was found to be essential to use 
a bridge with equal arms in order to bo able to make reversals. The arms 
were Dubilier spirohms, nominally 30,000 ohms, and capable of carrying 
15 mA. Two kinds of reversal were made: the generator wires were inter¬ 
changed, and the ratio arms together with the detector were interchanged 
m bloc. The arithmetic mean of the four observations was regarded as 
significant. 


8—Differential Equations for Small Oscillations 

AT AiTDIO-FRBQXTENCIES 

The sort of formula here required is one which shall describe the salient 
features in an easily understandable manner; because the irregularities 
depending on the irregular shape of the electrodes are not interesting; and 
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because, for later application in psychology, an easy approximate formula 
will be jjreferred to one that is iwecise but cumbrous. 

From the definition of the slope resistance p and slope inductance A 
we have, 

= ( 1 ) 


where Uq is tlie superposed direct current. 

At the lowest frequency, 50 c./sec., the results of bridge measurements 
show that 


^ “-PProximately, 

(2) 

also that Ago = a + , 

Uq 

(3) 

where, corrected to 18° C., 


a = 0-14H, ^ 

6 = 2-8x 10“*H-amp.l 

(4) 

Inserting (2) and (3) in (1) and transposing we have 



(5) 

But by Taylor’s series, 


2 " d<4* . 

( 6 ) 


and because the oscillations are small the series will be cut off after the 
linear term. Insertion of (0) in (6) gives 

For small oscillations the term hju^ is indistinguishable from bju] also 
dujdt = 0, Accordingly (7) takes the simple form 

at low frequencies, where a and b are constants given by (4). So we have 
come back to something rather like Braunbek’s theoretical result mentioned 
in the introduction p. 297, eqn. (5). At small currents a is negligible relative 
to b/u. 
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As the frequency increases, A decreases and p increases. These changes, 
as shown on fig. 7 are not great, considering the wide range of frequency 
from 50 to 9800 c./sec. Equation (8) does not need much alteration at 
1000 c./sec. 

The peculiar forms of the resistance curves at the higher frequencies may 
be obtained from the resistance curve at 60 c./sec. by adding to its ordinate 
a fixed multiple of the ordinate of one of tlie inductance curves. In fact 
we have 

P»800 ^ p50"t‘ ^ ^ (^) 


du 


-f 2x 10^ 


hi)- 


( 10 ) 


the units being ohms, henries, volts and amperes. 

Whether or not there is a corresponding cross-connexion for the decrease 
in A with increasing frequency, is not so evident from an inspection of 
fig. 7. The various A curves certainly do cross one another near the currents 
at which p changes sign. The formula, 

^9800 == -^60 ““ 3^^^fQ4» ( ^ ^ ) 


describes the main features. But, on the same plan as (9), 


^6000 ^ ^ 

Elimination of pgooo between (11) and (12) yields 


A98oo-0-73(a+^)-i” 


10~* 


du 


( 12 ) 


(13) 


The insertion of (10) and (13) into (1) yields in the same manner as before, 

}0~*d6Au) ^/ h\du b\ 

0-5i,(w) + ---.=0-73(a + ~j^^+2xl0 |o + .J(«.-«„), (14) 


for small oscillations at 0800 c./sec. It will be shown later that equation (14) 
is suggestive in regard to the forms of very large oscillations at that fre¬ 
quency. 

The observations shown on fig. 7 were made at various times during 
18 months. They cover a wide range. But they are not the best way 
of measuring changes due to changing frequency; for drift may have 
intervened. 
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9—SlMULTANJSOTTS OBSERVATIONS AT DiFEERKNT FREQUENCIES 

For the elimination of drift, observations at frequencies A, B, O were 
made in time sequences such as ABC BA, BCACB or CABAC spread over 
about ^ hr. The time of each bridge setting was recorded to the nearest 
minute. The observed A and p were corrected t<^ a standard time, 15 min. 
from the start of glowing. The osglim was then given a rest, usually of a 
day, or half a day. The bridge (jonnexions were reversed and the observations 
repeated in a different one of the aforesaid time sequences. For the elimina¬ 
tion both of stray fields and of the inequalities in the ratio-arms, four sets of 
readings were taken by reversing separately the generator connexions ami 
the detector connexions. The results, wdiich were obtained in 1030, are 
shown in Table? V. 

The fitting of formulae to these observations will be delayed until they 
can be combined with corresponding oscillogra])h measurements at higher 
frequencies. 

TabL33 V 


niA 

A 

H 

P 

kilohms 

Frequency 

c./sec. 


RoC. 

0-62 ] 

f 0'47 

1 0’49 

60 

4(i 

3530 ) 
182(> ( 

16-7 

Br 186-188 

1 

r 0'63 

«•(» 

1826 \ 



002 j 

0-, 

5* 

258 

18-5 

Br 202- 209 


1- 


50 J 



1 

0-17, 

5-6 

1825 \ 



2-96 

(>•2. 

5- 

258 - 

17-7 

Br 197-201 

1 


r>‘o 

50 j 




Observations in the same horizontal compartment of the table have been 
corrected to the same time. 

This research was made j) 08 sib)e by two benefactions. The late Mr. 
William Bow gifted for the use of the Principal of Paisley Technical College 
a dwelling house large enougb to contain a laboratory; and the (Tovernment 
Grant Committee of the Royal Society provided a considerable part of the 
apparatus. Mr. Albert Campbell has kindly advised me on a number of 
problems concerning the bridge measurements. 

References 

Appleton, E. V., Watson-Watt, R. A. and Hor<3, J. F. 1926 Proc. Soc. A, 
111, 615. 

Braunbek, W. 1926 i/. Phyn. 39 , S. 

Cami)bell, A. and Childs, E. C. 1935 “Measun^ment of Inductance, Capacitance 
and Frequency.’' London: Macmillan. 



316 


L. F. Richardson 


Dye, D. W. and T. 1933 */. Inain Elect* Engra^ 72, 109-81. 

Ganxett, J. C. M. 1919 a Proc* Roy, Soc. A, 96, 91. 

— 19196 . Brit, J. Paychol. May 1919. 

Griffith and Taylor 1925 . See Taylor 1925 . 

Hague, B. 1930 “Alternating current bridge rneasuroments*’, 2 nd od. London: 
Pitman. 

Hartshorn, 1927 Proc, Phya, Soc. 39, 108-23. 

Leyshon, W. A. 1930 Proc, Phys. Soc, 42, 167-09. 

— 1932 Proc, Phys, Soc, 44. 171 89. 

McDougall, W. 190 T Brain, 24, 577. 

Pearson, S. O. and Anson. H. St. O. 1922 a Proc. Phys. Soc. 34, 175-6, 

- 19226 . Proc. Phys. Soc, 34, 204—14. 

Pol, B. van dor 1926 Phil. Mag. 2 , 978-92. 

Pol, B. van der and Mark, J. van der 1928 Phil. Alay. 6 , 703-76, and exhibit at a 
subsequent Soirt^ of the Royal Society. 

Richardson, L. F. 1930 Psychol. Rev. 37, 214—27, 

— 1932 Proc. Phys. Soc. 44, 189. 

Shaxby, J. H. and Evans, J. C. 1924 Proc. Phys. Soc. 36. 253-01. 

1’aylor, G, I. 1925 “The Mechanical Pro 2 )ertie 8 of Fluids^’, (^haj). vii, London; 
Blackio. 

Valie, G. 1936 Sci. Abstr. A, 107. 

Valle, G. and Rossi, B. 1935 Sci. Abstr. A, 2070. 


The Behaviour of an Osglim Lamp 

II—Oscillograph Methods, Steady Motion 
and Relaxational Oscillations 

By Lkwis F. Richarbson, F.R.8. 

{Received 1 June 1937) 

[Plates 14-10] 

10—Introbuctton 

The large oscillations liave been studied by means of a cathode-ray 
oscillograph. The technique is necessarily somewhat elaboratei and is 
described in § 11, wliich can be skipped by any reader who is interested only 
in the results. The aim of the investigation was to find an equation to 
describe the behaviour of the osglirn under all non-destructive circum¬ 
stances. From the study of small oscillations in Part I we bring the fact that 
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describes small oscillations at 50 where a = 0*16 H, 6 = 2*9 x lO"* 

H-amp., while at 1825 c./sec. a becomes negligible. This equation has an 
intelligible meaning even for the largest oscillations. It will now be shown 
to provide a good approximate description of a number of interesting 
phenomena at frequencies up to about 1000 c./see. The investigation of 
higher frequencies is in progress, but is not reported yet. 


11—Oscillograph Methods for OscnxATioNs both Small and Large 

The osglim lamp was connected in series with a resistance, and the voltage 
across the lamp was led to one pair of deflector plates of the oscillograph, 
the voltage across the resistance to the other pair. Time was recorded on the 
same trace by unfocusing the spot at regular intervals by applying an 
oscillating potential to the Wehnhelt cylinder, in the manner described in 
detail elsewhere (Richardson 1933 , 1935 )- 

The resistance whicdi was thus used to measure the current had to be 
very free from inductance and self-capacitance. A Ferranti 9397 ohm wound 
in grooves was first employed, then Dubilier metallized sticks of about 
10,000 ohm, 1 W and 3 W. The last, being run far below its rated wattage, 
was particularly free from impurity, but its T).C, resistance driflod by a few 
parts in a thousand from day to day. \Note added in proof 14 Aug. 1937— 
A more constant 10 ^ ohm, and with sufficiently small residuals that can be 
e.stimated from geometry, is a coil of 860 turns of wire, O’OOfjg cm. 
diameter wound on a strip 1*3 x 0*15 x 10*1 cm.^ ; the strip being bent 
into a C shape.] 

The interesting range was usually between 120 and 170 V. To explore 
tliis with sufficient detail it was necessary to throw tlie zero of voltage off 
the screen. Loyshon ( 1930 ) effected this by a ])otentiai divider, others 
have used permanent magnets to deflect the cathode rays. The author tried 
both these methods. The potential divider led to troublesonm computations; 
the magnets made it impossible to focus the spot sliarply on all parts of the 
trace. More, satisfactory results were obtained by intorpoBing batteries 
between the oscillograph and the potential to he measured, as shown in 
fig. 1 . A great advantage of having batteries in this situation is that they 
can bo used to superpose on the oscillogram, by successive exposures of the 
same photographic plate, a lattice of standard voltages. This vt as done by 
means of the switches shown in fig. 1 and by means of wanderplugs. Im¬ 
mediately after taking the composite photograph, these ‘‘lattice batteries” 
w'ere measured by a substandard voltmeter by Elliot, with a correction 
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obtained by observing the change in the reading of an electrostatic volt¬ 
meter (Wiilf) when the moving-coil voltmeter (Elliot) was switched in 
parallel. This correction was as if the “Ever-ready'' battery had an internal 
resistance of about | ohm/V; but the effect is probably due to polarization 
as well as to resistance. 



The question arose as to whether the lattice battery gave a sufficiently 
free passage to high-frequency currents. Two old ‘'Ever-ready batteries 
of 120 nominal V were therefore put in opposition and balanced in an equal- 
ratio bridge against a resistance R in parallel with a condenser C. The 
following results were obtained: 


Frequency 

R 

C 

c./sec. 

ohrm 

/.F 

1000 

69 

0*90 

1826 

63 

0‘40 

c. 3630 

49 

017 


A |mir of new batteries had less R and greater ( 7 . These values are satis¬ 
factory, as the stray capacitance to earth at the oscillograph end of the 
battery did not exceed 50 /a/^F. Another make of battery, having a much 
larger internal resistance, caused trouble. 

The voltmeter, which is compensated for temperature, was in turn 
calibrated in the years 1931, 1934, 1936 against a Weston cell and a resist¬ 
ance box, both with N.P.L. certificates; and was found to drift by P3 V or 
less in the 5 years. In this way the voltages on the oscillograms were 
recorded with an accuracy of about ^ V at 150 V; while the differences 
between successive lattice lines were constant to 1/10 V. 

For economy four photographs, distinguished as B, C, JD, could be 
taken on each plate. The plates were numbered serially. This notation 
appears in print for the convenience of the author, who hopes that the reader 
will pardon its complexity. 
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Various means for exciting the neon lamp have been used. One of the 
most convenient was a battery giving about 150-180 V in series with a coil 
in which an alternating voltage could be induced, os shown in fig. 1. In other 
experiments a different circuit containing a condenser, resistance and 
battery arranged os in fig. 2 was used to give flashes of Anson-Pearson type. 
But, as the chief problem is to find a description of the behaviour of the 
osglim lamp valid for any external connexions, it would merely distract 
attention from the real difficulties to consider these somewhat irrelevant 
circumstances at length. 



Fio. 2—Circuit for the study of relaxational oscillations. 


A small error is due to the current taken by the oscillograph. Resistors, 
of about i-4 megohms each, were placed in parallel with each pair of de¬ 
flector plates up to Osc. 38, but this leak was sufficient to disturb some 
experiments on Anson-Pearson flashing. So the resistors were removed and 
not used from Osc. 39 to Osc. 100 except when strays v^ere being measured. 

The ionization current between the deflector plates of the oscillograph is 
well known. In one quadrant of the fluorescent screen this leak was less than 
amp. and is negligible. Some oscillograms wore therefore taken in this 
qua^lrant (Osc. 41). 

The static ionization currents were measured by a galvanometer and 
were recorded as functions of and the potentials by which the jdates 
Py., Py respectively exceed (Table I). 

To be sure that the corrections were put in rightly it was unfortunately 
necessary to lay down the following rather tedious conventions. 

List of Symbols with Conventions of Signs 
is the anode and the two deflector plates permanently joined to it, 

Py., Py are the plates which deflect the cathode rays a:-ward and ^/-ward. 
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Vy are the voltages between JF^ respectively and The signs of 
1^, Vy are those of Py relative to 

h, k are the voltages of the lattice batteries; k for a:, k for y ; their signs being 
those of the ends joined directly to the oscillograph. 

I is the leak into the plate from plates and Py jointly. 

(f> is the voltage across the osglim, its sign being that of the end of the 
osglim attached to the anode. 

R is the current-measuring resistance. 

X is the voltage across R. The sign of x i® ^hat of the end attached to the 
lattice battery, so that (a; + is the voltage applied to drive current through 
R and osglim in series. 

Applying Kirchhoff’s law to the two circuits, y + A — ~ 0. So X — 

If 4 0, X = Pi simply. If — 0, P^ = A, as happens when the lattice is 

being made. 

Also = 0. So 0 = Vy. If 0 = 0, Ti = Ar, as when the lattice 

is being made. 


Table I—Leak erom Plates P ^ and Py to Anode across 
Oscillograph when Anode Volts = 256*3 

Filament current = O-Oj amp. 

TVjc munbers in the body of the table are inilliamperea 
Fa: in volts 

.- ^ -- 


volte 

-371 

-24-7 

-12-4 

0 

12-4 

24*7 

37-1 

-371 

— 

— 

0-000 

0-003 

0-006 


_ 

-24*7 


0-000 

0-000 

0-003 

0*007 

0*009 

— 

-12-4 

0000 

0*000 

0-000 

0-003 

0*007 

0*009 

0-011 

0 

0-004 

0-004 

0*004 

0-007 

0*010 

0-012 

0*013 

124 

0011 

o-on 

0*01 ] 

0-012 

0-016 

0-017 

0-018 

24-7 

— 

0-013 

0-014 

0-016 

0-017 

0-018 

-— 

371 

— 

— 

0-016 

0-018 

0-018 


— 


Stray Currents —Conductive strays, except through the gas inside the 
oscillograph, were negligible. Capacitative strays were negligible at 
50 c./sec., but vitally important at 50,000 c./sec. The treatment of strays 
only gradually arrived at thoroughness. The latest method will be described. 
Earlier approximations are briefly mentioned, with the remark that they 
will be reconsidered in the light of present knowledge before the earlier 
experiments are offered for publication. From Osc. 56 to Osc. 99 metallic 
screens were placed around all the bulky apparatus, except those articles 
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joined directly to the anode of the oscillograph. The screens were connected 
to one another and to the outer end of the current-measuring resistance 
that is to the end not directly joined to the osglim. The strays were at that 
time regarded as equivalent to a capacitance C and a resistance R^ both 
in parallel with R\ and C and were measured. Accordingly the current u 

in the osglim was then taken to be w = ~ -f (7“^ , where R* = . 

di + Zip 

This procedure certainly corrected most of the error. 

Later, at Osc. 100, it was realized that, because the various contents of 
the screen have considerable alternating voltages between them, the stray 
Faraday tubes cannot be represented by a single lumped capacitance 0, 
but require two representatives functioning separately. Accordingly, the 
strays are now assumed to be equivalent to a capacitance and a con¬ 
ductance JE'q both in parallel with R; and similarly and in parallel with 
the osglim. The current u in the osglim is therefore 

(I) 

and experiments were made to determine E^, Fq, Fj. The leaks Ay, Fy 
consist partly of the conductances of resistors of the order of a megohm 

intentionally placed between the anode and deflector plates, partly of 
dissipation in the glass stem of the osglim (see § 5, Table 1) and partly also 
of unavoidable leak g through the conducting gas in the oscillograph. We 
have to assume that g is the same for both pairs of plates so that 

Eo = gs+g, (2) 

K^gy^g- (3) 

Theory indicates that to make E^ > the screen should be connected to the 
outer end of F, as it was from Osc. 66 to Osc. 99 inclusive; and that to make 
Fj > Fj the screen should be connected to the outer end of the test body 
(here the osglim) as the screen was from Osc. 100 onward. Experiments 
confirmed this expectation. Unfortunately, it appears to bo impossible to 
make the ratio E ^: F^ either zero or infinite. 

To determine E^ and Fj at any frequency, experiments were made in 
pairs. For both R was made infinite and the direct voltage was reduced 
until the osglim did not glow, so that« - 0. Accordingly from (1), (2), (3), 

[9.+g+E,^^x^[9y+g+Fx^i>- 
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In tlie first experiment an air condenser was put in parallel with the lesser 
of and adjusted to C" until the oscdllogram was a piece of the straight 
line X ^ conductances gy being adjusted if necessary to prevent 

the line becoming an ellipse. Thus we have 

+ (5) 

where (7 is a known capacitance, commonly of the order of 10“^^ F. 

In the second experiment the air condenser was removed and the elliptical 

A A 

oscillogram was photographed. By measurement of the ellipse x!^ was 

found, also the phase angle d by which <j> leads on X‘ circumflex denotes 
the amplitude and the anew denotes the vector on the phase-and-amplitude 
diagram. From (4) it can be shown that if = <jy then 

S is positive if but negative if E^ < F^. (6) 

Thus the otherwise ambiguous sign of S was fixed. Let i = 1 so that 

(^/^)(cos<J-i8in5)^. (7) 

Also from (4) and (5) on writing for the pulsatance we liave 


{g.j.+g + i(jjEi)x== {gy+g+MkEi + C)]^. (8) 

—^ 

When ^ has been eliminated between (7) and (8) and the resulting pair of 
equations solved for E^ and g it is found that 

- gxiXl $)^ + ixl$) {cob S{g„ + kg j -w(7 sin - kg^ 

ix/h'^ - (^' + 1) (x/h cos 

(^E = iff y- ffx) s’P jjQv 

^ (Xl$)^-i^+^)(xlhoo68+k 


from which g and E^ can be determined. But if g is negligible or if sin (J =*= 0, 
it is much easier to determine E^ from the equivalent equation, 

_ «c+Mm±!i^«, „„ 

{Xli>)ooa6-k 


Results when the screen was connected to the outer end of the osglim are 
shown in Table II. 
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At 50,000 c./sec. ia vitally important, is worth taking into account, 
but g is almost negligible. The variation of g with frequency is understand¬ 
able when it is remembered that g is the conductance of a gas. Here 
includes the equivalent ])arallel capacitance of the extinct osglim and g 
may be disturbed by the neglected dissipation in the glass stem at 
60 kc./sec. See Part 1, Table I. 




Table 11 


Frequency 

Fv 

/i/iV 

E, 

/i/i¥ 

9 

Osc. number 

kc./ftec. 

micromliH 


1-82 

— 

— 

0 04 

114 A and B 

3-54 

124 

10 

0*25 

113 

5011 

135 

22 

0*04 

114 CandD 

9*817 

133 

17 

0*13 

109 A and B 

50-0 

136 

21 

-0*63 

106 A and D 

500 

130 

21 

-0*60 

108 B and C 

Means 

132 

19 




12—Steady Motion near to Equilibrium 

Osc. 48 (fig. 3, Plate 14) shows one of the two discharges which occurred 
in every cycle when the osglim was connected with the lighting mains of 
200 V, 50 o./seo. The voltage rose at zero current to 177 V. The sudden 
breakdown has been too rapid to affect the photographic plate. It is followed 
by a long loop formed of two traces so close together as to be only just 
discernibly separate. Osc. 50 (fig. 4, Plate 14) shows the same oscillogram 
when the spot of light was put out of focus 9-83 x 10 ® times/sec. When the 
frequency of the focus had been slightly decreased, the time marks were 
seen to move slowly up to 177 V, to jump across the gap, and then to move 
slowly in two processions going opposite ways along the nearly coincident 
traces. Thus it was established that the trace in which the current was 
increasing was the one at the higher voltage. Let it now be assumed that the 
equilibrium voltage between the two close traces in such a way 

as to make 

where A is a slope inductance like that discussed in the bridge measurements 
but of unknown magnitude. Let suffixes 1 and 2 refer to the ascending and 
descending traces. Then by elimination of we have 
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The photographic i>late was measured by a microscope. At « 24*6 V the 
separation of the traces gave = 0‘9i V. In this neighbourhood the 

spacing of the time marks gave = 2 * 8 ^ x 10 ^ V seer Xa “ “ x 10 * V 
seo.~^. At those comparatively slow speeds the stray current A\x — 
is entirely negligible. Tlie current-measuring resistance w^as 9397 ohms. 
Therefore = 3*0jj amp. sec.”\ — — 2 * 6 o amp. sec."^^ and A == 0*16 H at 
2*01 mA. 

Although the interval — \ small to be measured accurately, 

yet the experiment is of interest because both tlie circumstances of the 
osglim and the method of measurement differ so widely from those of the 
small oscillations recordc^d in Part I. The result, A - 0*10 H, falls among 
the bridge measurements for similar currents. 


13~Relaxational. Oscilj.ations 

These are wortliy of special attention because of the many applications of 
the flashing circuit described by Pearson and Anson ( 1922 ), 

13* 1 — OacMoyrams —The circuit used in the present experiments is show n 
in fig. 2 . A series of oscillograms (Osc. 39 -47) were photographed with 
S — 0-3aX 10 *^ ohms, R — 9397 ohms, V = 183*5 V, but various capaci¬ 
tances A. 

The conductive leaks Fq, between the oscillograpli plates were made 
small by decreasing from 0*93 to 0*8 amp. the current that heated the fila¬ 
ment. For the much-measured Osc. 41 (fig. 7, Plate 1 fi) tlm leaks were quit-e 
abolished by moving the oscillogram into that quadrant of the screen where 
the polarity makes them zero. 

Osc. 47B (fig. 5, Plato 15) shows a loop and equilibrium dots. The voltage 
during the flash fell to 9 V below the equilibrium value. Osc. 43 (fig. 6 , 
Plate 15) shows, superposed on one another, five loops made with different 
values of K, as recorded among others in Table III, together with observed 

frequencies n, and the ratio v^jn, where 

27r 

At the largest of these capacitances the breakdown of the sparkgap was so 
sudden that it does not show in the photograph; and the frequency was too 
irregular to be measured by a stroboscope. As K was decreased the frequency 
increased and became regular. Also the voltage penetrated more and more 
below It is just as if the phenomenon had inertia, which carried the 
voltage across its equilibrium value. 

At the lower frequencies the fall of current proceeds much more slowly 
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tlmn its rise. At the higher frequencies the rates of rise and fall are more 
alike. It will be shown in the theory that this corresponds to a decrease in 
the importance of the “relaxational” terma 


Table III 


Osc. No. 

K 

10 “* farad 

Max. u 
mA 

Min. ^ 

V 

n 

kc./sec. 

nK 

lO"** F/sec. 

pjn 

43 

60-3 

4-2 

— 

Fickle 


— 

43 

13-9 

2 *0, 

— 

0131 

1*82 


41 

13-8, 

1*84 

134*7 

0130e 

1*80, 

4*00 

43 

4-8o 


— 

0*36, 

1*71 

2*4» 

43 

0% 

Mfi 

131 

l*21g* 

1'69 

— 

43 

00 , 

0-6 

126 

— 

— 

— 

44 

012 , 

0-5, 

126 

6-94 

0*76 

0*9, 


* Or 4/3 of that; a stroboacopio whole-number imcertainty. 


The last two columns of Table III are required for the theory given later. 

At the higher frequencies the trace is more uniform in thickness, its shape 
is more like an ellipse and the equilibrium line lies nearer to the centroid of 
its area. See, for example, Osc. 44B and D (figs. 8 and 9, Plate 16). The ripple 
on the trace of Osc. 44 is a time mark of frequency 29-7 kc./sec. supplied 
from a triode oscillator. There are six time-mark waves in one cycle of the 
osglim. The trace frequency was therefore 6*94 kc./sec. It is seen that 
five-sixths of the osglim’s period was spent near to zero current. In the most 
rapid part of the trace of Osc. 44 the stray current E^dxldt — F^d^/dt is of 
the order of O-OS mA. 

13-2 —Detailed Analysis of a Periodic Flash, namely, thatof Osc. 41—Ten 
points on the trace were located m being intersections with lattice lines, two 
others as being extremes and one was marked by an ink dot. These points 
were labelled a, fi,y . p. See Table IV below. 

The time t was computed from the current into the condenser and the 
voltage across it; a method previously used by Leyshon (1930). We have, 
in fact, 

] 8 R 

The stray okpaoitance was negligible, bmng swamped by C. This method 
of finding the time is satisfactory, except in the sudden breakdown, where 
(<S +jx) is too nearly constant. But in this region between the points fi and A 
the Iraoe was almost uniformly faint, with a slight minimum of strength 
near y. Accordingly the time at the point y was interpolated on the aesump- 

VoL Cl-XH—A. 


y 
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tion that, between ^ and time was proportional to the arc traversed by 
the light spot. The values of ^ shown in Table IV. From these the 
current in the osglim was computed as 




dt ^ di ■ 


The stray capacitances E^, t\ were assumed, in the light of later experience, 
to have been 10 and 30 fifiF respectively; but, indeed, they are almost 
negligible. 


Table IV 



a 

P 

y 

8 

e 

e 

V 

<f> (volts) 

182-8< 

l67-2o 

155-2g 

ISO-Oj 

148-0, 

U41o 

141-0, 

X (volts) 

O.Oo 

60, 


lo-o. 

13-0, 

16-9, 

17-24 

t (/isec.) 

< ~ 

00 

3*75 

13-4 

18-6 

28-3 

42-5 

ti(mA) 

O-OOo 

0-64, 

0-705 

in. 

1-39, 

1*704 

1-83. 


6 

K 

A 


V 

P 


(j> (volts) 

137-8g 

137-65 

136-0 

136-74 

134-7, 

137-65 


X (volts) 

130e 

12-1, 

9-9 

6-6j 

3-6, 

0 - 0 , 


t (/*80C.) 

105-^ 

IU)-j 

168-, 

CO 

357-0 

[688] 


u (mA) 

l'3»o 

1-289 

1-05, 

0-89, 

0-37, 

O-OOo 



Note, to table —Although the absolute accuracy of ip is only 0-5 V, differences are 
significaikt to 0-06 V. 


At each current u there are two portions of the oscillogram having 
opposite dujdt, say ti-j, and different say <f>i, The bridge measurement 
of small oscillations suggested that u is proportional to the dijBference of 
potential from equilibrium given u. Accordingly determined 

here from the assumption that 

“■ ~ 0 *) %• 

This is the only assumption borrowed from the results on small oscillations. 
The interpolations, which had to be made in order to obtain Ui, <j>i, 4>t> 

all at the same value of u, were effected graphically. The deduced values of 
<j>^ are shown in Table V. If the reader will plot them on fig. 3 of Part I he 
will find that for the three smaller currents they agree closely with the static 
values taken from steady current dots on Osc. 66A. This agreement confirms 
the assumption. For the two larger currents of the present experiment 
progresses continuously, unlike the static values, which show a discontinuity 
where the glow jumps from one side of the kathode to cover the other side 
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also. We may suppose that during the rapid changes of the present experi¬ 
ment the glow has not time to jump. 

Each pair of observations yields also a value of {<j> — which is stated 
in henries in Table V. It is a slope-inductance and is in fair agreement with 
that shown in Part I, fig. 7 for small oscillations at a frequency of 6008 c./sec. 
In fact the present experiment (Osc. 41) gives 


First member of pair 

_ > 

/ *. .I-IT-1- - ^ 

dujdt 
amp. 

Interval hoc.-^ V 

fi y 43-, 156*24 

y 6 48*7 152*98 

^ e 43*7 149*38 

€ f 31*8 145*8 

Max. 7 0 141*0i 

whereas for small oscillations the second constant was found to be 2*8 x 10“* 
in close agreement; the unit being a volt-second. The first constant varies 
with frequency but is negligible at small currents. 

The important conclusion is that the formula 

ia a fair description not only of sinusoidal oscillations having an amplitude 
of 1 V, but also of very unsymmetrical oscillations during which — 
exceeds 20 V, 

The wave forms for current and voltage are shown in fig. 10. The periodic 
time, measured by a stroboscope, was O-OOTO. sec. The rise of voltage during 
the absence of current has been calculated from Cd^jdt = {V~<f>)jS where 
F was the voltage of the driving battery. To fit these facts with the measured 
voltages at the points a and p, the time interval between them must be 
688 pseo. This may be called, crudely, the duration of the flash. It is 0-090 
of the periodic time. 

An equilibrium exists. For if 0 * du(dt, we have simultaneously, 

V >= ^ + {8 +B)u from Kirohhoff’s laws, 

■ ^ i>eW osglim. 


ti le ^ 

2-7xlO-< 

dujdt 

V vr X i — 


Tablk V 

U 

Common 

Second member 


dufdt 

- 

u 

amp. 


mA 

sec.-i 

V 

0-B24 

“3*4 

135-5 

0*940 


136*2 

1-288 

-6-7 

137*6 

1-675 

~8* 

138*7 

1*837 

0 

14 lO, 


Deduced quantities 

Formula 



0*17 


dujdt 

2*7 X 10-* 

V 

H 

u 

137-0, 

0*445 

0*450 

137-7, 

0*31j 

0*304 

139-1, 

0*238 

0*227 

140-1, 

0*18i 

0*188 

141-0. 

— 

— 


and 
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TheBe equations were solved by the intersection of the straight line with 
fig. 5 of Part I. The solution is ^ === 149-5 V, ^ ^ O-OSg mA. These values 
are shown by the thin lines crossing the wave form. On the oscillogram the 
equilibrium lies inside the loop. We may regard the motion of the light 
spot as a violent distortion of uniform motion in a circle; the equilibrium 
point is the point to which the centre has gone; the one wave form is a 
deformation of the sine curve, the other of the cosine curve. 



13-3 —A Theory of Rapid Flashing —It used to be supposed that a flash 
ended because the voltage had fallen to a “lower critical potential” (Taylor 
and Clarkson 1925 ). But at frequencies above 300 c./sec. that hypothesis is 
plainly untenable, and a new theory is required. The circuit is that shown in 
fig. 2 . Let V be the voltage of the battery, K the capacitance, R and 8 
resistances. 

From Kirchhoff’s laws for circuits it follows, whatever may be the pro¬ 
perties of the osglim, that 

^l + 8K~^<P-V + {8+R)u + 8KIt^ = 0. ( 1 ) 

The intrinsic equation has been shown to be approximately of the form, 

= + (2) 


where 


6 = 2-7 X 10-* V-sec. 


(3) 
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The elimination of <j> beitween ( 1 ) and ( 2 ) yields, 

Etjuilibrium occurs at u = Wq, where 

(S + i?) Wo + ^^{Uq) - F = 0 . (5) 

It is assumed that V > Limit / 0 \ 

The form of the curve then shows that there is one and only one 
It is not likely that any simple general solution of (4) can be found; but 
certain special cases are very instructive. 

13 . 3 . 1 —Sfnall oscillations —^Having found the value of Wq from the curve, 
let in that neighbourhood be represented approximately by its 

tangent line, 

<^>^P + Qu, (!) 

where P and Q are functions of w©, say P{Uq), ^(^ 0 ). 

Equation (4) may now be written 

SKb {6 + w. -SA'(i? + Q)} + (S + i? + (?) w 4 - P - F = 0. (8) 


Let ( 8 ) l>e divided by (P— V) and let the following dimensionless variables 
be introduced, 

y = \ . 


X-tJ 

Then ( 8 ) simplifies to 

dMogy dlogy 


V-P 
SKb • 




( 10 ) 

(H) 

( 12 ) 


in which a and /? are dimensionless constants 

V-SA(F-P)’ ^ V b [s+T-hQ}' 

The equilibrium value is y = 1 ; and, for small deviations from equilibrium, 

y-l^logy = z say. (13) 


So 


d®z iiz . A, „ 


(14) 
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An infinitesimal disturbance will be oscillatory if and only if 

-2<{a+fi)<2. (16) 

It will grow if and only if «+ /9 < 0. (16) 

This condition for self-starting may also be written 

b I R+Q 

81C{V-P)^ \8+R+Q 

which cannot be satisfied unless Q is negative. 

If it were possible to have a small disturbance with a and fi both near to 
zero, the period according to (14) would hex ^ 2n, that is 

t - 2n (18) 

13‘3'2 —Maintenance of a 8teady Range .—To discuss this we must return 
to the general equation (4). Let it be multiplied by dlogu/dt and integrated 
with respect to t throughout a period T of an oscillation which is supposed 
to have attained steadiness. Four of the integrated terms vanish, leaving 



Because 6 is positive, the integrand is positive when u is zero. The integrand 
is again positive when u > 0*5 mA, because df>f{u)jdu is there positive. But 
there is an intermediate range of u, including part of the negatively sloping 
equilibrium line, for which the integrand may become negative, by suitable 
choice of 8, K, R. Steadiness depends on the negative and positive portions 
together making the integral zero. 

Van der Pol in 1926 suggested that the flashing of a neon lamp would 
probably be found to be an example of those “relaxation oscillations “ 
which are described by his equation, 

«> —e(l — t)*)v-f-e «= 0. (20) 

There is indeed a resemblance between (20) and (4) in so far as in both of 
them we have to do with a vibratory system in which the friction may be 
negative in the equilibrium position and become positive for large dis¬ 
placements of either sign. Apart from this important resemblance, the 
equation (4) is very different from (20), especially in the present of logit. 
This effect will be considered in § 13*3*4. 
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13-8-3 —DimuBsion of the OadUogranu 89-47—^For these V 183-, V, 
8 *= 6‘3j X 10 ® ohms, B »= 9397 ohms, and K was adjustable. The equi¬ 
librium current, found from (5) with the aid of a graph of ^g{u), was 
tt 0 = 5-4 X 10 ~® amp. See the lower curve of fig. 6 in Part I. The tangent 
line at this point has the coefficients P =* 158 V, Q = —1*69 x 10 ® ohms; but 
Mdth ^considerable uncertainty owing to the possible drift of equilibrium. 

’fhe condition (17) for self-starting becomes in this case K > 0*5 x 10 ~“ P. 
This is in general agreement with the observations, for the least value of K 
at which a loop was photographed was O*, x 10 ““ F; and as K was decreased 
to this value the loop tended to fiatten itself against the line u 0 , as 
though a limit were being approached (see Osc. 43, fig. 6 , Plate 16). 

None of these oscillations remained “ small ”. For even in the flattest loop 
on Osc. 43 the ratio Mn,»x./“o = 8 == ymax.! ** passed beyond the region 

in which y —l=! 2 =log,v and ^g{u)^P + Qu are valid approximations. How¬ 
ever, as a piece of empiricism, it is interesting to compare the observed 
frequency n with what it would have been if the oscillations had been (i) of 
that other relaxational type in which nK is constant, or (ii) of the small 
frictionless type of equation (18). The data for this comparison are set out 
in the last two columns of Table III. It is seen that as the terminal capaci¬ 
tance was approached, the oscillations became less large, nK did not remain 
constant, and the ratio of the observed period to 2n^{SKbl{V —P)} changed 
from 4-0 to 0‘9. Clonourrently the rates of rise and fall of current became 
more alike at a given value of the current. This last is a sign that as the 
terminal capacitance was approached the term in dlogu/dt became less 
important. 


13 . 3 . 4 —Large Oecillatione mth Slight Friction acroea a Straight ^e{u) 
Graph —In continuation of the policy of dividing the difficulties of solving 
equation (4) let us now neglect the terms which describe the supply of energy 
and which have already been studied in § 13'3‘2. It is a commonplace remark 
among physicists that a moderate supply of energy to or from a vibrating 
system has very little effect on its period. Let us take this notion as a hint, 
but let us follow it sceptically; for it is derived from experience of vibratory 
systems unlike that now studied. Accordingly we simplify (4) and (11) to 


d*logy 


4-y-l = 0. 


( 21 ) 


This equation is not merely an idealization. A disposition of the apparatus 
could exist for whiol^ the neglected terms would be really negligible. In the 
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range ti<3x 10^* amp. the ^^{u) graph is practically straight, so that 
formulae ( 11 ) and ( 12 ) apply, with the values 

«-2-8x 10«ohm, P = 163-5V. 

See fig. 5 of Part I. There is room here for large oscillations, because log u 
is unbounded at u == 0. By a suitable choice of P, S, F, K it is possible to make 
both a and fi near to zero, and yet to preserve the self-starting condition 
a-fy?<0. For example, let P =* 2-7x 10® ohm, so that \QjR\^l. Let 
8 = 10* ohm, V = 168*5 V, P «= 10’* F, then formulae (12) give a = 0*07, 
fi = —0*14. Under circumstances of this sort we may expect that equation 
(21) would give a good approximation to the wave*form and period. But this 
setting of the apparatus difiPers considerably from that used for Osc. 41-47. 

Equation (21) has been made the subject of a separate study by Carson 
and Richardson (unpublislied). It is there shown that, as therange of oscilla¬ 
tion increases, the crests of the waves become narrow and steep and they 
become separated by wide troughsin which y approaches extraordinarily near 
to zero. See the values of I/min. in Table VI. That is to say, the crests 

will resemble isolated flashes; yet their isolation will not be complete, for 
the current will not entirely cease. 


Tablk VI—Propjcrties of thr Intrgrals of 

d*logy/efo2^y_l ^ 0 


2/max. 


7 

26 

36 

100 


1 

0-0064 

3-47X 10-«® 

2-2 X 10-w 

3-8 X l0-*» 

Period 

Period 

-^ 2 n 


I4-, 

I7-, 

28-, 

2 n 

->1 

i‘84 

2-3, 

2-7, 

4-64 


In the experiments the current certainly remained at less than 5 x 10“® 
amp. during the greater part of the flashing cycle. But there is evidence 
that at frequencies above 1000 c./sec. the current never quite ceased. For 
in other experiments, in which the current certainly passed through zero 
because it changed sign, the oscillograms showed more or less flickering. 
A similar unsteadiness was observed for the largest and slowest loop in 
Osc. 43; attempts to measure the frequency with a 8trobosooi>e failed for 
that reason. But above 1000 c./sec. the oscillograms were perfectly steady, 
as would be expected if the current had not to start from zero. 

We are now able to compare the observed periods with what they would 
have been if (21) were an accurate substitute for (4). That is to say, we can 
now make allowance for the large range of oscillation by using a factor 
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7’/3o computed from equation (21); being the period for small oscillation, 

T that for an oscillation having its equ®’! to theobserved u _/ tt«. where 

Mg is the equilibrium current of 6-4 x 10 -* amp. The theoretical period, when 
thus corrected, is 

T , / SKb 

The required data are extracted from Table III and from the computed 
integrals of ( 21 ) (Carson and Richardson unpublished) and are set out in 
Table VII. By comparison with Table III it is seen that the correcting 
factor T/Tq brings the ratio of observed to theoretic periods much nearer 
to unity for the larger amplitudes. The remaining deviations from unity 
may be attributed to the neglect of the relaxational terms, of the curvature 
of the <fff.(u) graph, and of small terms in the intrinsic equation of the osglim. 

Table VII 


Obfiervod 


frequency 


kc./»6c. 

«o 

0131 

37-4 

0130, 

34-1 

0-357 

30-g 

1-21, 

21*, 

5*94 

9-g 


T Observed period 

To ^ 


2-8i 

1-4, 


14, 

2-6, 

00. 

2 I 4 

0-7. 

1-4, 

00, 



Fig. 11. 


For giving a clear view of the peculiarities of the wave-form defined by 
equation ( 22 ) a less violent departure from the cosine-curve is more pleasant. 
So for illustration y^ax. « 7 has been chosen, and is shown in fig. 11 . It is 
roughly comparable with the wave-form deduoible from Osc. 44. The broad 
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flat valleys and sharp isolated peaks are reminiscent of a number of phy¬ 
siological waves (Starling 1926 ) and of some in psychology (Flugel 1928 ; 
Richardson 1929 ). The equal slope on the two sides of the crests in fig. 4 
is due to the neglect of the relaxational terms in equation (4). 

J 3 . 4 —Conclusion on ltdoxutional Oscillations —The equation 

a / \ .diogw 

= A > 

which was derived from small oscillations, is upheld as a good approximate 
description under the very different circumstances of flashing. The constant 
b is about 2-7 x 10 ”^ V-sec. The range of frequency was from 0-131 to 
6 kc./sec. The range of current was from 2 mA downwards. 

The author gratefully acknowledges grants for apparatus made to him 
by the Government Grant Committee in the years 1929 and 1930. 


14—Summary 

Oscillations of various sizes and of various frequencies mostly below 
1000 c./sec. were recorded by a cathode ray oscillograph with full attention 
to the correction of instrumental errors. One coordinate gave voltage, the 
other gave current and the time was obtained either from time marks 
superposed on the trace or from the charge of and current into a condenser. 
The results were compared with the empirical intrinsic equation 

which had been induced in Part I as a description of small oscillations, ^ 
being voltage, u current, o and b constants and the equilibrium voltage. 

It was found that this equation remained a true description in oscillations 
that were very unsymmetrioal and not small. The constant a was nA gligi hl#. 
at small currents; this was fortunate, because its value decreased with the 
frequency. The value of 6 was 2 -, x 10 ~* V-sec. 

At this stage the type of reasoning changes from inductive to deductive. 
The empirical intrinsic equation is taken as a starting point and the be¬ 
haviour of the osglim, when connected with battery, condenser andreristanoe 
in the well-known flashing circuit, is deduced mathematically. If the static 
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characteristic <^f{u) is approximated by its tangent line, the current in the 
osglim is proportional to y where 

in wliich x is proportional to the time, and cc and /? are constants. If 
-"2<a+/^<0 and initially y «= 1, an oscillation begins to grow. It belongs 
to the general class of relaxational oscillations in the wider sense. But, 
owing to the presence of the logarithm, the wave-form differs remarkably 
from that of the relaxational oscillation first analysed by B. van der Pol. 
Brief disturbances are separated by long pauses, during which the current 
becomes too small to be measured, but never quite ceases. Physiological 
and psychological analogues are suggested. 

It will be shown in a later communication that some small terms in the 
intrinsic equation, which are not necessary for the explanation of flashing, 
and which for simplicity have been omitted from the present theory, do 
under other circumstances become important. 


Rbfersnoss 

Anson, H. 8 t. G, and Pearson, S. O. igzz Proc. Phys, Soc, 34, HS-'O and 204-12. 
Ceuson, J, and Bicbardson, L. F, Unpublished. 

Flugei, J, C. 19^8 “Practice, Fatigue and Oscillation,*’ BrtL J, PaychoL Motwg, 
SuppL 4, No. 13. 

Leyshon, W. A, 1930 Proc. Phys. Soc. 42, 157-69. 

Pearson, S. O, and Anson, H, Si. G. 1922 Proc. Phy». Soc, 34, 175-6, 204-14. 
Pol, B. van dor 1926 Phil. Mag. 2 , 978-92. 

Richardson, L, F, 1929 J. Gen. P»ychoL 2 , 339, Fig. 6 . 

— 1933 Proc. Phya. Soc. 45, 135-41. 

— 1935 Proc. Phya. Soc. 47, 258-62. 

— 1937 Pw. Pay. Soc. A, 142, 293-316. 

Starling, E. H. 1926 “Principles of Human Physiology”, figs. 4246, 616. London: 
J, and A. Churchill. 

Taylor, J. and Clarkson, W. 1925 Proc. Phya. Soc. 37, 130-41. 



. Stark Effect in Iron and the Contrast with Pole Effect 


By S. F. Pantee, Ph.D., Demonatrator in Physics 

AND J. S. Foster, F.R.S., Macdonald Professor of Physics, McOill 
University, Montreal 

{Received 31 March 1937) 

[Plates 17, 18] 

Introduction 

In the operating conditions of the iron arc there are a number of influences 
which may measurably affect the universally accepted standards of wave¬ 
lengths. Since this phenomenon appears to have some complexity, it is 
important to learn what part may be played by pure Stark effect. 

Already it is known that an increase of pressure within the source causes 
small shifts in the wave-lengths of most iron lines (pi’essure shift), which 
according to Babcock ( 1928 ) is always toward the red. This effect appears 
to be different from the so-called pole effect which consists of a relative 
change of wave-length at the pole as compared with that at the centre of 
the arc. For it is found that in the latter effect the shift is toward the red for 
some lines and toward the violet for others. In recent years the pole effect 
has l)een rather generally accepted as a pure Stark effect due to electric fields 
developed by the relatively large drop of potential near the pole. This view 
has indeed been taken as a result of earlier examinations of the Stark effect 
for iron in which the displacements of a few lines were reported to have the 
same sign as their pole effects. 

In the present more extended investigation of the Stark effect at much 
greater field strength only partial agreement with the earlier work has been 
reached. It will be shown that the sign of the Stark shifts for a few lines are 
opposite to that of their pole effects. As regards the magnitudes of the two 
effects there is apparently no relation. Indeed the pole effects are of the 
same order of magnitude for lines which ( 1 ) show no Stark effect and ( 2 ) show 
maximum effect. On the basis of new observations on a few hundred lines 
one is forced to conclude that the pole effect is certainly not identical with the 
pure Stark effect, and indeed that between these two there may be little 
connexion. 

The known fact that the pressure shift is not the same for all iron lines led 
Gale and Adams ( 1912 ) to classify the iron spectrum in four pressure groups 

[ 830 ] 
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a, b, c, d in order of increasing magnitudes of the shifts. An additional group e 
was later found by St. John and Ware ( 1912 ). Recent precise measurements 
on 130 lines (6890--6678 A) by Babcock ( 1928 ), who used an international 
arc with vacuum arc comparison^ have shown that the pressure shift is 
always toward the red, even for the lines of group e for which the pole effect 
is toward the violet. 

The pole efiFect was discovered by Goes ( 1913 ), who regarded it as a kind 
of pressure effect. This view has been considered disproved by the work of 
Babcock ( 1928 ). Later work by several investigators has failed to reveal its 
origin with certainty. 

The Stark effect in iron has received very little attention. A few lines in 
the green region were examined in a field of 29,800 V/cm. by Takamine 
( 1919 ). While all displacements were small compared with the effects in 
most other elements investigated, it appeared that nine lines were shifted to 
the violet and two to the red. Takamine pointed out that the direction of the 
shift for each line agreed with that of the pole effect. More recently Adam 
( 1932 ) has made a further study of the relation between pole effect and 
Stark effect, and for this purpose has examined the Stark effect in the region 
4000-5000 A at a maximum field of 28,500 V/cm. No photographs were 
published, but it is stated that the lines 4260, 4260, 4872, 4891, 4920, 4957 
were shifted toward the red, the displacements of the last three lines being 
of the order of 0’5 A. Adam concluded that there was complete agreement as 
regards the sign of the displacements in the pole and Stark effects. 

In the present research 225 lines in the region 3400-6500 A have been 
photographed in electric fields of more than 150,000 V/cm. As already stated, 
the results show only partial agreement with the above. 

Classification of the Abo Sfecteum of Iron 

The normal arrangement of the energy levels of an atom is always of first 
importance in studies of the Stark effect, since displacements depend not 
only upon the type of level immediately concerned but especially upon its 
separation from neighbouring levels, and the character of the latter. 
Classifications within the normal iron spectrum are due mainly to Laporte; 
more than 2400 lines have now been accounted for as combinations between 
established energy levels. Many lines not yet detected in the laboratory have 
been predicted by the application of selection rules to known iron terms and 
have been found among previously unidentified solar lines. 

Extensive analyses of the arc spectrum of iron have been published by 
Bums and Walters ( 1929 ) and by Catalan. From the terms compiled by 
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Baoher and Goudsmit ( 1932 ), the energy-level diagram (fig. 1 ) has been 
constructed, with notation as modified by Moore ( 1932 ). The prefixes a, b, 
c, etc., are used to denote successive low even terms of any one Zr- value and 
multiplicity, written in the order of increasing energy; e, /, g, ... represent 
the similar high terms. The odd terras are denoted successively by the 
prefixes z, y, x, etc., z being the lowest. A number of terms have not yet 
been classified; they are designated by numbers, and the usual symbol (*) is 
added to those of the odd set. The classification of this spectrum is by no 
means complete. 


Experimental 

The aim in designing a Lo Surdo discharge tube for investigation of the 
Stark effect in spectra of metals of relatively high melting points is to obtain 
a source of light in which the action of the discharge produces metallic vapour 
in the neighbourhood of the cathode. In the early experiments a high current 
(up to 40 mA) appeared to be essential to the fulfilment of the above require¬ 
ments. The relatively low electric fields which were developed were due to 
the use of a cathode of large diameter. 

The inner diameter of the tube surrounding the cathode in the present 
investigation is only l-Sram., the current only 2 mA, while the maximum 
electric field attained is in excess of 150,000 V/cm. 

It has already been observed by Anderson ( 1917 ) that the spectra of 
metals used as the cathode are excited to greater brightness when the 
residual gas is either mr or oxygen than when it is hydrogen. In the present 
investigation air proved to be preferable to either oxygen, nitrogen or 
helium. The pressure of air used was from 2-0 to 2*6 mm. of mercury. 

The complete discharge tube is shown diagrammatically in fig. 2 . To avoid 
loss of heat from the cathode a 31. pyrex bulb was used for the main body of 
the discharge tube. This served also as a reservoir, preventing large varia¬ 
tions in pressure due to oxidation of the cathode during operation. The iron 
cathode C, of about 1*8 mm. in diameter, fits into the quartz capillary tube 
D. The upper end of the cathode is turned down as shown in the diag r am in 
order not to touch the walls of the capillary tube. This isolation of the cathode 
makes it possible to put a high voltage across the terminals of the tube 
without causing instability of the discharge. The quartz tube 0, which is 
terminated by the capillary D, is fitted in the glass tube I by grinding, and / 
is sealed to the lower part of the ground-glass joint J. The glass tube F, 
which is also sealed to the ground-glass joint, is terminated by tungsten wire 
sealed at each end. The purpose of Z' is to provide an electrical contact for 









the cathode through the -wire H and spring E. Within the tube therh il 
atmospheric pressure to prevent any discharge firom taking place along the 



udre H, A narrow slit of 2 mm. length was cut along the axis of the oapiUazy 
tube. The bright light from the beam traversing Crookes’s dark space leaves 
the discharge tube through the quartz window S, The aluminium anode A 
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may be unscrewed when neoessai^, and removed from the discharge tube 
through the ground-glass joint J by means of a pair of tongs. 

The discharge tube was mounted on a wooden frame in front of the 
spectrograph and attached to the vacuum system by means of a ground- 
glass joint. The vacuum system was of the simplest type, consisting only of 
a McLeod gauge and a reservoir for air. It was connected to a Hyvac pump 
used for evacuating the system. 

The D.C. high-potential source used in this ex|)eriment was a split trans¬ 
former kenotron rectifier, capable of delivering a maximum current of 
100 mA at a potential of 10,000 V. The potential across the tube was 
measured vdth an electrostatic voltmeter. 

For the visible region a large six-prism glass 8})e(5trograph was used, the 
dispersion of which varied fnjm about 8 A/mm. at 5500 A to 2*5 A/mm. at 
The construction of this spectrograph has been described elsewhere 
(Booster 1929). I'or the ultra-violet region between 4000 and 3300 A, a quartz 
spectrograph was employed which has been recently designed by Foster 
(1936). The disjjersion varies from OA/mm. at 4000 A to 4*5 A/mm. at 
3500 A. 

The light from the source passed through a quartz Wollaston prism and 
was focused on the slit of the si>ectrograph by means of a condensing lens, 
arranged to give a magnification of about 1*5. The light polarized with its 
electric vector parallel to the field was then passed through a quartz quarter- 
wave plate, which rotated the plane of polarization of the light through 90”, 
and hence the loss of light by reflexion was greatly reduced. 

The plates used were Eastman spectroscopic tyj^es I-F, I~D, I“J, each 
in its most sensitive region and Eastman “ 40” in the ultra-violet. 

Considering the fact that the discharge tube is rather large and difficult 
to adjust during operation, it was thought advisable to make all the adjust¬ 
ments of focusing before the beginning of the run. An ordinary electric bulb 
was placed behind the discharge tube, and the image of the slit in the quartz 
capillary tube was brought into focus on the slit of the spectrograph by the 
condensing lens, the proper position of which was previously determined. 
Thus the illuminated slit of the quartz capillary served as a source of light 
and made it unnecessary to make any adjustments of focusing of the tube 
during the course of an actual run. 

As goon as the pressure was reduced to about 2 mm. of mercury, the high 
potential was applied and the tul>e was ready for a run. The voltage across 
the terminals was about 10,000 V, and the current 2 mA. The discharge 
Was always steady and of bluish colour. Exj>osure times varied from 1 to 
3hr., depending upon the pressure used and potential applied. Generally 

VolCLXn^A. « 
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speaking this type of discharge tube proved to be stable and satisfactory so 
far as high fields and intensity of the light source are concerned. 

For the purpose of classification and measurement of displacements of 
the affected lines, a comparison iron arc sj)ectrum was put at the end of each 
run. A mirror was placed behind the condensing lens and the image of the 
iron arc was focused on the slit of the spectrograph without disturbing the 
optical system. A mask on the slit served to limit the light of the iron arc to 
the proper positions on the plate. 

To prepare the tube for another run, the qixartz tube was removed and 
boiled in HCl to dissolve iron oxide and iron deposited on the walls of the 
capillary tube. The same capillary may be used for several runs when 
necessary. It may easily be replaced by a new piece sealed on the main 
quartz tube 0 by means of a very hot oxygen flame. 


Expkeimental Results 

Thirty-three lines were found to be displaced in fields of 150,000 V/cm. 
or less; of these eight were displaced toward the red and the rest toward the 
violet. The maximum field in each exposure was determined from the 
separation of strong components of the Balmer lines or which 

always appeared on the plates owing to water vapour in the tube. In photo¬ 
graphs of the ultra-violet region the field was obtained from the displace¬ 
ments of two nitrogen lines 4100, 4110 A which appear in the overlapping 
regions of the two spectrographs. 

In Table I the first three columns give the wave-length, wave number and 
term combination of the lines; they are taken from a paper of Bums and 
Walters ( 1929 ). The next two columns give the pressure classification and 
pole effect taken from the resultsof St. John and Babcock, which are included 
for the sake of later comparisons. Columns six and seven give the dis¬ 
placements of the parallel and i)erpendicular components of the lines in 
cm.""^ For many lines only the sign of the small displacement is given. 

Plate 17 (a) is an enlargement of a plate taken with a double-image prism 
and showing displacements at a maximum field of il 5,000 V/cm. in the 
longer wave-length region 5465-5325 A. The two sections of Plate 18 are 
enlargements from a single plate taken at a maximum field of 150,000 V/cm. 
without a double-image prism, and covering the region 5200 A to 
Although very good plates were obtained in this region with a double-image 
prism, the above plate is reproduced owing to the appearance of certain faint 
lines not recorded elsewhere. Plate 17 (b) shows the region in a maximum 
field of 210,000 V/cm. in which additional lines are displaced. 
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Table I—^Displacements op Ibon Arc Lines between H, and 


A in A 

V in 

Term 

oombination 

rres- 

sure 

group 

iroie 

effect 
in A 

Stark effect in cm.~* 

^, 

P ^ 

Field 
in V/om, 

M68-271 

18298*981 


e 

--0-016 

-1*74 

-M3 

116,000 

5465-453 

326*204 


e 

--0*016 

-3*96 

-3*78 

116,000 

5445-042 

360*244 


e 

-0*020 

-1*76 

-1*60 

116,000 

5424069 

431*236 

— 

e 

-0*027 

-2*24 

-1*68 

116,000 

5416*199 

461*423 

2‘G;^978 

e 

-0*030 

-2*04 

-0*88 

115.000 

6410*910 

476*067 


e 

-0*026 

-1*19 

-0*66 

116,000 

5404* 141 

499*199 

— 

e 

-0*026 

-1*27 

-0*68 

116,000 

5400-602 

611*664 

2»0;*-99 (‘Fj) 

e 

-0*011 

-0*89 

-0*89 

115,000 

5383*369 

670*679 

e 

-0*025 

-M31 

-0*66 

116,000 

5369*962 

616*944 

— 

e 

-0*020 

— small 

0 

116,000 

5367*466 

626*698 

— 

e 

-0*025 

-2*62 

-1*65 

116,000 

5364*872 

634*606 

_ 

e 

-0*028 

-1*62 

— (diffuse) 

116,000 

*5195*471 

242* 190 

(‘F.) 

e 

— 

— 

— small 

160,000 

5165*411 

19364*168 

2/«F;-94 (‘F,) 

d 

+ 0*010 

— small 

— small 

115,000 

6162*272 

366*936 

2/*F;.-90(‘F,) 

d 

+ 0*030 

+ 6*76 

+ 4*02 

81,000 

♦5148*039 

419*477 

p‘f;-ioi, 

? 

— 

— 

+ small 

160,000 

5137*382 

469*760 

y*F;-91 {‘F.) 

d 

+ 0014 

— small 

— small 

112,000 

6133*689 

19473*761 

p‘F,-92 

e 

-0*045 

-3*94 

-3*66 

112,000 

5125*117 

606*330 

2/*F;-95 (%) 

d 

+ 0*020 

+ 0*98 

+ 0*72 

81,000 

5096*998 

613*943 

S/*F;-104 {‘F,) 

e 

-0*010 

-1*31 

-1*61 

112,000 

6090-775 

637*918 

y*F,-ioi, 

d 

+ 0*010 

+ small 

0 

112,000 

6079*225 

682*572 

a»P,-y»p; 

e 

-0-013 

-1*08 

-1*43 

81,000 

5074-747 

099*939 

p*f;-^»g, 

e 

-0*022 

-1*52 

-1*70 

112,000 

5066*019 

737*776 


e 

-0*029 

-1*40 

-M6 

81,000 

5027*122 

886*569 

S/»D;-94 (»F,) 

d 

+ 0*014 

-0*98 

— small 

112,000 

4991*267 

20029*423 

y‘Di-100, 

d 

+ 0*030 

+ small 

+ small 

81,000 

4988*949 

038*726 

3/«D;-96 (‘F,) 

d 

+ 0*018 

+ small 

+ small 

81,000 

4983*852 

069*223 

y‘D;-91 (>F,) 

d 

+ 0*020 

— small 

— small 

112.000 

4983-248 

061*661 

2/‘D;-96, 

d 

+ 0*020 

+ small 

+ small 

112,000 

4982-600 

064-664 

d 

+ 0*026 

+ small 

+ small 

112,000 

*4967-899 

123*634 

— 

e 

-0*016 


— small 

160,000 

*4934*003 

261*880 

j/‘D;-99 (%) 

? 

— 


- small 

150,000 

*4933*338 

20264*612 


e 

-0*006 

— 

— small 

150,000 


* These linos were photographed without a double-imago prism. 


Dlscussion 

The first point to be noted is that the pole effect is not identical with the 
Stark effect in the arc spectrum of iron. Owing to the following new evidence, 
the earlier assumption that the two effects are the same is not upheld. 
(1) The four d-lines A 6166-411, 6137-382, 6027-122 and 4983-862 are found 
with definite Stark displacements toward the violet, whereas the observed 
pole shifts for all of these lines are toward the red. (2) There is, in fact, no 

clear relation between the magnitudes of displacements of individual lines 

22 
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in Stark effect and pole effect respectively. For example, the pole effects for 
the lines A 6463 and 6466 are the same, while the Stark effect observed for 
the second line is double that of the first. (3) A great many lines which are 
undisplaced in Stark effect have about the same pole effects as other lines 
which are appreciably affected by electric fields. While the above evidence 
is clear, some possibilities in Stark effects demand closer consideration. 
With reference to the first point, it is possible and indeed not uncommon to 
find a line which shifts to one side of its norma] position in low electric fields 
(“pole effect ” ?) and to the other side in high fields (“Stark effect’'). More¬ 
over, with special reference to the second point, lines in a complex spectrum 
are usually not all displaced by electric fields according to the same law, and 
hence one should not ex})ect the ratio of the displacement to be necessarily 
independent of the field strength. It might be thought that these observa¬ 
tions invalidate points (1) and (2) in the above argument; but apparently 
they do not apply to the iron sj)ectrum. Here the Stark displacements 
display an uncommon regularity, being roughly proportional to the square 
of the field and devoid of any signs of the irregularities just cited. We 
therefore conclude that the pole effect is not identical with the Stark effect. 

As a second point, it may be mentioned that the origins of Stark effects in 
the iron spectrum are much less evident than in most spectra. The energy- 
level diagram (fig. 3) shows that the levels which are appreciably affected by 
the field are relatively high and close together. It should be noted that the 
scale used in the representation of displacements is much larger than that 
used to indicate separations of normal levels. The apparent crossing of 
levels in the diagram arises from this change of scale and is not actually 
realized. According to present classifications, all the terms corresponding 
to the displaced levels are e?;en. This feature is worthy of note, since it means 
that there can be no interactions between the affected terms themselves to 
give the Stark effects. Acceptance of the present consistent interpretation of 
the normal spectrum apparently forces the prediction of odd levels inter¬ 
spersed with the even levels which are perturbed. In other words, one must 
postulate odd levels (e.g. ^ produce non-vanishing elements in the 

matrix * given by 

where is the eigenfunction for an even state. Since it is well known that 
the odd and even levels would “repel ” each other in the field, the observed 
Stark displacement of known levels (fig. 3) may be interpreted to mean that 
one or more odd levels are present at 63,060, 63,660 and 64,000 cm.~^ 
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approximately. Since the sum of the Stark displacements of the odd and 
even levels must be zero, the observed displacements of known terms rather 
suggest that the odd levels will not be greatly displaced by the field; but 
small shifts may be considered probable. Owing to the absence of even terms 
in the middle section of the energy level diagram fig. 1 (25,000-42,000 cm.“^), 
one cannot expect that evidence for the predicted terms will be found in the 
region covered by the present investigation; and indeed no such evidence 
appears. There are a great many even terms below 25,000 cm.however, 
and it therefore seems probable that some unclassified lines to the violet of 
3400 A might show significant Stark eflFeots and have the right wave-lengths 
to serve as evidence for the odd terms in question. 

Table II has been constructed from the 225 photographed iron lines with 
the aid of the present classification given by Burns and Walters ( 1929 ). Of 
the ninety-eight initial levels associated with these lines, sixteen are 
affected in electric fields and the rest are not displaced in fields up to 
150,000 V./cm. It appears, however, from Plate 18(6) that the group of 
levels c’D is slightly displaced in fields of over 200,000 V/cm, 

From the known behaviour of the ninety-eight initial levels in electric 
fields (Table II) one may predict Stark effects for a good many lines not yet 
investigated. Such predictions are based on the reasonable assumption that 
no effect exists in the final states and have proved to be quite accurate during 
the course of the present work. 

It has already been noted that Takamine ( 1919 ) reported the displace¬ 
ments of eleven iron lines in the green region in a maximum field of 29,800 V / 
cm. According to his observations the line A 5324* 179 is displaced toward 
the red, but reference to Plate 17 (a) will show without any doubt that this 
line is undisplaced even in a field of 115,000 V/cm. The remaining ten lines 
are found on the present plates with displacements in the direction reported 
by Takamine. In some casep, however, the shifts are detected only in fields 
of the order of 100,000 V/cm. 

Displacements of the order of 0*5 A at 28,500 V/om. reported by Adam 
{ 1932 ) for the lines AA 4957,4920,4891 are not confirmed. Under the present 
dispersion a change in wave-length of the above magnitude is easily detected; 
but it is not found for these lines at fields of 150,000 V/cm. as may be learned 
from Plate 18. The lines are only slightly affected at 210,000 V/cm. 
(Plate 17 ( 6 )). Of the remaining displaced lines reported by Adam, A 4872 
shows no shift except at 210,000 V/cm.; AA420O, 4250 are not displaced at 
135,000V/om. 



Flo. S^Energy level diagram showing levels displaoed by eleotrio fields. 
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Table II—Displaoed and Undisplaced Levels 



Symbol J J J 
*«S* 2 

2 

1 

0 


3 

2 

1 


3 

2 

1 


c«D 3 

2 
I 


fB 3 

2 

1 


3 

2 

1 


3 

2 

1 


3 

2 

1 


3 

2 

1 


e*D 4 

3 
2 
1 
0 



Symbol J J J 
PB 4 

3 

2 

1 

0 


4 

3 

2 

1 

0 


y*!)® 4 

3 
2 
1 
0 


4 

3 

2 

1 

0 


e’D 6 

4 
3 
2 
1 


1 

2 

3 

4 

J5 


4 

3 

2 



Symbol J J J 
4 
3 
2 


6 

4 

3 

2 

1 


5 

4 

3 

2 

1 


5 

4 

3 

2 

1 



5 

4 


3 



6 




4 




3 



6 

5 

4 

3 

2 


23 0 

5 

4 


Un«iis«igii©d levels Unasaignod levels 


Dkplaoed 

UndispJacod 

Displaced 

Undisplaced 

104 

78 

96 

42 

103 

70 

94 

36 

101 

, 66 

03 

— 

100 

61 

92 


09 

60 

91 


07 

47 

90 

— 

96 

45 
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Stjhmaby 

A modified Lo Surdo discharge tube has been designed suitable for 
investigations of Stark effects in the spectra of metals of high melting points. 

The Stark effect in the arc spectrum of iron has been observed in the region 
6500-3400 A at a number of field strengths ranging from 100,000 to 200,000 
V/cm. 

Two hundred and twenty-five lines wei*e photographed, tlurty-thiree of 
which were found to be displaced. 

The Stark effect consists of simple small displacements of the lines. 
Some polarized components were observed. 

The relation between the pole effect and the Stark effect is discussed, and 
the conclusion drawn that the pole effect cannot be identical with the Stark 
effect as has been assumed by many writers. 

Stark di8j)lacement8 of lines not yet examined are predicted from the 
known effects on ninety-eight initial terms. 

A general theoretical explanation of the observations requires the intro¬ 
duction of hitherto unknown odd terms of specified values. 
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The Stark Effect in Hydrogen and Deuterium 

By J. Stuart Foster, D.Sc., F.R.S., Macdonald Professor of Physics 
AND Hawley Snell, Ph.D., Research Associate, McOiU University 

(Received 31 March 1937 ) 

[Plates 19, 20] 

Introduction 

Since hydrogen and deuterium present observable differences in the fine 
structure of the Balmer series, it was thought advisable to examine the 
Stark effects with special reference to intensities. 

The photographs have been taken from a Lo Surdo source containing a 
mixture of hydrogen and deuterium. Plate 19 shows the results of the 
analyses of H^D„, H^D^, H^Dy and H^D,. It may be noted that the 
intensity pattern for is asymmetric and that it is nearly the mirror image 
of the asymmetric pattern for H,. Although gradually less prominent in 
later members of the series, this feature is not entirely absent from H^Dy 
as published in Nature (Foster and Snell 1934). Moreover, the contrasting 
asymmetries of H, persist to some extent in analyses (Plate 20 (1)) 
from a canal ray source specially constructed with opposing beams, and 
operated at a pressure enormously in excess of usual values. 

There are other intensity relations of some interest. The hydrogen line 
in the pair H^Dy has less relative strength than it has in taken from the 

same plate (Plate 20 (2)). In other words, under the conditions of the experi¬ 
ment, the intensities in the Balmer series of deuterium do not fall off so 
rapidly as they do in hydrogen. Confining the attention now to a single pair 
of lines, e.g. Hy.Dy, the deuterium intensities are relatively greater in electric 
fields than at zero field (Plate 20 (2)). While this point is beyond doubt, one 
must not include in the evidence the central component of Dy upon which a 
molecular line falls. It is clear that some of the intensity relations are a result 
of collisions of the second kind, and it ap})ears probable that others originate 
in self absorption. 

The more accurate measurements of Stark displacements for Hy and 
(Foster 1924, 1925) and for (McRae 1931) have shown variations from 
the regular Epstein spacing which are outside experimental error. McRae 
showed that the irregularities in H. are nearly those to be expected if the 
conditions between fine structure and Stark effect are as predicted (Schlapp 

[ 349 ] 
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1928 ), and the fine-structure separations are carried over into high fields. 
On our new plates the effect of fine-structure separations is seen as the main 
cause of the irregular spacing of Stark components in the four Balmer lines 
of deuterium, and the earlier displacements in hydrogen are confirmed. 

Wliile all hydrogen components are diffuse, it is established in the present 
investigation that certain selected components are rendered particularly 
diffuse, and usually in an asymmetric manner. 


Expeeimental Investigation 

Lo Surdo Method —The greatest part of the experimental study was made 
with the Lo Surdo source developed in this laboratory. Before admission of 
the hydrogen gases, the tube was thoroughly roasted and run for some time 
with helium gas in contact with charcoal cooled by liquid air. The greater 
part of the helium was then pumped out and replaced by hydrogen and 
deuterium in approximately equal proportions. During the final runs, the 
combined partial pressures of the hydrogen isotopes was certainly greatly 
in excess of that of helium. The total pressure varied with the field strength 
required for a good analysis of the line under investigation. It was 0*9 mm. 
for H^D^ and H^D^, and 1*6 mm. for and H^D^. The corresponding 
voltages on the tube varied from 14,000 V for Hg^D^^ to 9000 V for H^D^, No 
difficulty was encountered in exciting the Balmer lines of deuterium or in 
maintaining a good intensity throughout the exposure. 

A brief consideration shows that a clear Stark analysis of a given Balmer 
pair may be obtained at a certain minimum external field. As is well known, 
the quantum number n serves as a splitting factor in hydrogen Stark effect. 
Each Stark pattern of a Balmer line (n->^ 2 ) is therefore made up of groups 
of ^hree components (end-groups are incomplete) with separations (n — 2 ) 
Epstein units. The separation of the groups may be equal to this, or greater, 
but not less. Resolution will be satisfactory when the deuterium com¬ 
ponents lie midway between hydrogen components of each group, and will 
not be much improved by the use of higher fields. On this basis, the minimum 
field for satisfactory analysis is the one for which 

(In - 1 ) Epstein units = separation of Balmer pair. 

The numerical values are: for 131,000 V/om.; 87,000V/om.; 

HyD^, 65,OOOV/cm.; 52,000V/cm. Our experimental values, given 

on Plate 19, differ a little from the above. 

The spectrograph is a large glass instrument (Foster 1930 ) in which six 
prisms were required for the analyses of H^D^ and H^D^, while three were 
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sufficient for HyDy and twoforH^D,. The dispersion varied from 12*2 A/mm. 
for to 7*0 A/mm, for Exposures lasted from 30 to 60min. 

The intensities of components may be estimated from the photographs 
reproduced in Plate 19, Under our experimental arrangement, we con¬ 
sidered it improbable that the physical conditions could be repeated with 
the accuracy necessary to duplicate exactly any set of intensities, and hence 
have been content with qualitative results which show, under identical 
conditions, sufficiently interesting contrasts between the two isotopes. 



CwmVray Investigation with Cross-Tube —A few photographs of 
have been taken to see if the asymmetric Stark patterns for the isotopes 
would appear in a canal-ray source at high pressure. For this purpose, we 
have employed a source the essential features of which were developed with 
Dr. D. R. McRae for another research. Two directly opposing canal-ray 
beams meet at a common cathode, where an additional electrode is intro¬ 
duced to enable one to apply an electric field perpendicular to the beams. 

The present form of cross-tube is shown in cross-section in fig, 1. The two 
anodes are connected to the positive terminal of a Kipp “ proton apx)aratus. 
The common cathode is an aluminium tube with wall 1^ mm. thick. Rect¬ 
angular slits i X 2 mm. are punched at opposite ends of a diameter to allow 
the canal-ray beams to pass through the cathode. Each beam may be seen 
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to project a distance of about 2 cm. on the other side. The external field is 
applied between two field plates, one of which is an aluminium cylinder 
accurately fitted into the tubular cathode, and held by a set screw. This 
unit, combining two cathodes and one field plate, is grounded. The second 
field plate is held rigidly in the cathode tube by an accurately turned lavite 
sleeve. The arrangement is such that the field plates are kept parallel—an 
important feature in the investigation. Although space between the plates 
is 1 mm. or less, the plates are placed carefully outside the canal beams. A 
ground-glass joint facilitates the removal of the cathode and plates for 
cleaning and resurfacing. A diameter of 1 cm. for the cathode leads to con¬ 
venient dimensions for the assembly. The light passes through a third slit 
in the cathode placed at 90® from the canal-ray slits as illustrated separately 
in fig. 1. It continues through a side window, condensing lens, and Wollaston 
prism to the spectograph. 


1 s^re 

uje. _ 

7 r<omponeftts 

I 1 S^O 

S*7S 

L 

1 


4^74 1 \4S6 

n^cmpomenti 

4JS 1 

1 







Fig. 2 


The cross-tube will operate at pressure as high as 0*85 mm., and give light 
of intensity comparable to that of a Lo Surdo source. It is believed that the 
pressxire and light intensity may be increased beyond the present limits. 
The field potential remains very steady provided care has been taken to 
prevent the canal beams from striking the field plates. 

Irregularities in Displacements —^In figs. 2 and 3 we have summarized the 
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mean results of twenty independent measurements of each interval between 
the components of the and photographs reproduced in Plate 19* 

In these diagrams the wave-length increases to the left, and it will be 
noticed that the figures immediately above the horizontal line represent the 
H-D separations. All figures are in cm.”*^. 

The irregularities in the inteiwals which are to be expected on the basis 
of fine structure are listed in Table I. Here (4 — 3) v, (r) represents the interval 
between components 4 and 3 on the violet (red) side, and the figures represent 
the differences between intervals as deduced from figs. 2 and 3. 


H^\n^comf)onenti 





Ijl» IJll* 

(AVJ 



Tw 

10J 

0 

Ofi'f n*componc7tts 

to.^0 



Fig. 3 


It will be noticed that practically all the differences are positive in sign. 
This means that in both H and D the small and large intervals occur where 
they are expected from ftne structure considerations. The numerical agree¬ 
ment may be impaired by the fact that only one plate was measured for each 
line, and (especially in certain components are very diffuse. Taken 

as a whole, however, the evidence is strongly in favour of attributing the 
irregularities in the displacements to the effects of fine structure. This con¬ 
clusion is supported by meaisurements of five plates of . In these plates 

the following irregularities are found in both and D^: 

tt: (6 -2)r>(6 —2 )v. 

er: (13-10)v>(13-10)r; (10-3)r>(10-3)t>; (3-0)t;>(3-0)r. 
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These again are in agreement with the expected effect of fine structoie. In 
addition we should have (18—16)v>(18—16)r. Here our measurements ate 
contradictory but inconclusive, owing to the greater difierenoes of these 
wide components and some confusion with molecular lines. 

Table I 


Intervals oompai'ed 

(3-2)r^(3--2>t> 
(4_3) v«(4_3)r 
(4--3) v-.(3^2) V 
(3-2)r_(4-3)r 
(r; (1-.0) V'-(l-0)r 

(10-8) v-(I0-8)r 
(8~6)r-.(8-6) V 
(8_6)r-(10-8)r 
(lO^8)i;-.(8-0) V 
<T\ (0-4) v-“(0 —4) r 
(4^2)r-{4-2) V 
(4-2)f-{0-4)r 
(6-4)v-(4-2) V 

♦ This large difference is not 


Difference between intervals 


H 

D 

H 

(F. & S.) 

(F. <& S.) 

(McRae) 

()-24cm.'^ 

0*33 cm. 

0*27 cm.-' 

-0*01 

0*20 

0*10 

005 

0-31 

0*16 

0*18 

0*22 

0*20 

010 

0*08 

— 

0*07 

0*10 

— 

0‘7i* 

0-79* 

— 

0*29 

0*46 

— 

0-49 

0-44 

— 

0-02 

0*28 

— 

0*44 

0*41 

— 

0*03 

0*46 

— 

0*43 

0*24 

— 


by moasnroments of other plates. 


Theory 
0-21 cm." 
0 10 
0*19 
0*19 
019 

019 

0*19 

019 

019 

0*19 

019 

019 

019 

supported 


Relatively Diffvse Components —Small variations of the external field 
during the exposure account for a general blurring of components which 
increases with the displacement. Clearly su}>erposed on this, however, is a 
selective diffuseness not previously reported. It is illustrated best in 
Plate 19, where the components — 6 (<r); 0 ( 7 r) are decidedly broad as com¬ 
pared with their mates. Since the component 6 ( 7 r) and the relatively sharf) 
component 4(cr) are associated with the same initial level, the difference in 
their profiles cannot arise from effects in the initial state. On the other hand, 
the diffuse components just mentioned are associated with the same final 
state. A more detailed examination of all Balmer patterns reveals the fact 
that almost all relatively diffuse components are produced in transitions to 
the lowest final state. 

This effect is not due to a general variation of the external field. Neither 
is it due to an incorrect adjustment of the spectrograph or to the fine struc¬ 
ture of Stark components (Schlapp 1928 ). The observations allow one to 
consider a surprisingly selective effect on the final state concerned. 

Beginning with the discovery of the effect and continuing up to the present 
time, much material has been amassed to prove that the'observed hydrogen 
Stark intensities may vary from theory by amounts many times greater 
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than the experimental error. Moreover, the character of the variation 
changes greatly with the physical conditions of the discharge. In the canal- 
ray source it depends, for example, upon the relative orientation of the beam 
and the applied field—^whether parallel, anti-parallel, or perpendicular— 
as well as upon the voltage, pressure, nature of canal rays and of residual 
gas. 

The apparent departures from theory are not, however, limited to oanal- 
ray sources. In this laboratory, McRae (1931) examined a Lo Surdo source 
containing pure hydrogen gas, and observed a tyi>e of asymmetric pattern 
for which could not be explained by any loading of the initial states. 
The asymmetry was less at the lower pressures. 

More recently a rather smooth transition from the hydrogen Stark 
intensity patterns normally characteristic of the canal ray source to those 
characteristic of the Lo Surdo method (Thornton 1935) has been obtained. 
This has been realized by the simple process of increasing the gas pressure 
in a suitably designed canal-ray tube to values far above normal. 

On the other hand, there are i)ubli8hed quantitative measurements of 
average relative Stark intensities in hydrogen (Foster and Chalk 1929) 
which agree rather well with the calculated (Schrodinger 1926) relative 
probabilities of transition. The experiments were carried out with a Lo 
Surdo source containing a small amount of hydrogen mixed with helium or 
neon at a total pressure of one to three millimetres. Under these conditions 
an excited hydrogen atom may exist and radiate with comparatively little 
disturbance from its immediate neighbours, and the radiation is not 
appreciably absorbed on its way to the spectrograph. Although no other 
series of measurements has shown such good agreement with theory, the 
correct point of view seems to be that no other exj^erimental arrangement 
has so nearly realized the conditions assumed in the theoretical treatment. 

We now find that the asymmetric Stark-Lo Surdo intensity pattern 
characteristic of from pure hydrogen (McRae 1931) is retained in photo¬ 
graphs from mixtures of the isotopes, while its mirror image represents 
rather well our finding for Most physical conditions are here constant, 
yet the asymmetries are quite different. While searching for an explanation 
of this stimulating fact—without denying a theory which had received 
adequate confirmation in the same laboratory—it was found that selective 
absorption within the source (Foster 1934) apparently serves as the main 
satisfactory supplement to earlier ideas. The actual effects are not simple, 
however, as is seen from the fact that collisions of the second kind must be 
invoked to explain the relatively weak outer components in our canal-ray 
tube where the field is applied at right «^ngles to the beam. 
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A more extensive discusiMon of the whole complex phenomenon ie for 
the time withheld since further consideration leads to some doubt as to 
whether the absorption acts precisely in the manner described in the paper 
just cited, and simple supplementary exjxjriments at this laboratory have 
not disclosed the action with more certainty. 


Summary 

The Stark effects for and have been photo¬ 

graphed from a Lo Surdo source containing a mixture of the isotopes. 

The observed asymmetric Stark intensity patterns for deuterium are 
nearly the mirror images of those for hydrogen. Somewhat similar results 
are obtained with a new canal-ray tube which operates at pressures much 
higher than usual. 

These effects arc attributed mainly to selective absorption with the source. 

Variations from the Epstein spacing of components are found to be in 
fair agreement with the Schlapp theory of the fine structure of the Stark 
effect. The observations confirm earlier researches on hydrogen, and are 
extended to include deuterium. 
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The Influence of Hydrogen and Deuterium on the 
Thermal Decomposition of Diethyl Ether 
in the Low Pressure Region 

By J. W. Mitoheix, 1851 Exhibition Scholar, New Zealand, 

AND C. N. Hinshblwood, F.R.S. 

{Received 25 June 1937 ) 

Richards (1936) found from sound dispersion measurements that at 
ordinary temperatures, in exciting the lower vibrational states of ethylene, 
collisions between hydrogen and ethylene molecules were ten times as 
effective, and collisions between deuterium and ethylene molecules 1*27 
times as effective as collisions between ethylene molecules themselves. This 
means that hydrogen is about eight times as effective as deuterium. The 
specific effects of foreign gases in facilitating the interconversion of trans¬ 
lational and vibrational energy as determined from measurements of the 
velocity of sound in the mixtures, have been explained by Franck and 
Eucken (1933) in terms of the chemical affinity between the colliding 
partners. This can however scarcely explain the results of Richards. The 
difference which he observed between hydrogen and deuterium seems to 
exclude any explanation for the superiority of hydrogen based on chemical 
affinity. 

The specific effect of hydrogen in activating molecules in unimolecular 
decompositions has been described in previous communications from this 
laboratory (Hinshelwood 1927; Hinshelwood and Askey 1927: Hinshelwood 
and Staveley 1936). The comparison of hydrogen with helium seemed to 
suggest that the difference could not be explained by differences of mass 
and velocity but rather by differing chemical properties. It seemed that 
the compsiison of the effect of hydrogen with that of deuterium would 
provide significant information, and that the comparison with the results 
of Richards would be of intere^. 

The unimolecular velocity constant for the thermal decomposition of 
diethyl ether begins to fall off in a convenient pressure range, and the effect 
of hydrogen in maintaining the unimolecular constant at low partial pres¬ 
sures of the ether is clearly shown. For this reason diethyl ether was chosen 
for the investigation. Staveley and Hinshelwood (1936) showed that in the 
ordinary thermal decomposition, chains of a mean length between three and 
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four units were involved. To eliminate the influence of these chains, the 
experiments were made in the presence of 5 mm. of nitric oxide. 

The essential result (Table III) is that, at 525^^ C., with the inhibited 
reaction in the low pressure region, deuterium has, within the limits of 
experimental error, no effect on the rate of reaction, whereas the addition 
of more than 400 mm. of hydrogen increases the rata to the value found 
with a high initial pressure of diethyl ether. This result provides definite 
evidence against any purely chemical explanation of the hydrogen effect. 

An important factor governing specific energy transfers, is the mutual 
disturbance of the potential energy curves of the colliding molecules. 
Deuterium could not have an effect very different from hydrogen in this 
respect, as the electronic configurations of the two molecules are practically 
identical. The effect observed focuses attention primarily on the mass 
differences. This leads to a difference in the collision number of 1 *4 times, and 
to a difference in the zero point energy which would correspond to a ratio 
of reaction rates of about two. Neither of these factors however nor a com¬ 
bination of both would account for the observations. 

Nevertheless, it is possible with the aid of certain quite general assump¬ 
tions about the conditions governing energy transfer to see how a small 
difference in mass could exert a very greatly magnified effect. 

The necessary assumptions are not directly provable or disprovable but 
are not inherently improbable. 

First it would have to be assumed that energy transfer only occurs during 
collisions, the duration of which is considerably greater than the average. 
Tliis might arise from the fact that conditions were only favourable for 
energy transfer when the colliding molecules had reached a certain phase of 
vibration, the time required for this being in general greater than the colli¬ 
sion time. If t is the time required for the suitable phase to be reached and 
d the average duration of a collision, the probability of an encounter the 
duration of which exceeds t is given by the statistical formula If t is 
increased to aty the probability decreases in the ratio When ijd is 

great, the change in probability for a given value of a becomes very large. 
Now it might happen that t became smaller as the mass of one of the 
colliding partners was reduced. For example, if the frequency of the 
hydrogen or deuterium vibrations, or of the vibration of any bond involving 
a hydrogen or deuterium atom were concerned in the operations leading up 
to the energy transfer, then t would be smaller for hydrogen than for deu¬ 
terium in a ratio calculable in principle from the masses. If this were the 
case, then the small difference of mass introduced into the exponential 
formula would have an effect increasing indefinitely as the ratio of ^ to ^ 
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inoieased. For example^ if the values of t varied as the square roots of the 
masses, a ratio of 6 to 1 for tjd would account for the whole of the observed 
difference between hydrogen and deuterium. The mass function is doubtless 
much more complicated than this. Our only object is here to point out that 
a purely statistical factor migiit possibly magnify the mass differences 
enough to account for the observations without the introduction of hypo¬ 
theses of an unusual or improbable nature. 

At higher temperatures when the pressure of deuterium is greater than 
about 200 mm., there is a positive effect. This can be traced to the occurrence 
of an exchange reaction. 50 mm. of ether and 400 mm. of deuterium were 
allowed to react until no further pressure change occurred, a period of 
twelve hours. Assuming that there were 400 mm. of hydrogen plus deuterium 
present, and that the other gases were practically inert, the end products 
were used in making a fresh mixture of 50 mm. of ether and 200 mm. of 
hydrogen and deuterium. The initial rate observed when this reacted 
indicated the presence of 43 % hydrogen, since 200 mm. of pure deuterium 
had previously been shown to have little effect. To establish that even in 
the earlier stages of the reaction ah exchange reaction occurred which would 
be capable of accounting for the apparent effect of deuterium at the higher 
temperature, samples of gas were taken during the course of the reaction. 
They were freed from gases other than hydrogen or deuterium by passage 
through a Pyrex trap immersed in liquid hydrogen, and then analysed by 
the microtbermoconductivity method of Parkas. The results showed that 
during the reaction, 30-50 % of the deuterium was replaced by hydrogen. 

Wlien exjieriments are made without the addition of nitric oxide, 
deuterium is found to have a very considerable effect though less than that 
of hydrogen. This is probably due to the interaction of the deuterium with 
the radicals which are present, giving rise to deuterium atoms by reactions 
such as the following: 

SD^D. 

Free atoms should be highly efficient in causing energy transfers, and as 
their mobility is greater than that of the methyl or ethyl radicals from 
which they arise, there could be a larger number of collisions in which they 
could exert their effect. 

Besides exerting a direct catalytic effect, the deuterium atoms will 
certainly enter into exchange reactions leading to the formation of HD and • 
eventually Hj molecules. 

A similar principle will account for the fact that hydrogen in the absence 
of nitric oxide is quantitatively more efficient in increasing the reaction 
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rate than it is when the nitric oxide is present, the difterenoe lepEeeentiag 
probably a contribution from the hydrogen atoms. These jfaots are r^boted 
in a certain increase of the mean chain length with increase in the pressure 
of hydrogen or deuterium. This effect, however, diminishes with increasing 
pressure of the ether. 



Fio. 1—C deuterium; O hydrogen. 

In connexion with this reaction =■ HH + H, the question arises 

whether the hydrogen atoms contributing to the subsequent decomposition 
of the ether can be as easily removed by nitric oxide as the radicals them¬ 
selves. This can be tested by meMuring the amount of nitric oxide required 
to reduce the decomposition rate to a given fraction of its original value. 
The measurements (Table VI) show that this amount is nearly the same 
whether hydrogen is present or not. From this we may conclude that nitric 
oxide is equally efficient as a chain breaker in reactions involving either 
organic radicals alone or radicals and hydrogen atoms. 
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This work having reopened the question of the influence of hydrogen on 
unimoleoular reactions it seemed worth while to fill in a gap left in the 
earlier work, and to determine a temperature coefficient for the reaction 
in the presence of hydrogen. 60 mm. of ether were used and 300 mm. of 
hydrogen. The results given in Table VII lead to an activation energy of 
60,000 cal. These measurements were not made with addition of nitric oxide, 
so that the activation energy is uncorrected for variation of chain length, 
and has not a direct physical significance. It is however directly com¬ 
parable with the value found by Fletcher and Rollefson ( 1936 ) for the same 
ether pressure in the absence of hydrogen, namely 69,900. This supports 
other arguments in favour of the view that the action of the hydrogen is a 
physical one. 

The experimental method was that normally used, but a few details call 
for mention. The temperature scale was established by direct calibration in 
terms of the rate of reaction of diethyl ether using previoxis results firom this 
laboratory. The two extreme temperatures at which measurements were 
made correspond to times for a pressure increase of 50 % of the initial 
pressure of 93 and 323 sec. respectively. On this scale the maximum tem¬ 
perature deviation during measurements corresponds to time differences 
of ±2 sec. and ± 8 sec. respectively. 

Deuterium was prepared by electrolysis of heavy water of 99*6 % purity 
to which a small piece of metallic sodium was added, fireed from oxygen by 
passing over a red hot tungsten spiral, and dried by passage through a trap 
immersed in liquid air. The hydrogen used was electrolytic hydrogen from 
a cylinder, purified and dried in the same way. 

The numerical data upon which the preceding statements and discussion 
are based are collected in the following tables. 

We are greatly indebted to Professor Simon and to Dr. Rollin for gifts of 
liquid hydrogen and for help with its manipulation. 

Summary 

At 625° C. deuterium has been found to be less than one-tenth as efficient 
as hydrogen in activating molecules by collision in the chain-free decom¬ 
position of diethyl ether. At higher temperatures there is a positive effect 
but this can be traced to exchauige reactions which give hydrogen. 

The influence of hydrogen and of deuterium on the reaction in which the 
ficee radicals are not suppressed has also been further investigated. 

The results are discussed. 
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Table I —^The Vaeiation of the Time foe a Tbbssitbe Chanoe of ao% 
OF THE Initial Pebssueb to oooije with the Initial Pbessxtbb 
OF Ethee 


Temperature 525® C. 


Initial pressure 


of ether 

^10 

nun. 

sec* 

487 

262* 

403 

280» 

400 

263 

382 

306* 

362 

276 

345 

307 

302 

326* 

300 

307 


325 


323 

217 

337 

210 

333* 

182 

350 

145 

434 

131 

396 

125 

434 

93 

612* 

77 

537 

50 

550 


684 

51 

636 

26 

770 


766 


Table I (continued)—T he Effect of the Addition of appeoximatbly 


300 MM. OF HvDEOGBN ON t 

50 


Temperature 626® C. 


PresBUTo 

Pressure 


of ether 

of hydrogen 


mm. 

mm. 

sec. 

240 

292 

271* 

206 

293 

280* 

200 

300 

258 

164 

287 

261* 

154 

300 

267 

100 

312 

237 

76 

300 

250 

69 

292 

287* 

50 

303 

220 

39 

295 

310* 


* Results marked * are those of Hinshelwood (1927). 
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Tablb II—^Thk Vaeution of <50 with the Pebsshrb of 
ADDED Hydrogen or Dbittbridm: 

Ether pressure fiO mm< throughout. Temperature 620° C. 


Hydrogen 


Deuterium 


Pressure 


Pressure 

<50 

mm. 

sec. 

mm. 

sec. 

0 

684 



60 

566 

25 

680 

100 

436 

50 

570 

160 

363 

100 

620 

200 

284 

200 

306 

260 

262 

250 

352 

300 

222 

300 

317 

400 

193 


322 

600 

168 

400 

274 

600 

150 

600 

263 



600 

260 


Table III—The Variation of with the 

I*BE8StrEE OF ADDED HY- 

DROGEN OB DeUTBRIUM, 

WHEN THK 

Chains 

HAVB BEEN COMPLETELY 

Suppressed by the Addition of 6 mm. of Nitric Acid 

Temperature 626 

° C. Ether prassure 60 mm. tliroughout. 

Hydrogen 


Deuterium 

Pressure 

hn 

Pressure 

mm. 

see. 

mm. 

sec. 

0 

1040 

200 

1963 


1870 

300 

1985 

100 

1706 

400 

1930 

200 

1641 

400 

1973 

300 

1614 

400 

1908 

400 

1270 

440 

1866 

460 

1216 

600 

1946 

600 

1163 

640 

1886 



600 

1970 



600 

1923 


Ether pressure 60 tnm. Temperature 638° €. 
Deuterium 


"II . ... ' ‘S 

Pressure 

mm. 800 . 


0 442 

442 
466 
487 
447 


463 

622 
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Tablb IV —^Thk Vaeiation of thb Appabbnt Chain LaNOTK 
WITH THB Pressure op HYORoaBN or DBtrrBMUM 


Kther pressure 50 mm. Temperature 525® C. 


Pressure of 

Chain length 

Hj or D, 

Hydrogen 

Deuterium 

mm. 

0 

3*26 

3-25 

100 

3*90 

3 64 

200 

5-44 

4*80 

300 

6-30 

6*94 

400 

6-60 

6-95 

600 

7-26 

7-46 

600 

7*59 

7*66 


Table V — The Variation op <5q with thb Pressure of added Hydro¬ 

gen, WITH AND without THB ADDITION OP 5 MM. OF NiTRIO OxiDE 



Temperature 666® 

C. 


Pressure 

Pressure 

^60 

^£0 Apparent 

of other 

of hydrogen (0 mm. NO) 

(6 mm. NO) chain length 

mm. 

mm. 

sec. 

sec. 


50 

0 

144 

486 

3*38 

50 

100 

— 

390 

— 

60 

200 

90 

334 

3*71 

50 

300 

69 

304 

6*15 

60 

400 

66 

276 

5*01 

60 

500 

60 

262 

6*26 

300 

0 

93 

— 

— 



91 

—. 

— 

250 

300 

87 

— 

— 

160 

400 

70 

— 

— 

Table V {continued) —^The 

Vakiatiok of 

WITH THB 

PaESaURB OF 

ADDBD Deuterium, with 

AND WITHOirr 

THE Addition 

OF 5 mm. of 

Nitric Oxide 





Temperature 556® 

C. Ether pressure 50 mm, throughout. 


Pressure of 





deuterium 

(0mm. NO) 

{6 mm. NO) 



mm. 

sec. 

sec. 



0 

139 

486 




162 

488 



100 

133 

497 



160 

— 

487 



160 

— 

490 



200 

104 

476 
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Tablb V— {conHimed) 


Temperature 665® C. 

Ether pressure 50 

mm. throughout. 

Pressiue of 

^*0 

^60 

deuterium 

(0 mm. NO) 

(5 mm. NO) 

mm. 

sec. 

sec. 

260 

98 

468 


— 

455 


— 

460 

300 

90 

410 


.— 

416 

860 


390 

400 

86 

386 


— 

378 


— 

376 


— 

370 

460 

83 

377 

600 

82 

353 


Table VI—Variation of with the pRBSStrRB of Nitric Oxide, 
WITH AND without ADDITION OF HyDROOBN 

Ether pressure 200 mm. throughout. Temperature 666 ® C. 

Mean value of for 200 mm. ether + 300 mm. hydrogen =s 79 sec.: for 200 mm. ether 
alone 104 aeo. The values of the relative rates recorded below are reciprocals of 
{go relative in eewsh column to that for the experiment made without addition of nitric 
oxide^ which is teiken as 100 . 


Pressure of 
nitric oxide 

Relative rate 

Relative rate 

mm. 

without Hj 

with Hj 

0 

100 

100 

018 

76 

— 

0*4 

67 

64 

0-5 

49 

— 

0-80 

— 

48 

0^84 

46 

— 

1 00 

41 

46 

1*04 

44 

44 

1*20 

— 

43*5 

1*40 

— 

39 

1*42 

41 

— 

1*46 

— 

40 

1*60 

— 

37 

1*55 

38 

— 

1*74 

37 

36 

2-40 

— 

29 

2*88 

33 

31 

3*30 

— 

29 

3*47 

31 

31 

9*46 

27 

— 

20*0 

27 

— 
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Tablb VII —Enbroy OB Activation fob thb Thbbmal DjBOOMPOSmoN 
OF 60 MM. OF EtHBB IN THE pRBSBNCB OF 300 MM. OF HyDBOOBN 


Temperature 

<so 

deg. aba. 

sec. 

851 

17 

828 

50 

802 

162 

796 

211 

792 

229 

794 

213 

784 

357 

782 

395 

777 

496 

761 

1144 

738 

4144 


E= 60,000 cal. 
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Metallic Reflexion and the Surface Photoelectric Effect 
By B. E. B. Makinson, B.Sc., St. John's CoUege, Cambridge 
{Communicated by R. H. Fowler, F.R.S.—Received 29 May 1937) 

Introduction 

1 —The photoelectric effect at metal surfaces is of great importance and 
many attempts have been made to explain its main features, but an exact 
theory presents great difficulty. One of the best and most recent is that of 
Mitchell ( 1934 , 1936 ), who considered an idealized model in which the 
potential barrier at the surface was a simple step; the field of the light wave 
was calculated by the classical optical theory, assuming that the optical 
constants change abruptly at the surface. 

The latter approximation is not a good one, even for the simple potential 
jump, since the electron density does not fall sharply to zero, but decreases 
in a distance of about 3 x 10“®cm. from a high value inside the metal to a 
negligible value outside the jump. It is well known that a free electron gives 
no photoelectric effect, and so the photo-emission from a metal is almost 
entirely due to the surface-potential gradient; it is in this region that the 
light wave is least accurately given by the simple optical theory, and 
fluctuates most. 

Schiff and Thomas ( 1935 ) have given a quantum theory of metallic 
reflexion which enables the exact field of the light wave to be found, but 
their calculations are very complicated even in the simple case when the 
potential jump is infinite, and they did not try to find the photoelectric 
current quantitatively. The first object of the present paper is to give a semi- 
classical theory of metallic reflexion which is considerably simpler than that 
of Schiff and Thomas, while closely approximating to it. We use Sommer- 
feld’s model of a metal, the potential energy of an electron being -hv,^ in 
the interior and changing abruptly to zero at the surface. With this model 
the electron density n{x) is calculated as a function of x the distance from the 
surface, and has the form shown in fig. 1 . We then calculate claissically the 
effect of this electron density on the incident light wave. 

This method differs in the following way from that of Schiff and Th’omas. 
These authors find that part of the current which is coherent with an arbitrary 
light wave, whose scalar and vector potentials are 0 and A, resulting from 
' [ 867 ) 
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the perturbation of the wave funelaon « of a single electron. This cortent 
density is given by 

j — (uVu* — u*Vu) — Auu *, (1) 

where — e is the charge and m the mass of the electron. The current densities 
due to all the conduction electrons are added together to form a resultant 
J. When this is inserted into Maxwell’s equations we have a set of integro- 
diflferential equations for 0 and A. The present method amounts to using the 
unperturbed wave function in ( 1 ), which is equivalent to neglecting the first 
term; the problem is then much simpler. By this approximation we have 
excluded radiation damping (collision damping is neglected in both theories 
and is unimportant except in the far infra-red); the dielectric constant of the 
space near the surface, which of course varies with the co-ordinate x, then 
depends only on the electron density, and not on the individual electronic 
states. It is shown in §4 that to the degree of approximation which 
Schiff and Thomas find manageable the two theories lead to the same 
expressions for the field, except at the point where the dielectric constant 
vanishes, the difference there being ascribed to the omission by these 
authors of an important term from the perturbed wave equation. 

In §5 an expression for the resulting photo-emission is found. It is 
shown that in Mitchell’s formulae for the current in the case he con¬ 
sidered a factor 2 is omitted, and that there is a further error through the 
omission of the above-mentioned term from the wave equation. The effect 
of roughness of the surface, on a scale small compared with the wave-length 
of the light, is briefly discussed in §7. The results calculated for potassium 
are compared with experimental determinations of the current, and it is 
suggested that the poor agreement found may be due to the use of the simple 
step potential barrier in place of the type of barrier found by Bardeen ( 1936 ) 
for sodium, which is rounded and has an effective height depending on the 
momentum of the electron. 


The Elkctbon Density Neak the Subtace 

2 —The potential energy of a conduction electron in the metal is assumed 
to be 


r = - , x<0, 

« 0, x>0. 
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Its wave function in the unperturbed state satisfies 



A* h du „ 

Snhn ^ 2m dt 

(2) 

If 

M = «* = i/r^expi-2mE^lh), 

(3) 

then 

+OfcC®**) e^+***^, * < 0, "j 

(4) 


= afc 6*6'*'* €**«*'+«*»', X > 0,/ 

with 

P = (/tVa - k\)*, ft » %n*m.jh. 



k\ + kl + kl^^{E^+hv„), 


and a^, bi^ are determined by the continuity of and d^Jdx at a: « 0, giving 


Ofc 


iki+p 


— 


tan 


_ ~2pki 



In (4), a,, is a normalizing factor for one electron per cell h* of phase space; 

may be restricted to positive values, since the inclusion of negative values 
gives the same states again, and merely alters the normalizing factor. 

Thus in « < 0, 

= 2|a*.)*[l-co8(2i:iX + #t)], 


giving inside the metal a mean partial electron density 

2 iWP “ 4 K I*, 

which must be equated to 

1 + exp{A*(l5j+— kl)j8n*mkj] ‘ 


Here k is Boltzmann’s constant, T is the absolute temperature, k^ corresponds 
to the limit of the Fermi distribution of momentum, and fl will be determined 
from the relation 

*0 = (3?r*no)*, ( 6 ) 

being the number of conduction electrons per unit volume in the interior 
of the metal. Thus when T = 0, and also approximately at ordinary 
temperatures, 

\a,\^^j^,dk,dk,dk,. 
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Hence, integrating over all possible values of k, that is over the hemisphere in 
k space of mdius lying in > 0 , the total density is, in a: < 0 , 

n{x) = 2 2 I If'[l - cos(2i'ia; + «;,)] (hg - h?) dk^ , (0) 

k J 0 

and similarly in x > 0 


From (0) we find for the density in the interior of the metal 



X * lO'cm 


Fig. 1—Density of conduction electrons near the surface of potassium, assuming a 
square potential barrier. The point at which the dielectric constant vanishes is 
shown for three frequencies. 

For potassium, assuming the values 

no = l-35x 10**, 
k^ = 7-37 X 10*, 

= 9-8 X lOM, 

the resulting density is shown in fig. 1 . It is seen that n{x) becomes constant 
at a distance inside the surface very much less than the wave-length of light 
in the neighbourhood of the threshold. 
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Tkb Field op the Light Wave 


3—^Under the influence of a light wave the electrons oscillate, and their 
density becomes say n(x) + n'{x,y,z,t). Neglecting damping, we have to 
the first order as the equation of motion of electrons with charge — c and 
velocity v, 

dv _ - Ee 'I 

iii ~ m ' 


Also 


curlE = — 


curlH = i 
c 


c dt' 

(f 


div E = — 


divH == 0 . 


(7) 


If E and H have frequency the third equation becomes 


curl H =s 


l2(eE) 
c W’ 


where 


and since 


e = 1 ■ 


n{x) e* 


Ttmv' 


r2 ’ 


( 8 ) 


dn' 


- -ndivv —vgradn, 
the fourth equation of (7) becomes 


div {«E) = 0 . (9) 

The equations for £ and H are thus those for a medium of dielectric constant 
e, Since e is a function of x only (fig. 2 ), and djdz = 0 , we have (Foersterling 
iqzS, p. 277 ) 
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Hence 

dm, 

dx‘ 

e dx dx 0 y® c* * ^ 

(13) 




(14) 




(16) 



Incident Light Polarized in the Plane of Incidence 
3 - 1 —If the angle of inoidenoe is 6 (fig. 2 ), (13) becomes 

, .d^H. de(x)d£lg , 4n*tf*e(x) • a/ii a « /.i.^ 

e(*)-^/ - - 0 , (16) 


since 


_+ 

0a: dx 


0y* C 

The light will thus be totally reflected if 

Hne* 


1 - 


eo<8in*^, 


that is if 


(17) 

(18) 

6 g being the steady value e takes in the interior of the metal, and k the optical 
extinction constant of the Drude theory. The wave system near the surface 


nmv* 
sin *^—60 s* K^>0, 
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is then stationary, the phase being independent of x. In potassium the 
inequality (17) is satisfied for frequencies up to 1‘04x10^® for normal 
incidence, and up to 1*62 x 10 ^® when above these frequencies the 

metal is transparent. (The experimental value for the frequency at which the 
metal becomes transparent is 0*95 x 10 ^® when 0 = 0 (Wood 1933 ).) The 
high reflecting power found at lower frequencies (Frehafer 1920 ) shows that 
the neglect of damping gives a good approximation. We assume in the 
following that (17) is satisfied, since this covers the frequencies and angles 
at which we are interested in the photoelectric effect. 

To solve (16), put 

== J)^^nvKxlo[ I ^f{x)l X < 0, 

where /(— 00 ) = /'(— 00 ) = 0 , and we have omitted a factor 


31 exp [ ~ 27riv(t -f y sin 0/c)], 
' denoting the real part. Then 






Un^v^e. , 2nv€*K 

+ i—S—(e-eo)-- 

c 


c* 


k 


2nm'K 4n*vh, , 

-(19) 


where primes denote differentiation with respect to x. Since the variations 
in €(x) occupy a length much less than a light wave-length, we may neglect 
27rv(e — €Q)jc in comparison with k€\ An approximate solution satisfying the 
boundary conditions is then 


27rvx 



eo)dx, 


since on substitution in (19), all but negligible terms disappear. 
Thus when x < 0 

H, = j^l + (e - Co) da:J, 

and similarly we find approximately for a: > 0 


( 20 ) 


cos- 




+1 + ^ 


2 ^ 1 ^ cos 6 * f* 




am- 


27rpx OOS0 


( 21 ) 


2 B 


Vol. CLXn-«A. 
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The constants J, 5, Z>, may be related by joining these solutioiw in magnitude 
and gradient at the point near {fig. 1) where » = «o, that is, e ar The 
second terms in each square bracket of (20) and (21) are small compared 
with the first unless is very nearly equal to zero or to sin*d, though their 
derivatives are appreciable. Without these terms has the form appropriate 
to a sharp discontinuity in e from to unity, and with them it has still v&cy 
nearly a constant value (0) over many electron wave-lengths from the 
surface. From the joining conditions we find 


J =Z) = fl,(0), 

K 




ejcosd' 


We now find and from (10) and (11): 

* e(a:) 


( 22 ) 


(23) 

(24) 


In (23) we may put (0) at points much less than a light wave-length 

from the surface. We see that E^ becomes infinite at the point where e 
vanishes. The roots of the indicia! equation of (16) corresponding to solu¬ 
tions in powers of | = a: - a:,, are 0 and 2, and the solution for contains a 
term of the form |®log^. Thus from (24) and (16) Ey is logarithmically 
infinite at a; = Xq. If we take account of damping by putting 


e(a:) = Ci(a;)-t-ie2, 


(26) 


then E^ and Ey remain finite at Xg. In the following we suppose that is 
very small (it is neoessarily positive), and that is given by (8). 

From (21), if Hy(co) is the ampfitude of Hy in the incident progressive 
wave, 


^.( 0 ) 


'2€oCOS0 


(l-eo)*{l-(l+eg)cos*^}* 


HA«>) 


(26) 


approximately, which is the same relation as for a sharp discontinuity in e. 
The rate of incidence of energy on the surface is thus 




cm.“*8ec."*. (27) 


327rx418x 10’ 
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3-2—In calculating the photo-emission we require to know the vector and 
scalar potentials A and 0, also di v A, near the surface. These are not uniquely 
determined by E and H; we may impose the condition that everywhere 

0 - 0 , 


or that 


divA-f - 0, 
c di 


(28) 

m 


but not in general both. If we take the condition (28), divA is not zero 
(except where dejdx — 0), for this requires divE — 0, whereas div(6E) — 0. 
In fact the div A so obtained becomes very large near points where e* vanishes 
or changes abruptly. 

We suppose that (28) is the condition satisfied, since the results are then 
expressible more simply. Let 

A{x) — a(x) exp( — 2nip{y sin d/c + /)} 4* conjugate; 
then from (23) and (24), since 

0A 

dJ 


*cE, 


we have, at points whose distance from the surface is much less than a light 
wave-length, 

— id 




-c* IdK 


near the surface. Also 

and, by (9), 
thus, by (23), 


“ 87r*v»e dx ’ 


CTj = 0, 

div— = - cdivE, 
at 


(30) 


divE = 


1 

€ dx 


^X. 




(31) 


JncidetU Light Polarized Perpendicular to the Plane of Incidence 
8’8—FromtheequationB(13),(10)and(ll),i(,.= Oeveiywhere, 


and 


d*E. 


(32) 


fl B a 
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The wave system is stationary as before, if (17) is satisfied. Let 
Eg ~ {1 + g(x)), » < 0 , 

where g{ — oo) = fir'( — oo) = 0 , and a factor .^exp{ — 27ri»'(t+y8md/c)} is 
omitted. Then over the region where e is sensibly different from and g 
from zero, 

g” -- (sin®(9-e)sr = —^ (eo-e), 

c 

so, neglecting the second term on the left, 

= ( 7 eanv*»/cji 4 . . ( 33 ) 

We see from (33) that and dEJBx are very little affected by the 
fluctuation in n(x)^ and vajry slowly near the surface. 

Joining the solution (33) to that outside the metal we have, if (oo) is the 
amplitude of the incident progressive wave, 


which is the same relation as for a sharp discontinuity in e. The rate of 
incidence of energy per cm.® of surface is thus, in calories per second. 


_c_ (l-eo)g.(0)« 

327r X 4’ i 8 X 10 ® cos 0 


(35) 


In this case, since Hg =* 0 , div A is by (31) everywhere zero. 


Comparison with the Method of Schiff and Thomas 

4—When a light wave acts on the electrons, the wave equation (e.g. 
Kronig and Groenewold 1934 ), omitting a term in A®, is 

~ 2^1 « ^(A-grad« + i«divA)-c<P«. (36) 

Let M « ttj, + v/f, where m*. is the solution (3) of the unperturbed wave equa¬ 
tion ( 2 ). Then to the first order 

A® h 8vt. — the , 

g-i^V®t;*- --.-gy * ^(A-grad«* + K<iivA)-c<^a,. (37) 
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Sohiff and Thomas have taken 0 = 0 for all x, but as we have seen in § 3-2 
we cannot omit the term in div A in (36) as these authors have done. 

The current coherent with the light wave is given for the pairf of electrons 
with wave function u by 

dJ = {uVu* - u*Vu) - ~ Auu*. (38) 

4:7Tmi me 


This is to be integrated over all the conduction electrons to give the total 
current J. Then from Maxwell’s equations 


curl curl A 4- 


1 d^A 


47r 


J 


c 




ieh 
4tnhncJ { 


m - k\) Vui - v'^ V<- < dk^ 


e® 

Trmc* 



KK*(^o-kVdki, 


(39) 


and this integro-difFerential equation has to be solved for A. After some 
approximation Sohiff and Thomas reduce (39) to the form 


- ^^0 --* (* 0 ) 

A.(a;)+J [K(x,8)Bj8)/BJx)]da 

where A = B(x) exp{ — 27rw(i —y sin d/c)} + conjugate. 

The equation corresponding to (39) on the basis of § 3, when 0 = 0, is 

, , . 1 0*A — 4wc® , . . 

ourlourlA+--i^,- = ~~^n(a:)A 

“* ^^^2 ^*“**(^0 ~ ^!) ^ki . (41) 

Thus any difference between the results of the two methods is due to the 
first term on the right side of (39), which does not appear in (41) because no 
account is there taken of the perturbed form of the wave functions, the 
Fermi distribution of momentum being supposed unchanged when the 

t The fact that the two elootrons of opposite spin oorresponding to each eigen- 
function w both contribute to the current seems to have been lost sight of in some 
previotM work; thus the right side of Mitchell’s ( 1934 ) equations (33), (35) should be 
doubled. 
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electrons oscillate. The term in question in (39) gives the effect of radiation 
damping, which we have thus neglected. This term leads to the integral in 
the denominator in (40), which Schiff and Thomas show to be negligible 
except as to the sign of its imaginary part at the zero of A(x). They find that 
the sign changes at = 6-13 x 10 ^^ in the case of potassium; since, however, 
they have omitted the term in div A from (36), this needs re-examination. 

Equation (40) is equivalent to our (23), except near the zero of h{x), for it 
may be shown that 

c 

in the case they have considered with the potential barrier at the surface an 
infinite jump; and also that 

X = —~^5{0)sin6^ 

in terms of the present notation. Corresponding to the imaginary part in the 
denominator of (40) is the imaginary part eg of e in the denominator of (23) 
arising firom slight damping. The change of sign which Schiff and Thomas 
deduced would mean negative damping at some frequencies. 

Thus we see that the present method of calculating the field gives results 
closely approximating to those of the more accurate quantum theory of 
reflexion. 


The Photoelectric Cttrrent 

6 —We gave in § 4 the first-order equation (37) for the perturbation pro¬ 
duced by the light wave, and in this we put = 0 in accordance with (28), 
Mitchell ( 1934 , equations ( 12 ), (67), (61)) has found by the method of 
variation of constants the solution for x large and positive, when stimu¬ 
lated emission is neglected, of the equation 


%nhn 






( 42 ) 


with Mfc <B‘ exp( + 2niEiJtjh), 

from which (37) differs in that on the right side 

A • grad div A| 

A'gradttj, j 


replaces 



Metallic Refiexicn and the Sutface Phoioelectric Effect 379 

and the sign of the second term of (42) is changed to the more usual minus. 
It is easily verified that we may use Mitchell’s solution of (42) for u* outside 
the metal, on making in it the substitution (43). This solutoon is 

Wfe = b,(k I a I r)+e-*™+«.»+<*.• (44) 


where 


br 


2 ? 


q + r 

and (with a slight change of notation) 

(1:1 a 1 r)o+ = --- 

Here and p are the same as in § 2, and 

<?o(k) * J_ ^ <4 +)j Xt dx. 

in which x 


cos kyX — I- sin k^x, 
*1 

x<Q, 

e-»*. 

x>0,. 


x<0, 

iq . 

—amrx + coarx, 

x>0. 


(45) 


(46) 


(47) 


and a convergence factor e>'®, where 0 < y ii, is used in a: < 0. Making the 
substitution (43), we replace G^olk) in (46) by 

G(k) » - j* ^ a®+ Xkiil^^v ++ i div a)j Xr^x, (48) 

and (44) becomes 

- *^6,(hlalr)o+e<'-*+<**»+«*»e-**<<®*+*»>'/». 
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The contribution of the twof electrons with wave functions «to the current 
density outside the metal is given by (38), so to the first order 


dJ^ 


4nmi\ ^ dx ^ dz) 


IQn^me 

hr 


b?\{k\ei\r)t 


+ 12 


e* rkl 
7rhn^c\ (g-f r)^ 


10(k) I * dkj^ dk^ dk^, > 0, 


= 0 , 


r*<0. 


This is to be integrated over the segment of the spheres in k space: 

ki > Q, 
r^>0, 

giving the photoelectric current in e.s.u. per cm.^ 

•/. - 1 <«) 

The yield in coulombs per calorie is then given by combining (49) and (27) or 
(36) according to the state of polarization of the incident light. 


Calculations for Potassium 

6—To simplify the integrations in (48), we suppose n{x) to be given by the 
broken line in fig. 1, so that 



Z<Zly 

1 

1 

< 


^-0 "V --- ^ 1 

Z^<X<X, 

z^ — z^ 


0. 

Z>Z2* 


(60) 


The values of x at which e =* 0 are there shown for the threshold frequency 
Pg =» 4-84 X 10“, and for two higher frequencies. It is clear that the difference 
between this approximate variation of n and the more accurate one near the 
tail of the curve will not be important at frequencies above the threshold. 

t Se© footnote, § 4. 
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There will be some error in the immediate neighbourhood of the firequency 
Vfl =* 1 -04 X 10“ at which e® = 0, but many of the relations of § 3 are not then 
valid in any case. 


Polarization in the Plane of Incidence 
6-1—From (48), (30) and (31) 

. icUg{0)BmO ( dVfrl , /*® , 

(51) 

The last term vanishes if Oy is constant near the surface. From (30), when 
X<X^OT x> 


Since 
we have 

that is 


curl A = H, 

I Ti 

Tx “ ” 

I-il'-f?)«■<->'■ 


(62) 


The last terra of (51) is thus 




which is found to make a negligible contribution to (?(k); so, writing 


^ r,j. V 

ic//*(O)Bin0 ^ ’ 


we have 


(63) 


on integration by parts. If >'< the integrand has a pole at the point 
where vanishes, and a residue term contributes to X«(ii), The integral over 
the ranges x < x, snd x > x, is easily expressed exactly, and over the range 
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Zi<x<x^ it may be evaluated with the aid of coeine- and sine-integrai 
tables, or by putting the integrand into the form 


where 


A:(a^o) ^ 

e^ + ie^ Ci + ie, 


^ dx dx ’ 


and integrating the second expression graphically between the limits 

®lj *2- 

When (53) is evaluated, using the expressions (46) and (47) for Xk Xr 
and (26), (50) for e, we have from (49) 


-e ^ain^e H,{0)^ T*. rfcf(ib g - jfcf) 

~ Un<^m^uy~ j (?+r)* 




(64) 


the zero limit of integration being taken if v > v„. From (27) and (64), on 
giving the constants their numerical values, the following expression is 
obtained for the photoelectric yield firom potassium in coulombs per calorie, 
when the polarization is in the plane of incidence: 


Pn = 3-28 X 10-* 


_ sin® 6 008 d eg 

- eo){l-(l + eo)co8* 0 ) 


. 


(55) 


This expression for Pn, when 0 ~ 50°, is plotted in fig. 3 against (v— Vg)IVg, 
Vg being the threshold frequency. It is to be noted that (66) is only valid 
when the light waves form a stationary system at the metal surface, that is, 
when the inequality (17) is satisfied. The derivation also breaks dowm in the 
immediate neighbourhood of the frequency at which = 0. 


Polarization Perpendicular to the Plane of Incidence 

6-2—We have in this case Ag^ div A = 0, and Ag is given by (33). 
If Eg were strictly constant near the surface, 0(k) would vanish identically; 
actually the difPerenoe of (33) from a constant value is so small over many 
electron wave-lengths from the surface that the resulting yield Pj_ ** ®8ti- 
mated to be of the order 10" ®* coulombs per calorie, which is quite negligible. 
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Comparison with Mitch^'s Resviia 

6*3—On reducing to zero width the region in which e changes from unity 
to Cp, we obtain from (53) and (64) the photoelectric current in the case 
which Mitchell { 1934 , 1936 ) considered. In (60) let and x^ approach zero; 
we then find from (63) 



V 


Fia. 3—Calculated spectral distribution curve for potassium. The photoelectric 
emission in coulombs per calorie for light incident at 60° and polarized in the plane of 
inoidenco is shown. 


If, on the other hand, as Mitchell has done, we neglect diva (which we have 
seen in § 3*2 to be zero except in the now vanishingly thin transition region) 
in (37) and (48), the so obtained is the same as ( 66 ) except that the last 
term does not appear. This result is wrong, for we see from (31) that diva 
approaches infinity throughout the transition region as this approaches 
zero width, and the contribution to 0(k) does not vanish.f Mitchell's results 
are therefore in error, and the term neglected is important, especially to¬ 
wards the frequency at which vanishes. 


t The corresponding error in the “stationary” method of calculating the current 
is the assumption, when e is discontinuous at x = 0 (so that is discontinuous), that 
the solution Vf, of (37) has its gwwiient continuous at x = 0. Actually, when 0 = 0 wo 
tod on integrating both aides of (37) through the small range (- S) that 
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We may make the further criticism that in his calculations of Pn for 
potassium, the extinction constant k, for which we found the value (18), is 
taken as that found experimentally for normal incidence at v = 5*1 x 10“, 
namely rs. However, k is seen to vary rapidly with v and 6, so that the 
approximation is a poor one since Pn depends markedly on k. 



V 


Fxa. 4—Experimental spectral distribution curve for potassium (Klauer), for un¬ 
polarized light at oblique incidence. The height of the maximum lies between 0-6 and 
1 X 10~* coulombs per calorie. 

We have therefore recalculated Pn for potassium assuming that the 
dielectric constant changes abruptly at ar = 0 , and that k is given by (18) 
with 0 — 60®, using the formulae here established. The resulting curve is 
shown in flg. 6 , and may be compared with fig. 3 to show that the effect of 
making the transition region for the optical constants of finite width is to 
increase the photoelectric current considerably at frequencies below v,,. 
The increased values of | L(Jci) |* responsible for this arise largely because of 
the residue term mentioned in § O-l. 

The Efeect of Slight Sukfacb Roughness 

7—As Mitchell ( 1936 ) has pointed out, roughness of the surface will 
modify the above expressions for the current, in particular greatly increasing 
Pj.. This is because light polarized perpendicular to the plane of incidence to 
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the surface as a whole may yet have a component of its electric vector in the 
plane of incidence to an element of surface, and it is then much more effective 
in producing photo-emission* 

We discuss briefly the effect on the currents here deduced, when the scale 
of the irregularities is small compared with a light wave-length but much 
larger than the electron wave-lengths; such irregularities will usually exist 
even on an optically smooth face of the metal. We suppose the surface 



V 


Fio. 6—Calculated spectral distribution curve for potassium, assuming that the 
dielectric constant changes abruptly at the surface; light incident at 60®, polarized 
in the plane of incidence. 

divisible into small flat areas dSy inclined to the mean normal at the angles a, 
as in fig. 6, the angle fi having a random distribution between 0 and 27t; this 
should be a fair approximation to a poly crystalline mirror surface. The 
electron distribution neard 8 will be as in fig. 1, but with x\ the co-ordinate 
normal to dS, replacing x. We now have e = e{x, y, z). 

7*1—Suppose that the electric vector of the incident light lies in the plane 
of incidence to the surface as a whole. Equations (7) now give, in place of (16), 

V*H4--gradexcurlH + ~eH-0, (57) 

e c 

but since the variations in e occupy a length much less extended in the x 
direction than cj^nv, H will be to a good approximation unaltered by the 
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roughness, so we have as before 0 , and we may put Hg ( 0 ) 

near the surface. Since only the resolved part of the light wave polaris&ed in 
the plane of incidence to dS is effective in producing emission from it, we 
may assume the current density normal to to be 

dJp, HM - H,{0) cos <f>} dS, ( 68 ) 



where the term on the right is the current calculated from (64) for an angle 
of incidence 0' and with ^^( 0 ) cos ^ replacing In experiments the total 
emission of the surface is measured, so we do not take the resolved part of 
in the x direction, as Mitchell ( 1936 ) has done. We neglect emitted 
electrons which re-enter the surface, their number being small if the mean 
value of a is not too large. 

If dcr is the area of the projection of dS on the mean plane of the surface, 
the current from unit area of this plane is then 




the integral being taken over unit area. Now by (64) 


Jr{e',H,{0)oos(l>} = -Bin'e'coa*i/>H,(0)*F(v), 
where F{v) = —-j f * — | L(ki) \^dk^. 


(69) 


Hence 


008 a 


( 60 ) 
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As for a perfectly smootli surface, the energy in calories incident per second 
on a square cm, of the mean plane is given by (27). Thus the yield in coulombs 
per calorie is 




32;r X 4*18X 10® €gcos6^ « rooB*0sin®0' 

c* (l~eo){l — (l-heo)^<^®^^} ^ J gobcc ^ 


sin®^J cos a 


(61) 

(62) 


If the mean value of a is small, (62) shows that is approximately equal 
to P|i (the yield from a perfectly smooth surface). 

7*2—If the light is polarized with the electric vector perpendicular to the 
plane of incidence to the surface as a whole, it may be shown from (7) that, 
as for a smooth surface, and Hy vary only slowly over the surface region, 
since the scale of the fluctuations in e is much less than cj2np. There will be, 
however, altered vector potentials in this region, given by § 3*2 on replacing 
^^(0) there by Hy{0) sin </> (the component of Hy perpendicular to the plane of 
incidence to dS), and x, 0 by x\ 0\ 

Thus, the cutrent density normal to dS is 

JliO, EM = J 

where J[|{0',i7y(O)sin{4) is the value of Jj) calculated from (54) when the 
above substitution is made; the integral is taken over unit area of the mean 
plane. Thus 

Ji{e,EM = (63) 

The rate of incidenoe of energy is given, as for a smooth surface, by (35), and 
since 

kE,(0)^HM 


the yield in coulombs per calorie is 

327r X 4-18 x lO^ic^cos^ 


Pi 


Hence 


:*cos 0 j 

- F(v) - ^ .—- do-. 

1—Co J cosa 


and 


P|' eg 1 * 008 * <f) sin^ 9' I T sin* </> sin^ 6 ' . 

Pi /f*{l — (H-eojoo8*(?)J cosa /J oosa 

Pi <*{1 - {1 + €o) cos* d) I*sin* tf) sin* O' j 
_ « J dor. 


(64) 

( 66 ) 

( 66 ) 
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7.3—Since roughness of the kind here treated seems inevitable in experi^ 
mental surfaces, we need to have some knowledge of the factors 


and 



cos^ ^ sin* 6^ 
008 a 


dcr 


sin* {4 sin* 
cos a 


da. 


These will vary with the particular surface, but we may assume that a, the 
mean value of <x, is of the order 15®. Then, if‘ 0 is larger than about 50®, Ji\\ 
reduces to approximately sin* 6, and Pjj ci; iii, while -Rj^ becomes 


sin* a 
2 cosa* 


(67) 


When 6^0, and Rj^ are both given approximately by (67); we have then 
for the yield, provided that Cq < 0 so that the wave system is stationary, and 
if a is not too large, 

f; - f- . (68) 

" c* 1 —Co 2 COB a 

In principle a may be determined by fitting (64) or (65) to the experi¬ 
mentally found angular selecti^dties at any particular frequency. 

The dependence on 6 should be approximately as 

sin® $ cos 0 /{l — (1 + Cj) cos® B) 

for P\, and as cos 0 (sin® 0 — fe,,) for P'^. The frequency selectivity of 
PI calculated from (64) is shown in fig. 7, where P'JPx i« plotted for 
0 * 60°. 


Discussion 

8 —It is difficult to find a basis for close comparison of the theory with 
reliable experiments. The most recent results for thoroughly outgassed 
potassium are those of Klauer ( 1934 ) with unpolarized light at an angle of 
incidence presumably about 60°, shown in fig. 4. He concludes that the 
comparatively high selective maxima found previously were due to gas 
contaminating the surface. The absolute magnitudes of the 3 deldB he 
obtained were not, however, measured precisely, being between 6 and 
10 X 10~® coulombs per calorie of incident energy at the maximum, the latter 
value being used in fig. 4. The calculated value of the yield P for unpolarized 
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light will be |(P,' + P^), but, since the roughness constants are unknown, 
cannot be given precisely. However, it is reasonable to compare 
i/fi (from fig. 3) with Klauer’s curve for P. The theoretical curve is seen to 
be too high near the maximum by a factor of about 20 , and the maximum 
occurs at too high a frequency. 


o 



Fio. 7—Calculated spectral distribution curve for potataaium, for light polarized 
perpendicular to the plane of incidence. 

The dependence of PjJ and on 6 agrees with the general findings of 
experiment, but P'^ as here calculated shows a strong selective maximum 
near v = 10 ^®, whereas no such effect is actually found. Equation ( 66 ) shows 
that P]^ and P^ have not the same dependence on frequency. 

With regard to the discrepancy in the magnitude of P\\, it is seen that 
Mitchell’s suggestion that taking into account the gradual transition of the 
optical constants at the surface, while retaining the square potential barrier, 
fails to improve the agreement with experiment. In fact, as a comparison of 
figs. 3, 4 and 5 shows, the agreement is not as good. 

There remain the following sources of error: the simple step potential 
barrier is a poor approximation to that actually existing, and no account has 
been taken of the periodicity in the yz plane of the surface field. Bardeen 
( 1936 ) has found the charge distribution and the form of the barrier in the 
case of sodium; the barrier extends over a distance comparable with the 
average electron wavelength, and its effective height depends on k^. It 
would not be surprising if the current given by such a model differed con¬ 
siderably from the present result in magnitude and frequency variation, 
because both the probability of excitation of an electron in the altered surface 
field and the probability of its escaping would be different. A similar method 

ac 


Vol, CLXn—A. 
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of calculation is applicable, but the complication is of course increased. The 
yields given by fig. 3 may be expected to apply to a metal surface at which 
contamination has made the barrier more like a simple step. 

The experimental curves for the photoelectric yield from potassium show 
a rise above a frequency of about 1*2 x 10 ^®. As we have seen in § 3-1, the 
light wave is no longer a simple decreasing exponential inside the metal 
when V exceeds a limit given by (17), but will then extend for several wave¬ 
lengths into the metal unless the damping is very great. We may then 
expect the volume photoelectric effect (Tamm and Schubin 1931 ) to become 
more important, and perhaps to be responsible for the rise mentioned above. 

The author wishes to thank Mr. A. H. Wilson for suggesting this investi¬ 
gation, and for his constant help and interest. 

SUMMAKY 

9—It is shown that, using the Sommerfeld model of a metal, a classical 
calculation of the field of an incident light wave (near the surface) gives to a 
close approximation the same results as the quantum theory of metallic 
reflexion of Schiff and Thomas. An expression is obtained for the photo¬ 
electric current arising at the surface of such a metal, taking account of the 
variation of the field of the light wave near the surface, on the lines of the 
theory given by Mitchell in which this variation is neglected. The calculated 
eiJiission for potassium is compared with recent experimental results at 
frequencies near the selective maximum; various suggestions are made as to 
the lack of close agreement found. The effect of small-scale roughness on an 
optically smooth surface is also briefly discussed. Errors are pointed out in 
the theories of Mitchell and of Schiff and Thomas. 
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The Shape of the Continuous /3-Spectrum 
of Thorium C. C' 
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[Plates 21, 22] 

Introduction 

The theories of /?-decay based on the neutrino hypothesis predict that a 
considerable proportion of the electrons emitted from a heavy nucleus will 
have low energies, owing to the Cioulomb attraction between the electron 
and the nucleus. This prediction has been in apparent conflict udth most 
experimental curves (Madgwick 1927; Scott 1935), which show the ordinate 
of the energy distribution falling to zero at the origin or even before it, thus 
even indicating a low energy end-point below which no /S-t&jb are emitted. 
It is, however, probable that the experimental uncertainties in the methods 
which have been used are such that no definite conclusion can be drawn 
from them about the shape of the low energy end of the spectrum. 

In these methods the source is deposited on a solid mounting and the 
emitted /S-particles pass through a window in entering the detecting 
apparatus, which may be a counter, a cloud chamber or an ionization cham¬ 
ber. The Avindow stops all /ff-particles below a certain energy, while those 
which pass through are reduced in energy and considerably scattered. 
These efiects, which are well shown in curves given by Eddy (1928), produce 
a marked falling off in the observed number of yff-particles of low energy. 
The use of a solid mounting for the source introduces opposite effects giving 
an increased number of slow electrons; for firstly, the fast electrons will 
eject slow secondary electrons from the solid mounting and, secondly, if the 
mounting is thick, a considerable reflexion of the primary electrons will 
occur with varying losses of energy inside the solid, so that the reflected 
spectrum will contain relatively more low energy rays. 

The magnitude of the latter effects has been estimated (Richardson 1934 ) 
for a source of radium E on thin gold leaf and was shown to make a consider¬ 
able contribution to the energy distribution so large that the number of 
secondary electrons at 10 kV is comparable with that of the primary electrons 
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at the maximum of the diatribution. Such low-energy raye ahould appear 
copiously in an apparatus capable of detecting them. 

It is therefore desirable to employ a method in which the above unoer* 
tainties are eliminated. This can be done by using a radioactive vapour in 
an expansion chamber in which the tracks are traceable up to the point of 
origin in the gas. This makes both window and mounting unnecessary and 
has the further advantage that the emission of more than one ionizing 
particle from the same atom with energy exceeding a few thousand volts is 
immediately detectable, if the emissions occur within a suflSciently short 
interval of time. 

The Method of the Radioactive Vafoitr 

Tracks from radium D starting in the gas were first obtained (Richardson 
and Leigh-Smith 1934 ) using the comparatively stable lead tetramethyl 
prepared by the Grignard method. 

The method was then applied to the thorium active deposit, but too much 
confusion was caused by the a- and /?-rays coming from atoms on the wails 
of the chamber. To avoid this a very deep cloud chamber was constructed 
of such dimensions that, when expanding down to atmospheric pressure, 
the long 8*6 cm. a-particles of thorium C' • D were unable to reach the central 
region of the chamber from the walls. 

In order to clear away the large ionization due to the vapour source it was 
necessary to use three grids each containing eight 47 gauge copper wires 
stretched across the chamber and maintained at a potential difference of 
570 V, This potential difference was reduced to zero near the end of each 
expansion. It was found necessary to allow an interval of three minutes at 
full pressure before each expansion in order that the alcohol vapour might 
have adequate time to diffuse uniformly over the large volume. 

The Interchange Method foe Thorittm B and C 

As thorium B has a half-period of only 10*6 hr., and as the preparation 
of fresh lead and thorium B tetramethyl is tedious and dangerous, tests 
were made to see if vapour sources could be prepared by a direct interchange 
process by merely dipping a deposit of thorium (B -f C 4 - C' 4 - C'') into lead 
tetramethyl solution in ether (Leigh-Smith and Richardson 1935 ). It was 
naturally expected that any interchange which took place would be between 
the atoms of thorium B, an isotope of lead, and the lead atoms of the tetra¬ 
methyl, giving a vapour containing thorium B. It wasfotmd, however, that 
the radioactive vapour which was obtained contained a great majority of 
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thorium C atoms* showing that the interchange took place* initially at least* 
more rapidly between the atoms of thorium C* an isotope of bismuth, and 
the lead atoms of the tetramethyL The experiments described in this paper 
are thus concerned with the disintegration of thorium C. Only two certain 
cases of thorium B disintegrations were detected in photographs using 
interchange sources.* 


Experimental Details 

The source of thorium (B-f C-f C'-f C") was obtained by deposition on 
gold by recoil in an electric field in the presence of thoron. The piece of gold 
was then dipped in a dilute solution of Pb(€ 113)4 ©ther, and kept screened 
from the expansion chamber to reduce y-ray effects. 

The chamber was first cleared of old droplets and oxygen-free nitrogen 
filtered through cotton wool was then allowed to flow in slowly. A glass rod 
with a cup-shaped hollow at its end was dipped into the solution and then 
was quickly introduced into the centre of the chamber through a hole 
opened in the roof. After two minutes the solution had evaporated from 
the rod, which was withdrawn, leaving the vapour in the centre of the 
chamber. 

After about two slow clearing expansions the chamber was pumped up to 
the appropriate excess pressure and after three minutes a fast expansion 
was taken and photographed by means of a stereoscopic camera. Generally 
a new supply of thorium C vapour was introduced before alternate fast 
expansions. 

The chamber was filled with nitrogen with a little carbon dioxide with a 
view to reducing the rate of oxidation of the vapour. 

7^he Association of a-Rays with Disintegration Electrons 

Owing to the branching of the thorium series at thorium C, shown in the 
diagram, the a-tracks starting in the gas were of two kinds. First the 

Thorium C ^ Thorium D 

Thorium C" 

• The thorium B diBintagrationa were distinguished by the fact that a pair of 
^-rays starting at the same point was observed, consisting of a nuclear yS-ray with 
a secondiury electron due to the internal conversion of the 238 kV y-ray. 
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thorium C. C" a-traoks of mean range 4-7 cm. Mid eecond the thorium C'D 
tracks of mean range 8-5 cm. Owing to the short life of ~ 10 “* sec. of the 
thorium C' nucleus the latter track always accompanied the /?-traok due 
to thorium C. C' and served as a valuable indicator of its point of origin. 
Such pairs were always observed when the quality of the photograph was 
adequate to show the /?-track. These pairs were noticed by Feather ( 1929 ) 
from thorium C on gold leaf. About 420 expansions were photographed in 
which 200 thorium C. C' disintegration electrons were observed. 

Owing to the comparatively long half-period of thorium C". D, viz. 
3-1 min., no association between the thorium C.C" a-particles and the 
thorium C". D /?-ray was observed, the ions due to the a-track having been 
removed from the expansion chamber before the /?-track could be photo¬ 
graphed, even if the thorium C" atom had not moved appreciably from its 
initial position in the chamber during its life-time. It is of interest that this 
method appears to be the only one giving directly the yff-emission of thorium 
C. C' unmixed with that of thorium C" . D. As the latter emission can be 
obtained in the unmixed form by collecting thorium C" by recoil, it has been 
previously necessary to deduce the thorium C. C' distribution by sub¬ 
traction. 


The Secondary fi-Rays of Thorium C.C" 

Many cases were observed in which an a-track and a slow yff-traok started 
at the same point. In all such oases the a-track was reconstructed stereo- 
Bcopically and its length was measured. If the observed length exceeded 
5-0 cm. in standard air, the disintegration was ascribed to thoritun C. C'. 
Three disintegrations were allotted to thorium C.C' in which less than 
6*0 cm. was visible, the nature of the a-tracks being inferred from the 
number of ^-rays along them. 

The shorter a-tracks present were due to the disintegration of thorium 
C.C" and 108 cases were observed in which the short. 4-7 a-tracks of 
thorium C. C" started at the same point as a slow y?-ray such as is shown 
in fig. 3o, Plate 21 . These /ff-rays must arise from the internal conversion of 
the 40 kV y-ray whose association with the thorium C" nucleus was shown 
experimentally by Ellis ( 1932 ) by a recoil method. This verified the predic¬ 
tion of Gamow ( 1930 ) that the y-ray arose from transitions between the 
two states of thorium C" resulting from the emission of the two strongest 
groups in the a-ray fine structure of thorium C. C". Additioiud proof of 
the association between the 40 kV y-ray and the thorium C. C" a-transition 
is provided by the present photographs. 

A rough preliminary survey was made to estimate, if possible, the 
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proportion of the 4*7 a-tracke which were accompanied by these secondary 
electrons. It was necessary to include only those a 4 racks in which both 
ends were clearly visible so that the presence or absence of a jS-ray was 
obvious at either end. About 33 apparently unaccompanied short a-tracks 
were found but the number of comparable a-traoks with secondary electrons 
was only about 51, the remainder of the total of 108 failing to satisfy the 
criterion that both ends of the track should be strongly illuminated. 

The a-ray fine structure intensities indicate that the 40 kV excited state 
of thorium C/' is excited in about 70% of the disintegrations. Assuming 
that 60*7 % of the a-rays are accompanied by secondaries, this means that 
86*7 % of the 40 kV y-transitions lead to internal conversion. This may be 
compared with the corresponding figure of about 97 % found for the 47 kV 
y-ray of radium E. To get a similar figure for thorium C" it would be neces¬ 
sary to include 19 more a-tracks with secondaries. Such a change is probably 
within the limits of ex|>erimental error. Another possible source of error 
arises from the greater dilBoulty of seeing the relatively weakly ionizing 
secondaries from the outer levels of the atom in comparison with those of 
less energy and therefore greater specific ionization which come from the 
L level with about 23 kV energy. It is possible that some of the 33 apparently 
unaccompanied tracks had very faint secondaries of about 40 kV energy 
which were missed. 


The Semndary fi-Rays of Thorium C, C' 

In contrast with thorium C", the excitation of the thorium C' nucleus is 
small, the throe excited states being estimated by Ellis ( 1934 a) to give rise 
to only about one secondary electron in 1000 disintegrations. Tracks due to 
such secondary electrons would accompany the nuclear >?-track from the 
same atom. In the present photographs there are six cases of two /^-tracks 
accompanying a thorium C' a-track, but in all of the six cases one of the pair 
of >ff-traoks is too short to be a secondary electron arising from one of the 
known y-rays. In four of these cases this short curved track was about 
1 mm. long and might therefore be a <y-ray due to a close collision between 
the a-partiole and an electron. In two cases the length was about 2 mm. and 
another explanation is required, such as the emission of a y-ray of about 
10 kV in about 1 % of the disintegrations. 

A few oases of short tracks about 3 mm, long were found unaccompanied 
by fast )J-traoks. These again were too long to be ^-rays and were interpreted 
as nuclear /?-rays. One is reproduced in fig. 45, Plate 22 , 
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Measuring Oie Tracks 

The photographs were replaced in the camera and the life-sise reprojeoted 
three-dimensional image was formed in the usual way. The energy of the 
/ff-ray was then estimated in one of three ways as indicated in Table I. First, 
in the case of fast tracks, the curvature in a known magnetic field of 850 
gauss was found by choosing a part of the track which appeared free firom 
nuclear deflexions and setting four pins on the image of points on the track. 
Shadows of the four pin-points were then thrown on a focusing screen using 
a distant point source of light. Shadows of circles of known radius were 
thrown on the same screen and fitted to the four points. If the four points 
fitted one of the circles, its radius was recorded and the energy of the track 
obtained from the value of Hp. Such tracks are given in column 3. 

Table I 


Energy interval 
‘kV 

1 

2 

3 

Total 

Weighted 

total 

0^60 

130 

20 

0-6 

15*6 

9>55 

50-100 

4*6 

6*6 

2*6 

12-6 

86 

100-160 

0*5 

0 

7*5 

80 

6*7 

160-200 

0 

0 

3-0 

SO 

6*26 

200-260 

0 

0 

7-0 

7-0 

6*65 

250-300 

— 

— 

U‘6 

11*6 

108 

300-350 

— 

— 

4-0 

40 

4*0 

360-400 


— 

60 

60 

6*0 

400-2200 

0 

0 

117 

117 

117 


The advantage of this method is that it is applicable to tracks not per¬ 
pendicular to H and therefore having spiral paths. The value of p obtained 
is the radius of the cylinder on which such spirals lie. 

In oases where it was found impossible to make all four points lie on a 
circle, it was generally found that the tracks showed small nuclear deflexions 
which were then located and the curvatures of the undeflected parts of the 
track were measured. Owing to the slowness of working of the chamber and 
the small yield of the method, about one a-fi pair in two fast expansions, it 
was necessary to reject eus little as possible of the data available and so a 
few tracks are included in the distribution in which, owing to the shortness 
of the undeflected length available, an uncertainty of about 20 % may exist 
in the measurement of the curvature. Nineteen disintegrations were 
rejected because the undeflected arc subtended on the screen was less than 
a minimum of 9 mm. 

The inclusion of some rather uncertain tracks was justified on the ground 
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that what was sought was a general view of the balance between the low- 
energy and high-energy ports of the distribution curve rather than an 
accurate determination of the shape of the latter, which can be obtained 
more readily by other methods. 

The nuclear deflexions of electrons passing through nitrogen increase so 
rapidly when the energy falls below 100 kV that it is almost impossible to 
deduce the energy from the curvature alone. In agreement with Champion 
( 1936 ) it was found more difficult to detect small deflexions which cause an 
apparent increase of curvature than those which cause a decrease. In 
consequence unless care is taken the magnetic curvature of slow tracks tends 
to be overestimated. The tracks whose energies were obtained from the 
range are given in Table I, col. 1 . The ranges were found by measuring the 
distance between the pins placed on suitable points of the three-dimen¬ 
sional image. The energies of these tracks in electron volts were calculated 
from the ranges by the formula (Williams 1931 ): 

1 

= 24,60o(~>./? 

where njn^ ia the stopping power relative to oxygen at S.T.P., R is the 
range in cm. The stopping power of the gas was obtained by comparing the 
observed mean range of the thorium C'. D a-particles with the known value 
in standard air. 

The energies in an intermediate third class of track in col. 2 were obtained 
with sufficient accuracy to allot them to the appropriate relatively wide 
energy interval by insiiection of the scattering, 8 j)ecific ionization and 
minimum visible length available. In this third class, the end-points of the 
tracks were not visible so that only a minimum range could be assigned, but 
owing to the low energy, the deflexions were too frequent to allow of a 
reliable measurement of the magnetic curvature. As the appearance of 
tracks between 30 and 100 kV varies rapidly with energy it is believed that 
no important uncertainty has been introduced. 

The Nuclear Energy Distribution of Thorium C. C' 

The energy distribution of all the tracks of thorium C. C' exceeding 2 mm. 
in range is shown in fig. 1 . The frequency of occurrence of low energy tracks 
such 8 US reproduced in figs. 3 and 4, Plates 21 , 22 , at once contradicts the 
long maintained view that the ordinate of a /tf-ray energy spectrum falls 
to zero at or before the origin. In fact the histogram of fig. 1 suggests at 
first sight that the most probable emission energy is nearly zero. 
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It must be remembered that the tracks of slow electrons ate more eacdly 
observed than those of fast electrons owing to their much greater specifio 
ionization. With weak illumination or other unfavourable experimental 
conditions fast electrons are less likely to be recorded on the photographs 
or, if recorded, to be suitable for measurement. 



Fig, 1 —Curve 1, uncorrected experimental distribution; 2, corrected exjjerimental 
distribution; 3, (0, 1) distribution with ii?o~ 2600 kV; 4, (0,0) distribution with 

^ 2250 kV. 

An attempt has been maxle to correct for this effect by taking each slow 
track in turn and estimating the probability that a fast track, with its ions 
separated by visible intervals, would have been measurable, that is, would 
have subtended in the measuring screen an arc exceeding 2 cm. in length, 
the imaginary fast track being at the same point and in the same direction 
as the slow track actually seen. 

In some oases it was possible to say definitely that a given track either 
did or did not satisfy this rather loose criterion, but in more cases it was felt 
safer to assign intermediate probabilities rather than certainties. It was 
found subsequently that the result obtained by averaging these prob¬ 
abilities was substantially the same as that got by giving weights of 0 and 
100 % to all tracks below and above 50 %. The detailed effect of this weighting 
is shown in Table I. It is thought that the uncertainty arising from this 
general tendency to overestimate the slow tracks is smaller than from the 
statistical fluctuations. 


TfU Shape of the CorUimiotia ^••Spectrum of Thorium C . C' 399 


Comparison with the Nmtrirvo Theory of ^•‘Disintegration 

The presence of numerous low-energy electrons extending copiously 
down to the lowest detectable energy in the neighbourhood of 10 kV is in 
agreement with the theory which attributes their large numbers to the 
efiFect of the Coulomb attraction of the nucleus. This low energy emission is 
probably a general property of the /ff-decay of heavy nuclei. Its presence has 
also been established, though under less definite conditions, for radium E 
deposited on thin films (Richardson 1934; Aliohanow, Alichanian and 
Dzelepow 1936). Previous failures to find the low-energy electrons are to 
be attributed mainly to the presence of absorbers between the source and 
detector. 

It is of some interest to see if the results are sufficiently detailed to dis¬ 
tinguish between the different types of interaction between heavy and light 
particles which have been proposed. In the original or (0,0) formula of 
Fermi (1934) the probability of a given electron energy depends only upon 
the volume available in the momentum space of the electron and neutrino. 
In the (0,1) interaction proposed by Konopinski and Uhlenbeck (i93S«) 
the probability is biased in favour of large values of the neutrino momentum 
by introducing the first derivative of the neutrino wave function so that 
much more of the yff-disintegration energy is, on the average, carried off by 
the neutrinos (or antineutrinos) than by the electrons. 

To a close approximation the formulae predicted by the two hypotheses 
are: 

(0,0) P(E)dE = A(F-h611)(l + 0-355i7)(iJo“-E)3dF, 

(0,1) P{E)dE « A(£^ + 511)(l+ 0*3557) 


P{E) dE is the probability of emission of an electron with energy between 
E and iS + dJS in kV, Eq is the maximum emission energy, 7 is the momentum 
of the electron in units of m^c = HpjllOO gauss cm. 

Uhlenbeck (1936) has shown that there is but little difference between the 
shape of the distributions for permitted and forbidden /^-transitions. 

The second formula predicts more low energy electrons than the (0,0) 
formula and an extremely fine tail at the high energy end of the distribution 
owing to the higher power of (Eq - E), 

The (0,1) formula has been shown to give a fairly good representation 
of the high energy parts of many /ff-spectra. This can be conveniently shown 
by the method of Kurie, J. R. Richardson and Paxton (1936) by plotting, 


“ ( d+oW )* 


E where N is the number of electrons 


lying between i) and 7 dif, df} in fig. 2 being 850 gauss om. 
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If the (0,1) formula is satisfied, a straight line should result cutting the 
energy axis at ^ « Eq. 

For thorium C. C' the points obtained lie roughly on a straight line 
cutting the axis of E between 2000 and 2900 kV. As the two lowest points 
only represent 3*5 and 1*0 tracks respectively they possess little statistical 
weight so that the line might well be drawn to Eq » 2600 kV. The four low 
energy points marked by triangles represent the effect of correcting the 
points marked by circles for the partial y?-spectra as described below, and 
it can be seen that the corrected points lie on the straight line down to 
15 kV electron energy suggesting that, within experimental error, the 
formula fits down to the lowest energies. 



Electron energy in kV 
Fio. 2 

If, on the other hand, the (0,0) formula is correct, a straight line should be 
obtained by plotting against E as shown by the points 

marked by squares in fig. 2. 

It will be seen, in agreement with results obtained for other >?-disintegra- 
tions, that these points do not lie on a straight line. 
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The curves predicted by the (0,0) and (0,1) interactions with at 2250 
and 2600 kV respectively are also shown in fig. 1. In order to reduce the 
efiect of statistical fluctuations the predictions of the various distributions 
in wider intervals of 400 kV are compared with experiment in Tables II 
and III. 

Tablk II—Eneegy Distkibtjtions Compared 



Experiment 
numl>er of Eq 

Theory: number of electrons 


Energy 

= 2-26 mV Eq 

= 2*6 mV Eq 

2*3 mV Eq 

= 2*7 ; 

interval 

electro ns 

( 0 * 0 ) 

( 0 , 1 ) 

( 0 , 1 ) 

( 0 . 1 ) 

0-400 

57-3 

86*0 

54*5 

64*5 

53*3 

400--800 

530 

45*6 

63*2 

56*5 

61*6 

H0(V-12(K) 

270 

42*3 

36-2 

31*5 

34*9 

1200-^1600 

16-6 

28*2 

16*4 

IM 

17*6 

1600-2000 

9-5 

11-4 

4*76 

1*66 

6*9 

2000-2400 

10 

1*0 

0*5 

0 

1*0 


Table III— Theoretical Distributions with Partial Spectra 


Energy 

JS?o = 2'26 mV 

Deviations 

Eq = 2*6 mV 

Deviations 

interval 

( 0 , 0 ) 

from Exp. 

( 0 , 1 ) 

from Exp. 

0-400 

43-0 

-14*3 

60*4 

+ 3*1 

400-800 

43-4 

- 9*6 

60*7 

-2*3 

800-.1200 

39-8 

+ 12*8 

33*1 

+ 6*1 

1200-1600 

26-5 

+10*0 

16*4 

-M 

1600-2000 

10-7 

+ 1*2 

4*6 

- 6*0 

2000-2400 

()-94 

- 0*1 

0*6 

- 0*6 


The High Energy End-point and the Expression for the Interaction Energy 

The “intercept” value of Eq, given by the (0,1) line, may be taken as 
2700 kV with a probable error of about ± 100 kV. This is 460 kV greater than 
the “experimental” value of 2260 kV obtained by Henderson (1934). 
Similar differences between values of Eq obtained by the intercept method 
and the energies of the fastest observed tracks have been noted in other 
measurements of /^-distributions, in particular by Lyman (1937). In the 
present measurements of 180 disintegrations the fastest accurately measur¬ 
able electron had an energy of about 2230 kV. The results of Lyman in¬ 
dicate that the experimental points forp - 1 should fit the straight line of 
fig. 2 until near E « Eq, and then follow a steeper curve reaching zero 
emission at a value of E a, few hundred kV below the “intercept ” value, Eq. 

It has been pointed out (Richardson 1937) that the above result can be 
reproduced by a linear combination of two terms of the (0,0) and (0,1) form 
respectively, each term using the same end-point corresponding to the 
experimental end-point given by the fastest observed electrons. This is 
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between the heavy particles in the nucleus and the eleotron-netitriiio Add 
is a linear combination of two terms, the first involving the wave fiuotioiw 
of the electron and neutrino and the second the first derivative of the 
neutrino wave function as well. 

It is of interest to note that measurements of the low energy end of the 
spectrum furnish a test of the presenqe in the interaction energy of furthei: 
terms involving higher derivatives of the wave functions, linear com¬ 
binations of such terms have been shown by Konopinski and Uhlenbeok 
(1935 6) to be theoretically possible and their presence in small amotmts 
has been suggested to explain neutron-proton attractive forces as arising 
from exchange of charge due to /^-emission and capture. 

For instance, we might assume a linear combination giving a composite 
distribution in which 33 % of the electroixs obey a (1,2) interaction, 63 % 
a (0,1) and 14 % a (0,0) interaction. Owing to the presence of higher 
derivatives of the wave functions of both neutrino and electron in the (1,2) 
interaction there would be a deficiency of both high- and low-energy 
electrons and though the former deficiency would be quite smaU the latter 
might give an observable fall below the straight line of fig. 2 near zero 
energy in the case of a heavy nucleus. The fact that no deficiency of low 
energy electrons is apparent in the present results suggests that the coefiS- 
cient of the (1,2) interaction must be small. 

The Partial fi-Speetra of Thorium C. C' 

The number of low-energy /?-ray8 will be increased owing to the presence 
of partial y?-speotra of low energy giving rise to the excited states of the 
thorium C' nucleus in accordance with the theory of Ellis and Mott (1933). 
The eflect of the partial spectra of the states of 1797 and 1623 kV excess 
energy which, according to Ellis (19346), are excited in 2 and 4 % of the 
thorium C. C' disintegrations, has been calculated assuming that the partial 
spectra are (0,0) in shape with end-points at 450 and 640 kV. The results 
are shown in Table III and fig. 2. The corrections are small because only 
6 % of the electrons are affected. The (0,1) distribution shows the better 
agreement with experiment. The effect of the 726 kV excited state on the 
distribution is negligible. 

In conclusion we wish to thank Professor C. D. Ellis for his valued 
encouragement and interest in the work and also Bedford College, Iiondon, 
for providing some radio-thorium. 
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A method is described by which a radioactive vapour of thorium (B + C) 
was introduced into a cloud chamber. 

About 200 thorium C.C' disintegrations occurring in the gas were 
photographed and the energies of the nuclear electrons were estimated, 
A large proportion of low energy electrons was found extending down to 
the lowest detectable energy of about 15 kV. It is concluded that the energy 
distribution curve does not pass through the origin but passes well above it, 
showing no marked fall near zero energy. The curve agrees within experi¬ 
mental error down to zero energy with the shape predicted by the (0,1) 
interaction formula of Konopinski and Uhlenbeck (1935). The maximum 
electron energy obtained by fitting the data to the (0,1) formula is 
2700 ± 100 kV. 

The possible presence of higher order derivatives in the interaction energy 
is discussed. 

Numerous secondary electrons were observed associated with the a-rays 
of thorium C. C'". 
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Experiments on Iron Ammonium Alum in Alternating 
Fields at very Low Temperatures 

By A. H. Cooke and R. A. Hitll 

{Communicated by F. A, Lindemann, F.R. 8 ,—Received 18 June 1937 ) 

It has been pointed out by Simon (1935a) that calorimetry in the region 
below 1 ® K. can be made sensitive enough to measure accurately the thermal 
energy changes due to the emission and absorption of radioactive radiations. 
With a view to carrying out investigations of this kind, experiments have 
been in progress in the Clarendon Laboratory to improve the sensitivity of 
the metho<l of temperature measurement. Temperatures below 1®K. are 
determined primarily by extrapolating Curie’s law, verified at higher tem¬ 
peratures, which is that the susceptibility of certain paramagnetic substances 
is inversely proportional to their temperature. Generally the thermometrio 
substance is the actual paramagnetic salt used to obtain the low temperature. 

There are various methods of measuring the susceptibility; for instance, 
the substance may be surrounded by two coils whose mutual inductance is 
measured at the various temperatures. For this purpose A.C. methods of 
measuring inductance have certain advantages.* In particular a null 
method may be used by balancing with an external adjustable negative 
mutual inductance, and headphones can be used as the detecting instrument 
if the frequency lies in the audible ranges. There is also the possibility of 
compensating the effect of the unavoidable heating of the substance, the 
normal drift, by some form of automatically increasing mutual inductance. 

It has been found, however (Giauque and MacDougall 19356; MacDougall 
and Giauque 1936; and Gorter 1936a, 6) that at low temperatures an appre¬ 
ciable heating is produced in paramagnetic substances by the action of the 
A.C. The heating must be due to an irreversible exchange of energy between 
the alternating field and the magnetic ions, arising jfrom a lag between the 
instantaneous positions of the vectors corresponding to the field and the 
magnetic moment of the ions. If the A.C. method of measuring tem¬ 
perature is to be used in calorimetric experiments, it is necessary to eliminate 
this irreversible heating if possible, or, more precisely, to reduce it to such 

♦ Such a method has been used by Simon in a demonstration experiment (Simon 
19356 ), An A.C. method of determining self-inductance and hence susceptibility 
has been described by Giauque and MacDougall {1935 a). 
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an extent that it is negligible compared with the normal drift. In order 
therefore to ascertain how it depends on temperature and the applied 
frequency and amplitude, the experiments described below have been made 
as direct determinations of the irreversible heating in iron ammonium alum. 


No attempt has been made in them to use the A.C, 
method of temperature measurement, as obviously this 
would introduce an error due to the effect under in¬ 
vestigation; instead, the inductances and temperatures 
were determined by the ordinary ballistic galvanometer 
arrangement already available. 

Production of thk Low Temprratubes 

The apparatus and procedure for cooling the sub¬ 
stance are essentially those described by Kurti and 
Simon (1935). In some of the preliminary experiments 
a metal calorimeter was used, but most of them were 
made using a glass calorimeter (ordinary soft glass) to 
ensure that there was no additional heating by con¬ 
duction through gas liberated from the metal walls by 
induced eddy currents. The general arrangement of the 
part of the apparatus lying below the helium liquefier 
is shown in fig. 1. Powdered iron alum is compressed 
into a cylindrical pellet P 3 cm. long, 0*7 cm. in diameter, 
which rests on a glass bead B, This is supported by 
the cap at the bottom of the calorimeter, which is a 
ground joint greased in the ordinary way. Helium gas 
can be admitted to the space immediately round the 
salt to produce thermal contact with the container for 
the thermometer calibration and during magnetization, 
but this space is otherwise continuously evacuated 
through the tube L. The space between the inner and 
outer walls of the calorimeter is filled through the 
tube B with liquid helium H which thus almost en¬ 
tirely surrounds the salt. After calibration of the 
thermometer in the range 4 - 1 '^ K. this liquid helium is 
kept at 1°K. by rapid pumping. These two glass tubes 
L and B leading up from the calorimeter are joined 



Fig. 1—^Tho experi¬ 
mental arrangement. 


by oopper-to-glaas seals to copper tubes coming from the helium liquefier. 


The calorimeter is separated from the liquid hydrogen by a vacuum case 
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C O '5 mm» thick mode in German silver to reduce magnetic screening, and 
the measuring coils are wound on a bakelite former F which slips on to the 
vacuum case. With this arrangement the ooils are permanently immersed 
in liquid hydrogen during an experiment so that the resistance to inductance 
ratio is very low. There are two identical secondaries S of 5000 turns of 47 
gauge copper wire, one surrounding the salt, and one well away from it to 
act as compensator. Twenty-three tui;ns per cm. of 34 gauge copper wire are 
wound uniformly over the whole former to act as primary. Thermometer 
calibration and demagnetization procedure are described in the paper 
(Kiirti and Simon 1935) previously referred to. Large magnet pole-pieces 
are used to ensure that the salt is cooled uniformly. 

Alternating Current Heatings 

Alternating current from an oscillator and amplifier can be passed through 
the primary coil, which for this purpose is switched out of the ballistic 
circuit. A heating experiment is carried out in the following manner. The 
temperature drift is measured for some minutes, and then the primary 
circuit is switched over to the alternating current for a period of 1-5 min. 
The drift is afterwards measured again. Drift measurements and heatings 
are alternated throughout the course of the experiment. 

Two frequencies were used, 465 and 328 c./sec., which were checked by 
comparison with tuning forks. The A.C. passed through the coil was 
measured by a thermal converter and millivoltmeter, and gave a field of 
2-10 gauss at the pellet. 

Heat Capacity of the Pellet 

To convert a measured temperature rise into heat energy it is necessary 
to know how the specific heat of the salt varies with temperature. This was 
determined in a separate experiment in which the cooled salt was heated 
by y-rays; y*ray heatings and drift measurements were alternated in a 
manner similar to that just described. The results obtained in this way fix 
the relative values of the specific heat, and can be converted into absolute 
values from the known specific heat of iron alum at 0-l°K. (Kiirti, LednS 
and Simon 1937). 

The Temperature Scale 

The temperature scale obtained by extrapolating Curie's law is to some 
extent arbitrary in that it depends on the material and shape of the para- 
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magnetic sample. But the specific heats and the A.C, heatings have both 
been determined in terms of this same arbitrary scale and there is therefore 
no error from this cause in the values of the heat energy produced by the 
alternating current A curve showing A.C. heatings gives true values of 
the heat energy but in terms of arbitrary temperatures as abscissae. 

Kiirti, Lain6 and Simon (1937) have recently extended their deter- 
mination of the thermodynamic scale of temperature to temperatures well 
below the range used in these experiments. Their results have made it 
possible from knowledge of the demagnetizing factor of the pellet, calculated 
from its length-to-diameter ratio, to correct the arbitrary temperatures 
obtained here to the corresponding absolute temperatures, and in the 
remainder of this paper temperatures are referred to the absolute scale. 

Screening effect of the VACtniM Cask 

In calculating the A.C. heatings in terms of the amplitude of the alter¬ 
nating magnetic field, it is necessary to verify that the latter is not reduced 
by the screening effect of the vacuum case below the value calculated from 
the current in the primary coil. The screening has therefore been investigated 
directly in a subsidiary experiment but under the conditions of the other 
experiments. A coil was wound to the same dimensions as the pellet and 
substituted for it. The mutual inductance of this coil and the primary, with 
and without the cold vacuum case separating them, was measured by an 
alternating current method using the same 465 cycle input to the primary. 
No effect due to the vacuum case could be detected; the diminution in 
amplitude produced by screening is certainly less than 1 %. 

The Results 

1 —Variation taith Temperature 

The A.C. heating is found to rise as the temperature is lowered, the in¬ 
crease being more and more rapid the lower the temperature. The range used 
was from 0 * 035 ''K., the limit set by demagnetization with the magnet at 
our disposal, to 0*11''K., above which the heating was less than the normal 
drift and therefore too small to be measured in this way. In a typical experi¬ 
ment with a field of 6*9 gauss the irreversible heating produced at 0 * 035 '' 
was at the rate of 0 * 0028 ^/min.; at 0 * 11 ® it was 0 * 00015 ®/min. 

2 —Variation with Frequency 

The beatings at the two frequencies 328 and 465 are shown in fig. 2. The 
ratio of these frequencies is 1 * 39 , the square of which is 1 * 92 . Within the 

* 3 p 2 
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experimental error the ordinates of the two curves in fig* 2 are in this ratio, 
which indicates that tlie heating is proportional to the square of the 
frequency. 



Flo. 2—Variation of the heating with temperature. 


3 —Variation with Amplitude 

It is found that the heating produced varies as the square of the applied 
amplitude. The presence of any magnetic saturation effect would cause a 
decrease below these values at higher amplitudes. On the other hand, the 
effect of any harmonics of higher frequencies in the oscillator output would 
be to cause an increase at higher amplitude, as these harmonics would then 
be excited in greater proportion and would produce a bigger heating. But 
since the measured heating remains exactly proportional to the square of 
the amplitude for both frequencies and over the whole temperature range, 
it seems that this is true of the actual alternating current heating, and that 
saturation and harmonics are both absent. 


Disccssiok 

These results may be discussed from two points of view; as to their 
theoretical signiffoanoe and interpretation, and in their bearing on A.C. 
methods of temperature measurements. Considering the former it should 
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first be stated that an explanation of the phenomena as arising simply from 
magnetio hysteresis is not tenable, since this would produce a heating 
proportional to the first power of the frequency. It does, however, seem 
possible, as will now be shown, to derive a consistent explanation in terms 
of a time lag of the form of a relaxation time. 

The Relaxation Timee 

Any heating effect by an alternating field can be represented to a first 
approximation by a lag in the phase of the magnetization. If == fl|,ain6i>< 
and cr = Asm(6j^+^), where H is the field and a the induced magnetic 
moment, the in’eversible heating per second is Q = \UqO)A sin 0. 

If the lag can be represented by a time constant of the form of a relaxation 

time, then ” = -(<rn — cr), where cr^ — X being the ordinary suscepti* 
(it T 

bility. Substituting the values of H and cr previously taken, it follows that 
tan ^ and A = heating per second is thus 

cm<t> = 

this expression and its derivation being analogous to that given by Debye 
(1934) for high frequency losses in dielectrics.* If 1 this expression 
takes the form 

The experimental results are of this form, and indeed they can be inter¬ 
preted on this basis. For if is equated to the measured heating, 

values between 10“*^ and 10”"® sec. are obtained for r which are consistent 
with the assumption 1 . The values of r at different temperatures are 
shown in fig. 3 . The absolute values of the susceptibility and specific heat 
used in calculating them have not been determined directly for the pellet 
used, but have been assumed from previous determinations on similar 
pellets. There may be a constant error from this cause, but it will certainly 
not be greater than 10 %. 

So far T occurs simply as a time constant whose existence is deduced from 
the form of the experimental results. To find its physical origin it is necessary 
to know what time relations are involved in the application of a magnetic 
field to a paramagnetic substance. This has been considered generally by 
Heitler and Teller (1936). Under the conditions of the present experiments 
there are two time dBtects: the time for the magnetic ions themselves, the 


* Compare fitlso the derivation by Gorter and Kronig (1936, p. 1015). 
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spins, to take up their stable orientations in the field, and the time for the 
energy of this magnetization to be communicated to the lattice* 

The former process gives directly a lag of magnetization with respect to 
the applied field such as was assumed to explain the irreversible heating* 
The appropriate time constant t is given roughly by equating U, the energy 
of mutual interaction between the magnetic ions, to hjtf from which a value 
10 ~® sec, is obtained for t. This is of the same order as the value of r found 
experimentally, and this process must certainly contribute to the irreversible 
heating. 



Fio. 3 —Variation of the relaxation time with temperature; 
the ordinatee on the loft refer to the continuous curve, those 
on the right to the broken one. 


The time constant Z for the establishment of thermal equilibrium between 
spin system and lattice is estimated by Heitler and Teller to be of the order 
of 40 sec. at 0 - 04 ° K. Heitler and Teller do not claim any great accuracy for 
this estimate, but even if it is considerably in error (oZ is now > 1, and an 
irreversible heating due to this second process would be independent of 
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frequency, in contradiction to the experimental results. Also, such an irre¬ 
versible heating would no longer be due to direct lag of magnetization 
behind the field; the magnetization could only be affected in so far m 
equalization of temperature between spin system and lattice reduces the 
temperature of the former. Now the specific heat of the spin system at these 
temperatures is so much greater than that of the lattice, by a factor of the 
order of 10 ’ at 0 - 1 ® K., that the spin system temperature would not change 
appreciably, and it seems therefore that irreversible heating by this indirect 
process is negligible in comparison with that due to the direct lag of the 
spins themselves. The experimental values of t may thus be interpreted as 
the time constant for the mutual interaction between the spins. 

In fig. 3 the broken line giving the variation of logr with temperature is 
straight, which means that r can be represented as 2*3 x sec. 

T occurs in this formula in a somewhat unusual form, and as at present no 
theoretical interpretation can be given the formula should be regarded as 
empirical. It should, however, be pointed.out that the characteristic 
temperature in this formula (0*035° K.) coincides very closely with the 
temperature of the Curie point, found in quite an independent way {Kiirti, 
Lain4 and Simon 1937 ), which is also a temperature characteristic for the 
mutual interaction between the magnetic dipoles. This may mean that 
the formula has also some physical significance.* 


Note on other Work 

If we interpret the results of Giauque previously mentioned on the basis 
of a relaxation time, the value of r obtained for gadolinium nitrobenzene 
sulfonate heptahydrate at 0*25°, for instance, is found to be 5 x 10“’ sec. 
This is comparable with the values here determined for iron alum. 

The experiments of Gorter on iron alum at much higher temperatures (in 
the region 15“70°K.) using frequencies of about 10 ’ show a relaxation time 
of the order of 10 “^® sec. independent of temperature. Extrapolation of the 
expression 2*3 x to 15° K. gives a value 10 “*®® for t, negligible 

in comparison with 10 “^®. On the other hand, the value 10 “^® sec. is 
negligible in comparison with the values of r below 1 °. It seems therefore 
probable that Gorter’s experiments involve a different phenomenon from 
that interpreted here by the relaxation time t. 

* On the other hand, it may be that the Stark effect of the lattice which leads to 
a splitting of the ground state, may have an influence too on the phenomena under 
consideration, and that both influences together load by chance to the experimentally 
observed form of the curve. 
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Tempe/rtitwre Measuremmi by Altema;ting Cwrent Methods 

IVom the experimental data it is evident liow the effect of the relaxation 
heating may be minimized when measuring temperatures by alternating 
current methods. The following conditions must be observed; 

(1) With iron alum only the region above 0*1°K. can be used. There is 
an apparent consequent loss of sensitivity since the decrease Ax in suscepti¬ 
bility for a rise AT in temperature is given by ~ ^ T, i.e. Axl^ T varies 

as l/T®. Tliis loss is, however, exactly counterbalanced by the larger AT 
for a given heat input, since the specific heat in this region falls off, with 
rising temperature, according to a IjT^ law. 

The upper limit to the temperature range available is fixed by a different 
consideration. The heat insulation of the cooled salt depends to a large 
extent on the extremely low vapour pressure of helium at these temperatures, 
so that any gas still present when demagnetizing is condensed on the salt. 
On warming the salt no appreciable loss of insulation occurs due to desorp¬ 
tion of this gas until about 0 * 4 ® K., which is thus the upper limit to the avail¬ 
able temperature range for high accuracy calorimetry. 

(2) A lower frequency must be used. The sensitivity, understood as the 
voltage induced in the secondary coil, falls off proportionally to the frequency- 
But since the relaxation heating falls off proportionally to the square of the 
frequency, there is a net gain in effective sensitivity. 

( 3 ) The amplitude must of course be reduced so far as the method of 
measurement will permit. The experiments described were all carried out 
with amplitudes more than ten times that necessary for temperature 
measurement. 

Using a magnetic field amplitude of one gauss with a frequency of 50 , 
the calculated irreversible heating would produce a temperature rise of 
4 X 10 “» degree/min. at 0 * 16 °, which is less than the normal drift. 

It may be observed in conclusion that a metal calorimeter may be used, 
as the early experiments with a German silver calorimeter, while not so 
accurate, gave results for the heatings which were certainly only of the 
same order as these purely relaxation heatings. 

We wish to express our indebtedness to the Royal Society for a grant 
m aid of apparatus, and to the Department of Scientific and Industrial 
Research whose assistanoe has made this work possible for us. We have 
also to thank Professor P. A. Lindemann for extending to us the facilities 
of his laboratory. Dr, P, Simon for valuable advice and discussion and 
Dr. N. Kiirti and Mr. G. L. Pickard for their kind help with the experiments. 
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StTMMABY 

The irreversible heating of iron ammonium alum by an alternating 
magnetic field has been measured between 0*035 and 0*11°K. The heating 
is found to vary as the square of the field amplitude, and as the square of 
the frequency. It increases rapidly as the temperature is lowered. 

If these results are interpreted by a relaxation time, corresponding to a 
lag between the applied magnetic field and the induced magneti^ation, it 
varies from 9 x 10~® sec. at 0 * 035 *^ K. to lO"*® sec. at 0*11°K, 

It is shown that this time refers to that necessary for the magnetic ions, 
the spins, to take up their stable orientations in the field, rather than that 
necessary for the communication of the energy of magnetization from the 
spin system to the lattice system. 

A discussion is given of the conditions under which this irreversible 
heating may be minimized in calorimetric experiments with alternating 
current methods of temperature measurement. 


References 

Debye, P, 1934 Phya* Z» 35, 101 - 6 , 

Giauque, W. F. and MacDougall, D. P. 1935 a J. Amer, Chem. 80 c, 57, 1175-85. 

— 1935 Phya, Mev. 47, 886-6. 

Gorter, C. J. 1936 a NcUvrCf Lond.f 137, 190. 

— 19366 Phymcat *a Grav., 3, 603-14. 

Gorier, C. J. and Kronig, R. de L. 1936 Phyaica, 'a Orav., 3, 1009-20. 

Heitler, W. and Teller, E, 1936 Proc. Boy, Soc, A, 155, 629-39. 

Kiirti, N., Lain 6 , P. and Simon, F. 1937 C.B, Acad, Sci,^ Paris, 204, 764-6* 
Kiirti, N. and Simon, F. 1935 Proc. Roy, Soc, A, 149, 162-76. 

MacDougall, D. P. and Giauquo, W. F. 1936 J, Atmr, Chem. Soc, 58, 1032-7. 
Simon, F. 1935 a Nature, Land,, 135, 763. * 

— 19356 Not, Proc, Roy, Inatn,, 28, 616-41. 



The Absorption Spectrum of Liquid Bromine 

By D. Pobekt 
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{Communicated by F, Q. Donnan, F.R.S.—Received 18 June 1987) 

The continuous absorption spectra of gaseous bromine (Peskow 1917 ; 
Ribaud 1919 ; Gray and Style 1929 ; Acton, Aikin and Bayliss 1936 ) and of 
dissolved bromine (Bovis 1929 ; Gillam and Morton 1929 ) have been studied 
many times. They present a wide continuum (from about 30,000 to 17,000 
with a maximum at 24,000 For the gas the continuum is 

preceded by two band systems on the long wave-length side. These systems 
converge at 19,685 and 15,896 om.“^ respectively. Acton, Aikin and Bayliss 
( 1936 ) have shown that the continuum is not simple, and Mulliken ( 193 ^) 
and Darby shire ( 1937 ) have pointed out that there are three overlaiJping 
continua oorTesj)onding to transitions from the ground state to three different 
excited electronic states. They are ^27^, */7i and 

The absorption spectrum of liquid bromine has been studied by Bovis 
( 1929 ) from 18,525 to 31,760 cm.-^^ and by Camichel ( 1893 ) for two fre¬ 
quencies only (16,978 and 18,691 

The very high absorption coefficient of liquid bromine in the region of 
the maximum (24,000 cm. makes its measurement difficult. Because 
there are only a few data available on tJhis subject, and because there is 
considerable interest connected with the comparison of the spectra of 
gaseous and liquid bromine, we considered it useful to measure again the 
absorption sj^ectrum of liquid bromine over a wider range of frequencies. 

Experimental 

Measurements with 10 , 1 , and 0*1 cm. cells were made with a Judd Lewis 
divided beam photometer and a Hilger glass spectrograph. The light source 
was a 600 c.p. pointolite lamp, and Ilford rapid process panchromatic and 
Eastman Kodak 3L infra-red plates were used. Pairs of spectra corre¬ 
sponding to known optical densities were obtained and the match point 
determined visually. As indicated in fig. 1 , this method gave points from 
about 12,300 to 16,200 cmr^. 

In order to obtain points at shorter wave-lengths, very thin layers of 
bromine had to be used. For this purpose a wedge-shaped cell was first used. 

[ 414 ] 
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The angle corresponds to an increase of thickness of 0*00953 mm./nxm. 
length (Goodeve and Richardson 1937 ). Two horizontal lines, parallel to the 
bottom of the wedge, were etched on the face of the celL The cell was placed 
in front of the slit of a Hilger E3 quartz spectrograph. The length of the slit 
was adjusted so that the reference lines and the bottom of the cell appeared 
in the spectrum. The light source was a hydrogen discharge tube, and Ilford 
ortho plates were used. Photographs were first taken with the full cell, and 
afterwards with the empty cell and decreasing times. The blackening of the 
plates was compared by means of a Zeiss microphotometer. The con¬ 
tinuous range of thicknesses between 0-00953 and 0-14 mm. gave points 
from 17,000 to 18,000 cm.“^ and further in the ultra-violet from 28,100 to 
29,500 cm.”^ 

In order to get the maximum, thinner layers were obtained by pressing 
a drop of liquid betM^een two optically worked quartz plates and surrounding 
the edges with paraffin wax. The photographs were taken with an iron 
tungsten spark, a divided beam Spekker photometer, and a Hilger medium 
quartz E3 spectrograph. As in the first system, pairs of spectra, corre¬ 
sponding to a known optical density, were obtained and the match point 
determined visually. The thickness of the bromine layer was calculated 
from the optical density required to get match points at wave-lengths for 
which the extinction coefficient was known. Three different layers of bro¬ 
mine were used, each of which gave match points from the maximum down 
to lower densities, overlapping on both sides with the wedge cell measure¬ 
ments. 

Previous authors (Bovis 1929 ) prepared such layers of liquid, but they 
determined the thickness by means of Newton’s rings. This method is not 
very accurate, as the thickness is of the order of one or two wave-lengths 
and varies from place to place. In our experiments, the light beam always 
crossed the bromine layer in the same spot, in the calibration as well as 
in the extinction coefficient measurement itself. Therefore the accuracy of 
the absolute values obtained d 6 i)end 8 on the reliability of the wedge cell 
measurements. In these, the thickness can be determined accurately, and 
the error for e does not exceed 2 %. 

Results 

The molecular extinction coefficient is determined by the equation 

I 4 i 
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where ^ and I are the intensity of the incident and transmitted beams 
respectively, c the concentration in g.moL/litre, and Z the thickness of the 
absorption layer in centimetres. 



The logarithms of e are plotted against the frequency in %. 1 . The points 
obtained by Bovis and Camiohel are also indicated. The corresponding 
curves of Acton, Aikin and Bayliss for the gas, and of Gillam and Morton 
for bromine dissolved in CCI 4 , are also shown. Some results of Gray and 
Style were used to indicate the continuation of Acton, Aikin and Bayliss’s 
curve beyond 30,000 om.-^. 
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Discussion 

It is seen from fig, 1 that the extinction coefficient curve of liquid bromine 
has a maximum value at 24,000 cm.””^, followed by a minimum at 28,600 
It was not possible to determine the maximum of the second band 
because it requires too thin a layer of bromine and lies probably farther than 
45,000 cm,”^ On the long wave-length side of the maximum, the curve 
presents a hump at about 20,000 and then goes down quite smoothly 

until 12,000 cm.“^. The hump indicates that in the liquid, as well as in the 
gaseous and dissolved bromine, the first band is not a single one. The form 
of the first part of the second band also suggests that it is a composite one. 
The data of Bovis and of Camichel are in good agreement with ours. Ac¬ 
cording to Bovis, the maximum is at 24,000 but his curve does not 

present a hump and diverges appreciably from ours in the region of the 
minimum. 

Fig. 1 shows that the positions of the maximum of the hump and the 
shape of the curve do not change appreciably for the three states con¬ 
sidered. But in the region of the maximum, e is more than twice as large for 
liquid as for gaseous bromine, the difference being much bigger for shorter 
wave-lengths. Beer’s law is not valid for the passage from the gas to the 
dissolved and liquid states. It has been shown (Riband 1919 ) that for 
A < 6430 A gaseous bromine does not follow exactly Beer’s law, e increasing 
slightly with the concentration. The same discrepancy will most probably 
occur with dissolved bromine. These facts show that in the three states 
considered absorption of light by bromine involves the same electronic 
transitions, but the probability of these transitions increases on passing 
from the gaseous to the dissolved and liquid states. 

According to Mulliken ( 1936 ), the A continuum (maximum at 24,000 
cm,-^) may be attributed to the transition, and the B continuxun 

(maximum at 20,400 cm.*-^) to the two transitions and 

^U^^-^Eg. But it is also possible to attribute A to and 

^n^^^Eg and B to ^FI^^-^Eg, Darbyshire ( 1937 ) supports the first 
interpi-etation of Mulliken, but he points out that one could also attribute 
A to ^Ui^'^Eg and B to ^n^<-'^Eg transitions, ^U^^Eg giving a weak 
continuum, the maximum lying at about 22,000 cm.^^ 

In bromine the probability of such transitions is not very high. This is 
shown by the relatively small absolute value of e maximum ( 00 , 160 and 
740 for CI 2 , Bra and Ij respectively). It is known from the Stark effect that 
an eleotrio field can weaken the selection rules, i.e. increase the probability 
of slightly improbable transitions. It is clear that the influence of the 
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electric fields of the surrounding molecules must increase with the con¬ 
centration and thate will be larger for liquid than for gaseous bromine. With 
the second explanation of Mulliken and the second of Darbyshire, one could 
more easily understand why the two maxima increase in approximately 
the same ratio on passing from the gas to the liquid, as in both these ex¬ 
planations the continua would be due mainly to triplet singlet transitions, 
Our results, however, do not allow any decisive conclusion to be drawn 
concerning these interpretations. 

Fig. 1 shows that the minimum of the curve shifts towards the shortwave 
lengths in passing from the liquid to the solution and to the gas, i.e. the 
second absorption band becomes more intense or shifts towards the red as 
the density of the bromine increases. The diSerence between e for the gas 
and the liquid increases with the frequency and becomes very large for 
the far ultra-violet band. The explanation of this fact is probably that 
the influence of the surrounding molecules, in an electrotiic transition, 
increases with increasing excitation energy. The higher the energy of an 
excited state, the more strongly is the state affected by the forces between 
the molecules and their surroundings. 

As we said before, the extinction coefficient curve falls regularly on the 
long wave-length aide, without any sign of band structure up to the limit of 
the infra-red. It is a case of complete broadening of the lines. This broad¬ 
ening must also be due to the influence of the surrounding molecules—► 
especially to the shortening of the lifetime of the excited molecules by 
so-called induced predissociation (Kondratjew) 

In conclusion the author wishes to express his thanks to Dr. C. F. Goodeve 
and Dr. E. Rabinowitch for valuable discussions, and to the Swiss Ramsay 
Committee and the Ramsay Memorial Fellowship Trustees for the award 
of a Fellowship. 


Summary 

The absorption spectrum of liquid bromine has been measured between 
2,000 and 40,000 cm.™^. In the region of the maximum, the measurements 
have been made by a new method, giving more accurate results than have 
been previously obtained. The extinction coefficient curve is compared with 
those of gaseous bromine and of the carbon tetrachloride solution. An 
interpretation of the difference between the three states is attempted. 
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Investigations of Infra-red Spectra—^Absorption of some 
Hydroxy Compounds in the Region of 3/^ 

By J. J. Fox AND A. E. Martin 

(Communicated by Sir Robert Robertson, F.R.S.—Received 28 June 1937) 

Introduction 

It has been realized by several investigators that with some exceptions 
compounds containing the hydroxyl group have a sharp absorption band 
close to 2-75/t, and frequently another much wider band about 3/t. EiTera 
and MoUet ( 1936 , 1937 ) and Errera (1937) have shown that the latter is 
an “association” band which diminishes on dilution in a non-polar solvent, 
or by raising the temperature, when the association complexes split up and 
the hydroxyl band at 2 * 75/4 becomes more pronounced. (Compare also 
Borohewitz ( 1937 ) and Freymann ( 1937 ).) In the present investigation of 
the infra-red absorption spectra of certain hydroxy compounds in the 
3/4 region we have made observations of the eflFect of the structure of the 
molecule on both the above-mentioned bands, as well as on the CH 
vibration bands. 

The OH bands in the region about 1 - 4 - 1 - 6/4 have been investigated by 
Wulf and his co-workers ( 1935 , 1936 ) for the most part with solutions of 
about 0*01 mol./l. in which the association band had practically disappeared. 
This work relates to the first overtone of the fundamental frequency in 
the region of 3 / 4 , and has revealed striking constancy of wave-length and 
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intensity of the bands for diverse compounds which may have an OH group 
in the molecule, and absence of such bands in certain cases where a hydrogen 
linkage can be postulated. Our measurements have been carried out at 
18° C. on the fundamental bands about 3^ for solutions in carbon tetra¬ 
chloride and other solvents at a concentration generally about O‘lmol./ 1 ., 
when association is appreciable. The result of working on the fundamental 
bands rather than harmonics is to obtain much greater intensity of the 
bands, and simpler spectra generally. 


Expeeimental 

We employed an echelette grating ruled by Professor R. W. Wood, with 
2050 lines to the inch, on a concave surface of 1 m. focal length. This was 
used in conjmiction with the rock-salt prism spectrometer, thermopile and 
galvanometer system which have previously been described by Robertson, 
Fox and Martin { 1934 ). The second-order spectrum was selected for the 
3/i region and calibration effected by visual observation of appropriate orders 
of the Hg line A 5460’7. All wave-lengths given in this work for sharp bands 
may be regarded as accurate to + 0 - 001 /t. Slits were adjusted so that a 
galvanometer throw of 10-20 cm. was obtained, and under these conditions 
it was possible to obtain the fine structure of lines less than 2 cm.~* apart. 

Absorption cells were constructed with fluorite plates cemented to a 
brass ring by means of a film of fish glue, and three sizes of cell were used 
varying from 1-3 to 10 mm. in length. Two similar absorption cells were 
selected, one containing solution and the other solvent, and these were 
placed alternately in the light path for measurements at each wave-length, 
so that reflexion and other losses would be compensated. 

When the absorption is nearly complete the calculated value of the 
extinction coefficient is greatly influenced by the presence of a small amount 
of stray Ught in the spectrometer. This effect was foimd to be most pro¬ 
nounced on very sharp absorption bands, and it was allowed for in our 
calculations by observing the light apparently transmitted through a 
highly concentrated solution which is known to absorb completely at the 
desired wave-length. 

All the compounds investigated and the solvents used in this work were 
specially purified. A.R. carbon tetrachloride was fractionated before use, a 
middle fraction boiling at 76*7° C./760mm. being retained. Ohloroform was 
repeatedly washed with distilled water to remove alcohol, dried over PjOj 
and firactionated immediately before use. 
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RBStHuTS 

OH bands 

Phenol ai various Concentrations in Carbon Tetrachloride — ^Fig. 1 shows 
the results obtained for phenol in carbon tetrachloride at four different con¬ 
centrations. It will be observed that the curve for the lowest concentra¬ 
tion (I) shows little, if any, of the association band around 2‘95/t, although 
the other OH band at 2'769/t is still intense. This sharp OH band for the 
two intermediate concentrations could not be conveniently shown in fig. 1 



2333 2733 2V38 5142 5346 5549 5731 5931 


Wave-length (/t) 

Fio. 1—Absorption of a 1-29 nun. layer of phenol in carbon tetraoliloride: 

I, 0 0146; II, 0 0436; III, 0 087 and IV, 0174 mol./l. 

without complicating it. For the purpose of considering the intensities of the 
two OH bands at different concentrations, it is convenient to work with the 
optical density of the solution rather than percentage absorption or trans¬ 
mission, the density being here defined as d = where 7® is the 

intensity of the light passed through a cell containing solvent alone, and I 
the intensity of the light transmitted through the solution at a given wave¬ 
length. The molecular extinction coefficient k is obtained from d by the 
idletion K =» djd, where c is the concentration of the solution in moi./l. and 
/ is the cell length in cm., 

as 


VoL CLXn—A. 
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In fig. 1 the OH band at 2*769/£ is affected to some extent at the higher 
concentration by overlap of the association band at 2*95/t, but by extra¬ 
polating this band over the region of the shorter wave-length band and 
deducting the appropriate value of d for the association band at a given wave¬ 
length from the total density, the density corresponding to the short wave 
OH absorption can be found. Fig. 2 provides an example of the method. 



Wave-length (/t) 

Fio* 2—The two OH bands of phenol showing their overlap and separation. 

Solution of phenol in carbon tetrachloride, 0*174 mol./l. 

Table I shows the values of d over the OH band at 2-769/4 for concentra¬ 
tion (II) before and after elimination of the association band. The ratio of 
the density of the 2*769/t band to that obtained for the lowest concentration 
(I) is given for most of the band, and it will be seen that this ratio is nearly 
constant, the mean value being 2-60, although the variation of the oonoentra- 
tion is actually 3 to 1. The difference between 8 and 2*60 represents those 
molecules which are linked up to give the association band. In a similar 
manner it is found that while the concentrations of (HI) and (IV) are 
respectively 6 and 12 times that of (I), the intensity of the 2 * 769/4 OH band 
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is only 4-42 and 7-51 times that of (I). These results are set out in Table II. 
We prefer in the present instance not to measure the area under each absorp¬ 
tion curve, since in regions away from the maximum some intarferwioe may 
be caused by other weak absorption bands, of which there is some evidence 
in the curves. 


Table I—Variation with Concentration of Intensity of the 
2-769/<. OH Band for Phenol in Carbon Tetbaohlobidb. 
Cell Length 1-29 mm. 


Wave4«ingth 

Deiusity of 
2-760/* OH 
band (I) 
d. 

Density of 
2*769/4 OH 
band (II) 

dj 

Density of 
“association'' 
band (II), 
d 

1 

I 

A 

(()-0146 mol./I.) 

(0*0436 moL/L) 

for /I of col. I 

d. 

2*763 

— 

0*0879 

0*0132 

— 

2*768 

0*0793 

0-226 

0*0143 

2*68 

2*763 

0*211 

0*676 

0*0164 

2*66 

2*768 

0*380 

0*963 

0*0166 

2*46 

2*773 

0*260 

0*713 

0*0177 

2*68 

2-778 

0*133 

0*352 

0*0188 

2*60 

2*784 

0*061 

0*179 

0*0200 

2*61 

2*789 

— 

0*110 

0*0211 

— 

2*794 

— 

0*0802 

0*0223 

— 


Table II— Variation with Concentration of the Two OH Bands 
for Phenol in Carbon Tetrachloride 


Solution as numbered in fig, 1 

(I) 

(II) 

(III) 

(IV) 

Relative concentration, c,. 

1 

3 

6 

12 

Relative intensity of 2*769/4 OH band, 

1 

2-60 

4*42 

701 

Relative concentration of associated molecules 

0 

0-40 

1-68 

4-49 

not contributing to 2*769/4 OH band, = 

Intensity of association band as measured by 

0 

0*0616 

0*279 

0*801 

density at peak (about 2*96/4), d 

ejd 

— 

6*6 

6*7 

6-6 

{drfK 

— 

16*9 

12*4 

12*6 


Although the concentration of associated molecules varies widely, the 
ratio cjd changes but little and indicates that the intensity of the association 
band is proportional to the number of molecules not contributing to the 
2*769/» band. The molecular extinction coefficient for the unassociated 
molecules, calculated from data in Table 1, is 208 (cf. 2-7 found by Wulf and 
Liddel ( 1935 ) for the first harmonic) as against an average value of 1 for 
the associated molecules. The difference between these two OH values is. 


■ittt 
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however, more than compensated by the much greater breadth and oorre* 
spending area of the association band. The approximate constancy erf the 
expression ^ Table II would suggest that an equilibrium is set up 

between single and double phenol molecules in the concentration range 
studied: PhOH + PhOH 2PhOH. Since is proportional to the con¬ 
centration of single molecules and is proportional to the concentration of 
double molecules, (dr)^/c^ should be constant, according to the law of mass 
action. The high value 16*9 shown for concentration (II) probably arises 
from the difficulty in obtaining an accurate value of when it is a small 
difference. The manner in which the phenol molecules are linked together 
is not well understood, and we shall consider this matter in detail later in 
this communication (p. 433). 

Table III— Wave-lengths and Moleotjlae Extinction Coefficients 
FOR THE OH Bands of Various Hydroxy Comfotjnds in Solution 

Shar|> OH band Association band 




Cone. 


-- 



Substance 

Solvent 

mol./l. 

A max (/^) 

K max 

A max (fi) 

K max 


r 

r0174 

2*771* 

130 

2*95 

33*8 


CCl* 

10087 

2*769 

154 

2*94 

23-8 


100431> 

2*769 

181 

2*89 

11*0 

Phenol j 

1 

(0*0145 

2-769 

208 

— 

— 

CCL + 17% 0-1 

2*771 

141 

2*92 

19*5 


C,C1, 







C,C1. 

Ovl 

2*771 

139 

2*88, 2*98 

20 *1, 17*2 


^ CHCl, 

0-1 

2*782* 

246* 

2*93 

14*2 


fCCl, 

0169 

2-764 

34 

2*97 

28*6 

Benryl alcohol 

-OCl. 

ICHCl, 

0‘05 

2*763* 

58 

2*87 

8*2 

• 'I 

0*1 

2-770 

58* 

2*89 

8*8 


fCCl. 

CCl. 

ICHCl, 

01 

2*765 

68 * 

2*89 

13*5 

Diphenyl-carbinol 

0-06 

2*767* 

60* 

2*88 

7*8 

01 

2*776 

77* 

2*89 

7*6 

Triphenybcarbinol 

reel, 

\CHC1, 

0*05 

01 

2*769 

2*781 

75 

61* 

2*87 

3*5 

n-Butyl alcohol 


0*1 

2*750 

41 

2*89, 2*98 

12*7,14*9 

tert-Bntyl alcohoJ 


01 

2*765 

41 

2*87, 2*98 

11 *1, 10 0 

Stearyl alcohol 

cci, . 

0*1 

2*750 

45 

2*88, 2*97 

12*7, 14*0 

Cetyl alcohol 


1 0-112 

2-750 

41 

2*87,2*99 

14*6, 17*6 



(cone, by wt. equal 
to stearyl alcohol) 





In the Table ♦ denotes a somewhat lower accuracy for the value so marked. 


Phenol and some AlcoJ^U in various Solvents —In addition to carbon 
tetrachloride the following solvents were used for phenol: ohlorofotm, 
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tetraohJoroethylene, and a saturated solution of hexachloroethane in carbon 
tetrachloride. Aliphatic alcohols were examined in carbon tetrachloride, 
and aromatic alcohols in carbon tetrachloride and chloroform solutions. 
The collected results including those for phenol in carbon tetrachloride are 
given in Table III (see figs. 3, 4 and 5). Wave-lengths and molecular extinc¬ 
tion coefficients are given for both OH bands. It will be observed that the 
results for phenol are very similar for the non-polar solvents, but that the 
association is considerably reduced in chloroform. This latter solvent has 
the disadvantage that it has strong absorption in the region of 3// but it 
dissolves some hydroxy compounds, e.g. triphenyl-carbinol, more readily 
than carbon tetrachloride. 



Wave-length (fi) 

Fig. 3 (a) 

yxQ, 3—-Absorption of aromatic alcohols in carbon tetrachloride (0*06 moL/l.f 10 mm. 
layer), (a) Benzyl alcohol, (6) diphenyl-car bind [(6') 0*lmol./l.. 1-29 mm. layer], 
(c) triphenyl-carbinol [(c') 0*066 mol./L, 1-29mm. layer]. 

It is interesting to compare the results with some obtained by Errera 
and MoUet for etKyl alcohol. These are given displayed in Table IV. 

The extrapolated value of k max for completely associated EtOH is 
120 oomparad with 91 calculated for phenol from data in Table II. A value 
of this order is also obtained for liquid water from the results of Ganz (1937 )• 



Absorption (perc^tage) Absorption (pwJonfcage) 
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Wave-length [fi) 
Fig. 3 (6), (60 



Wave-length {fi) 
Fig. 3 (c), (cO 
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2535 3-732 25»38 3t42 5-346 5549 51!5J 5951 


Wave-length (fi) 
Fio. 4 (o) 



Wave-length l^) 

Fxo. 4(6) 

Fia. 4—Absorption of aliphatic alcohols in carbon tetrachloride (1*74 mm. layer), 
(a) n*7Btttyl alcohol, (6) i«r<*butyl aloohol, (d) atearyl aloohoh all 0-1 moL/1.; (o) cetyl 
alcohol (0*112 mol./l.)4 




Absoiption (percentage) Absorption (percentage) 
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In this case the association is complete, no sign of the shorter wave-length 
OH band being detectable. 

Table V contains the frequency of the short wave OH band found by us 
for several compounds, the first overtone v* (Wulf and others 1935 , 1936 ) 
and in one or two cases the second and third overtones v, and obtained by 
Mizushima, Uehara and Morino ( 1937 ). In this Table we have calculated the 
anharmonicity factor for the OH vibrations and hence the approximate 
energy D involved in .the dissociation of the OH linkage. 
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Table TV —Intensity or OH Association Band of Ethyl Alcohol 

OALOULATED FROM THE DaTA OP EbRERA AND MOLLET (1937) FOR 

Solutions in Carbon Tetrachloride and for the Vapour 




Association baud 


Concentration 


- , 

State 

mol./I. 

A max (/ft) 

K max 

CCI 4 solution 

3-33 

2-97 

105 


0-33 

2*97 

66 


010 

2*965 

26*2 

Vapour 220 mm. 

0-01 

2*88, 2*96 

019, 019 

Hg, 80° C. 





Table V—Fundamental Frequencies and Overtones for 
Hydroxy Compounds in Carbon Tetrachloride 






D (mean) 

Substance 

Frequency (cm,^) 

X(0 

(0 

K oal./mol. 

Phenol 

3611 

86 




7060 
>^3 10332 

81 

3783| 

3768 

j* 116 


V 4 13430 

87 

3790J 


n-Butyl alcohol 

3636 

— 

38 O 4 I 

1 


p* — 

10406 

84 


[ 107 


p^ 13469 

104 

ssssj 

1 

Triphenyhoarbinol 

P^ 361I\ 
y, 7050/ 

86 

3783 

113 

o-Phenyl-phenol* 

p^ 36071 

V, 70351 

90 

3786: 

j- 106 


36641 
p^ 6946/ 

92 

3747 

/ 

Water vapour, included 

' p^ 3742 \ 

126 

3961 

86 

for comparison (Sleator 

p^ 7236/ 


and Fhelpfs 1925 ) 

* Tliis compound is not discussed in this paper, but is included here as it provides 
an interesting example of the relation between the frequency of a fundamented and 
that of its first overtone. 

The fundamental and harmonics are here related by the simple expression 
» noj[l — (n +1) a:], where w is the natural frequency for very small dis¬ 
placements and X is the anharmonioity constant. The energy of dissociation 

D of the OH linkage, after allowing for zero-point energy, is ~ or 
. As it will be necessary to link up the lowering of frequency of the 
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OH band, when asaocdation occurs, with the energy involved, we may here 
consider the magnitude of the ohaxiges resulting from the formation of an 
inter- or intramolecular hydrogen bond. Pauling ( 1936 ) has calculated the 
energy of the intramolecular hydrogen bond in o-chlorophenol, which 
causes the first harmonic of the OH band to shift from 7060 to OOI Ocm.-^, 
and obtains the value 1400 cal./mol. If we make the assumption that the 
anharmonicity factor, x, remains the same for both bands, then we obtain 
from the expression given above SDjD =* (Jo/w, and this leads to a value 
about 2000 cal./mol. for o-ohlorophenol, which is not very different from 
Pauling’s value. Accordingly, for the association band which is found in 
phenol and alcohols at a frequency 160-300 cm.lower than the OH band 
for unaasociated molecules, the energy involved will be between 3000 and 
6000 cal./raol. 

CK bands 

Phenoland Alcohols in Carbon Tetrachloride, Figs. 1 and 3 show examples of 
the characteristic absorption due to aromatic CH groups in the region about 
3*27/4. Generally speaking, this band consists of three sharp and intense 
absorption peaks which overlap, together with one or two weaker bands on 


Table VI—Wave-Lengths and “Molkculae” Extinction Co¬ 
efficients (per CH) FOR THE ArOJVIATIO AND ALIPHATIC CH BaNDS 
OF VARIOUS Hydroxy Compounds in Carbon Tetrachloride 


Benzene* 


A max 


(/*) 

K max 

3*232 

7*1 

3*253 

4*8 

3*291 

9*5 


Phenol 


A max 


(A) 

K max 

3-234 

1*8 

3-240 

1*8 

3-283 

6*2 

3-311 

1*3 


Aromatic CH 


Benzyl alcohol 


A max 


(A) 

K max 

3*214 

0*62 

3*237 

2*7 

3*261 

4*6 

3*298 

6*4 


Diphenyl- 
carbinol 


A max 


(a) 

K max 

3*217 

0*49 

3*237 

2*3 

3*263 

3*8 


Triphenyl- 

carbinol 


A max 


W 

K max 

3*238 

1*9 

3*265 

4*7 

3*300 

8*5 


3‘300 5*5 


* The values for benzene determined by us are included for comparison and apply to a solution 
in carbon tetrachloride. 


Diphenyl-oarbinol 

.. -A- . . . . 

^ 11 wammaaimm- ^-i_i i/Jir ^ 

A max (fi) K max 

19*4 


Aliphatic CH 
Benzyl alcohol 

A max (/t) K max 

3-40 8<9 

3*477 12*6 


TerHary-lBxityl alcohol 
A max {pi) K max 

3*36 9*7 

3*40 ca. 5 

8*48 2*7 


8*479 
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the sides of the main band. The wave-lengths and approximate ‘‘mole¬ 
cular’' extinction coefficients (calculated for one aromatic CH group) are 
given in Table VI. 

The aliphatic CH bands (figs. 3 and 4) are similarly presented. For the 
purpose of estimating the “molecular" extinction coefficient of the CH 
group, CH 2 is considered as providing two and CH 3 three CH linkages. 
Triphenyl-carbinol with no aliphatic CH linkage has of course no important 
absorption in the region of 3*48//. 


Discttsston of Resttlts 

OH hands —The results obtained in the 3//- region of the spectrum show 
a close correspondence with the data given by Wulf and others for the 
1*5/^ region as regards the OH absorption band. In many cases our curves 
agree closely with those of Wulf in spite of the fact that the intensity of the 
first overtone is only a few per cent of the fundamental in the 3/^ region. 

We find, os does Wulf, that the position of the OH band for the un- 
assooiated molecules varies a little from one compound to another. We 
summarize our results for solutions in carbon tetrachloride as follows; 


Substance A max (//) 

n-Aliphatic alcohols 2*760 

ierf-Butyl alcohol 2-766 

Benzyl alcohol 2-764 

Diphenyl-oarbinol 2-766 

Triphenyl -oarbinol 2-769 

Phenol 2-769 


It is of interest to recall the value for water vapour, 2*672/t. ?t-Aliphatic 
alcohols, even with long chains, have a lower wave-length than benzyl 
alcohol which also contains the — CHgOH group. ^er^-Butyl alcohol similarly 
has a somewhat lower wave-length than the tertiary aromatic alcohol, 
triphenyl-carbinol. Phenol with the group ^COH has the same wave-length 
as triphenyl-carbinol, while diphenyl-carbinol with the group — CHOH has 
a slightly lower wave-length. We thus see that when in an aliphatic or 
aromatic hydroxy compound a C, CH or CHg group is directly attached to 
the OH, the frequency of this group is not independent of the nature of the 
rest of the molecule. This may well have some connexion with the fact that 
the aromatic-aliphatic C—C distance in compounds such as methyl benzenes, 
as found by Robertson ( 1933 ) X-ray , and by Jones ( 1935 ) from electron 
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diffraction meaeurements, is only 1*47 or 1*50 A instead of the 1*64 A for the 
C—C distance in saturated aliphatic compounds. 

Our results for phenol show how effective a given OH unit is in absorbing 
radiation, according to whether it exists in an isolated molecule or in an 
association complex. It becomes possible to determine the proportions of 
single and complex molecules in a solution from the absorption data. A 
further point that emerges from the results of Errera and Mollet on ethyl 
alcohol, Ganz on liquid water, and ours on phenol is that when associated, a 
given OH unit is equally effective in absorbing radiation over a wide range 
of concentration, from a dilute solution in carbon tetrachloride to the pure 
liquid, although the frequency of the position of maximum absorption 
increases as the concentration is reduced. Ganz (1937) found little change in 
the intensity of the 3// band of liqxiid water with increasing temperature (an 
observation which we have confirmed) and this is not surprising since the 
“concentratioir’ is so great. The frequency of the position of maximum 
absorption of this band however does increase with rising temperature in 
accordance with some reduction in the strength of association. 

From fig. 2 it will be noticed that the association band extends right up to 
the normal 2*769/4 OH band, but not to higher frequencies; its maximum 
moves towards lower frequencies as its intensity becomes greater (fig. 1). It 
is considered that at any moment complex molecules exist in the solution 
with a strength of binding varying from the maximum value to nearly zero. 
As this binding becomes stronger so the OH linkage is weakened and the OH 
frequency is reduced (of. Bernal 1937). The association band may be 
regarded as a kind of distribution curve showing the proportion of molecules 
with any given strength of binding. 

The association of molecules of general type ^OH has been ascribed to the 
formation of hydrogen bonds, thus: 

( 1 ) 

According to Bernal (1937) a distinction can be made between hydrogen 
bonds and hydroxyl bonds. In the hydrogen bond the hydrogen atom is 
attached with almost equal firmness to two oxygen atoms, the O—O distance 
being 2'6-2’66 A corresponding to an energy of the bond about 8000 cal./mol. 
The OH bonds are in these conditions greatly weakened and the charac¬ 
teristic OH band is not found in the normal spectral region. In the hydroxyl 
bond the hydrogen atom is stUl regarded as belonging to its parent oxygen, 
although the OH bond is somewhat weakened and the band is observed at a 
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lower frequency (by some 150-300The distance O—H O in this 
type of bond is taken to be 2-7-2*9 A and the energy involved about 
5000 cal./mol. This view does not seem to be quite conclusive since the 
dissociation energy of a normal OH bond (106,000 oal./moL) is very large 
compared with the changes in energy suggested for the hydrogen bond 
above. The ‘'disappearance ” of the normal OH frequency about 2-15/1 when 
a definite hydrogen bond can be postulated may be due to the difficulty of 
locating or recognizing the shifted band. The frequency shift to be ex[>ected 
for 8000 cal./mol. corresponding to a strong hydrogen bond is about 400 cm."^ 
and this would displace the OH band from its }X)sition at 2'15/l to about 
3* 1 /i. In this region of the spectrum other bands are found, arising for example 
from aromatic OH frequencies, and the resulting absorption curves are 
rather complex. It is significant, however, that we have found that strong 
absorption occurs in salicylic aldehyde and in fatty acids where strong 
hydrogen bonds exist (cf. Buswell, Deitz and Rodebush 1937 ). 

On the supposition that as the concentration of hydroxy-body increases 
the first interaction is to give double molecules such as (1), it follows that 
when this type of association becomes complete the molecular extinction 
coefficient for the sharp OH band will fall to half the value found at infinite 
dilution, since only half the normal OH bonds giving rise to this frequency 
now remain. This effect, if‘it exists, will be masked at Iiigher concentrations 
by the formation of larger complexes with a still smaller number of “free’’ 
OH linkages: 

R R R 

I I I 

...0—H ...O—H . .0—H* . 

The formation of double molecules of type (1) does not accord with the 
observed variation of the intensity of the two bands with concentration in 
the case of phenol. If we suppose the complexes to be in equilibrium with 
single molecules 

Ph Ph 

I *f I 
0—H 0™H 

we shall have, adopting our previous notation: total number of phenol 
molecules number of phenol molecules in association c„, number of 

single phenol molecules number of “free” OH linkages The 


Ph Ph 

o—H-i—H 
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difference c, - d, will now become instead of c^. We give values of on 

m 


(C C 

this basis together with — and ~—-- , 


(Cr-C„)» 



Ca 



3 

6 

12 

0-80 

3-16 

8-98 

2-20 

2-84 

302 

606 

2-56 

1-02 


_ 6.06 2-56 1-02 

Ca 

(c — c 

The value ^should be constant if an equilibrium such as ( 2 ) is set up, 

^'n 

Actually the variation in this quantity is seen to be far greater than the 
corresponding variation in concentration. This difficulty would be removed 
if the “free” OH in the double molecule also changes its frequency to the 
region of the association band, but tliis introduces an artificial distinction 
between the two hydrogen atoms. In our view the observations here 
recorded suggest interaction between any two molecules in such a way that 
both OH bonds are affected, the magnitude of the effect depending on the 
relative position and distance apart of the molecules. 

It,is of some interest to consider the mutual interaction of two molecules. 
London ( 1937 ) gives three constituents of van der Waals force. These, 
expressed in terms of energy of interaction, may for the present purpose be 
given briefly as follows: 

1 — Orientation effect due to the mutual interaction of i)ermanent dipoles. 
Both attractive and repulsive forces arise, but averaging for all possible 
orientations the mean energy for the interaction between two cli})oIes with 

the same moments /t is given by U = negative sign implying 

attraction, r is the distance between the dipoles, k is Boltzmann’s constant, 
and T the absolute temperature. For low temperatures or small distances 

^ j the expression becomes invalid, since it leads to energies of inter- 

action greater than the maximum possible, - ~ , i.e. the interaction energy 

for two molecules oriented in the most favourable manner possible, with their 
dipoles parallel to each other along the line Joining them. 

2 — Induction effect due to the interaction of induced dipole and permanent 
dipole responsible for it. The force between the molecules is always attractive 
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and the energy is very much less than that in 1 for the type of oompound 
here considered. 



3 —^Dispersion effects due in a simple case to the interaction of two three- 
dimensional isotropic harmonic oscillators with no permanent moment in 
their rest position. During oscillations various configurations of nuclei and 
electrons occur, and in general these are equivalent to rapidly varying 
dipoles which induce dipoles in other molecules and so produce a varying 

energy of interaction which in the simple case considered is 17 = — j 

(attraction), where ol is the polarizability. 

London's calculations for HgO show that the relative magnitudes of these 
forces in the order 1, 2 and 3 are in the ratio 190:10:47. In the case of 
phenol and alcohols the interactions we are concerned 
with are between OH groups, or better—COH groups. 
These we may in the first instance represent as spheres 
(see fig. 6 ) containing a —CO dipole and an —OH dipole 
which are added vectorially to give the resultant 
di]:)ole, for simplicity supposed to behave as though at 
the centre of a sphere. Where a, the polarizability, is 
involved, we may consider a value appropriate for a 
—COH “molecule", since the energy of interaction 
falls off according to a high power of the distance, and more remote 
portions of the molecule, e.g, in triphenyl-carbinul, will only contribute 
slightly to the total energy. By doing this we can assume that the induction 
and dispersive effects will be much the same for all alcohols, being however 
somewhat reduced with big molecules owing to the difficulty of approach of 
the —COH groups of different molecules. We find, if r is taken as 2»7 A, the 
distance at which the hydroxyl bond forms, that the maximum possible 
orientation energy (for= 1*7 x e.s.u.) is nearly 4-3 kcaL/moL To this 
value there should be added energy arising from the dispersion effect (London 
1937 , p. 19 ) which, for the hydroxy bodies here discussed we shall consider to 
be of the same order as for water. In that case the value should be increased 
by some 25 % and the total energy is of the right- order of magnitude. 
Approach to this maximum value will become Jess likely as the temperature 
rises and increased thermal agitation tends to promote random distribution 
of the dipoles. Accordingly association should decrease with rise of tempera¬ 
ture, as is well known to be the case. Dilution also reduces association, and 
this may be partly attributed to the effect of a large preponderance of solvent 
molecules hindering the favourable orientations of the dipoles which lead to 
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appreciable interaction energy. Owing to the disturbing influence of the 
solvent molecules, two dipoles will only associate if they happen to come 
within a Cfertain minimum distance from one another, r. If the concentration 
(expressed as n molecule of absorbing material y)er c.c.) is small, the prob- 
ability that any molecule of absorbing substance will be within the distance 
r of a given molecule is i.e. oc n, and since the total number of mole¬ 
cules subjected to the radiation is also proportional to w, the intensity of 
absorption for associated molecules will vary as a result which agrees 
with the equilibrium iJOH-f M)H ^ 2i?0H for small concentrations 
(see p. 424). 

The results in Table III show that changing the solvent from carbon 
tetrachloride to (jhloroform reduces the strength of the association band at 
0*1 mol./h in the ratios: phenol 1*83; diphenyl-carbinol 1*80; benzyl alcohol 
2*38. We cant thus state in a general way that the association is reduced by a 
factor of 2, and this is nearly the ratio of the dielectric constants of the two 
solvents (CCI4 2*24; CHCI3 5 *0). It will have been noticed that in the 
calculations made by London, the dielectric constant is taken as unity and 
this is reasonable if we consider single molecules isolated in mem. If, how¬ 
ever, we regard the solvent as a continuous medium with its appropriate 
dielectric constant e, then the force of attraction or repulsion between two 
dipoles and also the energy of interaction between them is proportional to 
l/€, and this may account for the observed reduction of association in 
changing from carbon tetrachloride to chloroform. An alternative explana¬ 
tion may be found in the fact that while carbon tetrachloride is non-polar, 
chloroform has a dipole moment of M x 1 O^^^e.s.u. The chloroform molecules 
may now be regarded as forming loose complexes mth the solute molecules 
and thereby hinder hydroxyl association by reason of the difficulty of 
approach to the required distance 2*7 A. A small increase in this distanc^e 
reduces the energy of interaction very considerably (up to the sixth power of 
the distance). It will also be observed from Table III that the normal OH 
wave-length varies slightly according to the solvent, it being higher in 
chloroform. These wave-length changes are: benzyl alcohol 0*006//.; diphenyl- 
oarbinol 0*011//; triphenyl-carbinol 0-012//; phenol 0*013//. This increase of 
wave-length may arise from the formation of a weak complex between the 
alcohol and chloroform molecules, for association causes a reduction of 
fSrequeucy of the OH bond. The average displacement of 0-01// ^ 13cm.“^ 
is equivalent to about 260 cal./mol. (p. 431). 

It is of interest to note that increasing molecular complexity generally 
reduces the association both in carbon tetrachloride and chlorofonu, as is 
seen from the series PhOH, PhCHjOH, Ph^CHOH and PhjCOH (figs. 3 

aF 
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and 5), the association l)eing greatest for phenol and least for triphenyl* 
oarbinol. n*Butyl alcohol and stearyl alcohol, however, are equally 
associated, while tertiary-hxxtyl alcohol is less and cetyl alcohol a little more 
associated than the two former. The frequency shift between the sharp OH 
band and the centre of the association band for concentrations about 
0-1 moL/h is 220 cmr ^ and this is equal to 4000 caL/mol. or more, an energy 
considerably greater than that involved in many oases for intramolecular 
bonding, e,g. 1400caL/moL for o-chlorophenol. 

Measurements of the heats of dilution of alcohols give similar values for 
the energy of interaction and indicate the possibility of more complex 
groupings than double molecules (Wolf 1937 ). It will be obseiwed that the 
association band, particularly for aliphatic alcohols (fig. 4), has at least two 
maxima, and it may be of significance in this connexion that the separation 
of these maxima (the mean positions for which are 2*88 and 2 - 98 /i for all the 
hydroxy bodies studied) is almost that between the sharp OH band and the 
first maximum at 2 * 88 / 4 . The apparent shift towards longer wave-lengths 
of the association band with increase of concentration may find its explana¬ 
tion by supposing that the band at 2 * 88/4 which is more pronounced at lower 
concentrations is due to double molecules, wliile the second longer wave¬ 
length band arises from more complex combinations and therefore only 
becomes marked at higher concentrations. The reduction of association in 
either solvent with increasing molecular complexity can be attributed to the 
reduction of the number of orientations of the polar — COH groups for which 
interaction can occur. Particularly pronounced is this effect in triphenyl- 
oarbinol in which nearly half the space surrounding the — COH group, 
within the critical distance 2*7 A, is not accessible to another — COH group 
(%■ 7 ). 

CH bands — ^Froni figs. 1, 3 and 4, and Table VI, the differing behaviour in 
absorption of the aliphatic and aromatic CH groups is brought out. The 
single aliphatic CH group in diphenyl-oarbinol gives rise to one strong 
absorption band at 3-479/t, whereas the CHj group in benzyl alcohol gives 
one band at 3-477/i and a slightly weaker one at 3-40/4. Fig. 4 (c) and (d) for 
cetyl- and stearyl-alcohols show very intense CH absorption of the CH, 
group in the same position as in benzyl alcohol. The curve for ter<-butyl 
alcohol, fig. 4 ( 6 ), shows the corresponding absorption for the CH, group 
and this is even more complex than for CH,. Three distinct components can 
be identified at 3-48, 3-40 and at 3-36/4, the last being the most intense. The 
total value of xmax per aliphatic CH in Table VI is about 20, and this is 
divided between the two bands for CH, and the three (or more) bands for 
CH,, The value of x max for the 3-40/4 band of teri-butyl alcohol is difficult 
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to assoBS from the curve; it is, however, less than the value 9*7 for the 
3 *36/« band* 

The aromatic CH bands do not vary much in position in the spectrum in 
the series benzene, benzyl alcohol, diphenyl-carbinol, and triphenyl- 
carbinol, although there is a slight progressive increase of wave-length with 
increasing molecular complexity. It should be noted, however, that the three 
strong bands do not al ways retain the same relative intensities (of. Table VI 
and figs. 1 and 3). The aromatic CH bands in phenol are very different from 
those of the aromatic alcohols, one band being particularly strong at the 



expense of the others. This peculiarity of phenol appears to be due to the 
direct attachment of the OH group to the benzene ring and disappears when 
another group, such as CHg is interposed. The variations which occur in the 
aromatic CH bands of different hydroxy-compounds are valuable as a means 
of identification when considered in conjunction with the characteristics 
of the OH group itself, e.g. phenol and triphenyl-carbinol possess OH bands 
at exactly the same wave-length, but the CH bands are somewhat different 
as regards intensity and position, although the bands of both compounds are 
easily recognized as being due to aromatic CH groups. 

We desire to thank Mr. F, S. Benge of this laboratory for his valuable 
assistance in constru<?ting apparatus and for assisting in taking observations. 
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Summary 

1— The two OH abeorption bands in the region of 3// for phenol and 
certain alcohols have been investigated for solutions in carbon tetrachloride 
and other solvents. With phenol the intensity of the longer wave ‘‘associa¬ 
tion band*' is proportional to the number of molecules not contributing to 
the short wave band. The association band is complex and its maximum 
moves to shorter wave-lengths as its intensity falls. At moderate concentra¬ 
tions an equilibrium is set up between single and double phenol molecules, 
and the forcea acting between such molecules are considered in the light of 
London’s theory of intermolecular forces. In chloroform as a solvent the 
intensity of the association band is reduced approximately one-half com¬ 
pared with the solution in carbon tetrachloride; increasing molecular com¬ 
plexity in the order PhOH, PhCHgOH, Ph^CHOH and PhsCOH reduces 
association in either solvent. 

Both long chain normal alcohols examined in carbon tetrachloride solu¬ 
tion show undiminished eissociation. Increasing molecular complexity in 
the series PhCHgOH, PhaCHOH and PhgCOH causes a small progressive 
increase in the wave-length of the short wave OH band; and when carbon 
tetrachloride is replaced by chloroform as a solvent, this band is displaced to 
a slightly longer wave-length. The structure of the molecule itself may con¬ 
siderably affect the magnitude of the association band, e.g. the presence of 
three phenyl groups in triphenyl-carbinol almost suppresses association. 

2— ^Aliphatic CH bands for CH, CH^ and CHg groups are examined and it 
is shown that in the cases considered there is a constant intensity of absorp¬ 
tion for the CH linkage in each molecule, but that it is distributed among the 
one, two or three components attributed to each group respectively. 

Aromatic CH bands retain their positions, but not necessarily their 
relative intensities, for a series of aromatic alcohols; with phenol, bands of 
somewhat different position and intensity are found, this being attributed 
to the direct attachment of the OH group to the benzene ring. 
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The Influence of Temperature on the Capture of 
Neutrons by Various Elements 

By j. L. Miohiels and J. A. Saxton 
(Communicated by G. P. Thomson, F.R.S. — Received, 2 July 1937) 

The velocity distribution of neutrons of thermal energies can be changed 
by passing the neutrons through a layer of paraffin wax about 1 cm. thick, 
maintained at a different temperature from that of the neutrons entering 
the layer (Moon and Tillman 1936 ). When neutrons of an energy corre¬ 
sponding to room temperature (290'’K.) are passed through such a wax 
layer at 90“ K,, the radioactivity induced in elements by the absorption of 
these cooled neutrons is greater than if the layer is also at 290“ K. For silver 
a wax layer of about 1 cm. thickness gives the greatest increase, about 35 %. 
The effect was investigated for several elements and varied from about 
20 % for iodine to about 50 % for copper (about 30 % being the average 
order of magnitude of the effect). 

The differences between these values may arise from two causes. First, 
an element nmy absorb, selectively, neutrons of an energy far above thermal 
energy. The activity due to these neutrons will be independent of tem¬ 
perature, and the measured value of the temperature effect will be less 
than if the thermal neutrons alone had been concerned. Secondly, the 
variation of absorption probability with velocity may differ from one 
element to another in the “thermal region”. 

Since either an {^bnormally liigh or an abnormally low value of the 
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temperature effect would indicate that the element in question deserved 
further investigation, it seemed desirable to extend measurements of these 
effects to elements not previously studied. 

Moon and Tillman ( 1936 ), using temperatures of 290 and 90® K., measured 
temperature effects, corresponding to the geometrical disposition of their 
for silver, copper, vanadium, iodine, dysprosium and rhodium. 
Our experiments have been made over the same range of temperature with 
sodium, gold, indium, arsenic, bromine (18 min. period), manganese, 
aluminium; silver was also used as a check, having previously been 
thoroughly investigated. 

While the geometrical arrangements which we used were very similar to 
those used by Moon and Tillman much time was saved by irradiating two 
specimens simultaneously, one within a cold and the other within a warm 
wax cylinder. The activities of the two specimens were compared, and then 
(after this activity had thoroughly decayed) the experiment was repeated 
with the temperatures of the cylinders interchanged. If the specimens and 
cylinders are identical, and if they are symmetrically disposed with respect 

.Lu i. / Activity due to cold neutrons \ , 

to the sourco, then the two ratios | —7 -::-) wiU be 

\Activity due to worm neutrons/ 

equal. All small errors due to asymmetry are accurately eliminated by 
taking the geometric mean of the two ratios. 

A large rectangular block of paraflSin wax had two symmetrically placed 
identical cylindrical cavities out in it. Between these two, and equidistant 
from them, a smaller cavity was made to hold the source of neutrons—a 
radon-beryllium bulb, contained for convenience in a long glass tube (ffg, 1 ). 
The source was usually equivalent to about 100 mC. of radium as measured 
by its y-ray activity. 

In the two cylindrical cavities were placed two similar vacuum flasks 
containing cylindrical layers of wax, the two layers being os nearly equal 
as possible. Two similar specimens were made for each of the elements 
investigated. The activity produced in a specimen irradiated by thermal 
neutrons through a layer of wax, the temperature of which can be changed, 
depends upon the geometrical disposition of source, specimen and sur¬ 
rounding wax, the temperature and thickness of the wax layer, and upon the 
nature and thickness of the specimen. Considering only specimens of a 
given element which are thin compared with the half-value thickness of 
that element for the absorption of slow neutrons, let us now define “ J” as 
the ratio of the activity produced in such a specimen by neutrons which 
have passed through a layer of wax of given thickness maintained at a 
temperature of 90® K., to that produced under similar conditions when the 
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wax layer iei at 290® K. This, of course, refers to the particular geometry of 
our apparatus described above. Suppose, that for each element, the two 
similar specimens be designated as A and i?, and that the two flasks be 
called X and Y. For a given wax thickness in the flasks, to determine J, 
two experiments were performed. The geometrical disposition (e.g. ^ in Z 
and B in F) was identical in the two cases, but in Exp. 1, X was at 90® K. 
and Y at 290® K., w^hilst in the second experiment the temperatures were 
reversed. From the first experiment we have Jj ^ (activity of A /activity of B) 
and from the second = (activity of B/acti vity of A ), and it is easy to show 
that the true temperature effect J is given by 

A 


30cm 

I 


Fig. 1 — Af B, Hpecimens; X, F, vacuum flasks; TF, wax layer; S, neutron source. 

The recorded activity of a specimen irradiated as described above will 
be some function of the form: 

Activity = DFC8T, 

where the factor: 

D depends on the specimen. 

F depends on the flask containing specimen and its position. 

O depends on the counter sensitivity. 

8 depends on the strength of the neutron source. 

T depends on the temperature of the neutrons. 
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Now S i» the same for A and B in any given irradiation; and, during the 
counting of the activity of the specimens in any one experiment C was 
assumed to be constant, this point is dealt with again below. Then we have 
in the first experiment: 

Activity of A = = AXCiSiT^, 

Activity of ^ 


And in the second ex})eriment: 

Activity of A == ag = AXC^S^T^, 
Activity of i? = /?2 “ BYC^S.;^Ty 


So that 

therefore 

i.e. 


aj _ aaCTi)* 

K IM' 

T =:—^ — 

^ ^ J J J 


since = J,, = J^. 

The method described above is independent of small inequalities in the 
conditions of irradiation of the two specimens, and also of a change in 
counter sensitivity from the first experiment to the second. In order to 
correct for any possible small change of sensitivity in the counter—^in the 
same direction, either increasing or decreasing—during the counting of the 
activity of the specimens in any one experiment, the specimens were placed 
round the counter in the order A, B, B, A‘, B, A, A, B, for equal intervals of 
time, usually two or three minutes. Several minutes observation of the 
natural count was made after each group of four counts of the specimens. 
The sensitivity of the counter was also checked from time to time by 
observing the rate of counting when a weak radio-thorium source was 
placed in a standard position with reference to the counter. 

In general, sufficient counting was performed for a given value of J to 
have a probable error (not standard deviation) of about 2 % owing to the 
probable statistical fluctuations of the counts. 


Expbrimentai. Detail-s 

The flasks were of the “Isovao Steel Glass” variety, these being found 
most suitable for the purpose. They showed no measurable absorption of 
neutrons. Also several of the irradiations were of necessity long, sinee the 
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elements in question had radioactive isotopes of long period; and it was 
found that a layer of wax inside one of these flasks, cooled down to the 
temperature of liquid air, retained its temperature for some considerable 
time. It was found necessary to recool the wax layer only every two hours 
or so during a long irradiation. 

The wall separation of each flask used was examined over the whole of 
the flask, so that the wax layers in a given pair of flasks could be made of 
equal thickness. In all four pairs of flasks were used, with layers of 0-7, 
0*9, M and T3 cm. thickness. After all observations had been made the 
flasks were broken and the wax examined for faults and inequalities in 
thickness. 

Tw^o similar specimens were made for each of the elements investigated. 
For sodium we first tried specimens made up of sodium fluoride, these were 
unsatisfactory, their activity being very weak. Much greater success was 
obtained using metallic sodium of thickness 0*055 g./cm.^ wrapped up in 
silver foil. For gold, indium, aluminium and silver, the metals were also 
used of thicknesses 0*16, 0*08, 0-15 and 0*08 g./cin.^ respectively. In the 
cases of bromine, manganese, arsenic, however, we had to use one of the 
more suitable of their respective compounds. Sodium bromide (0* 15 g. /cm .2), 
manganese dioxide (0*2 g./cm.^), arsenious oxide (0*15 g./cm.^), were used. 
All the specimens were of a thitjkness small compared with the half>value 
thickness for the absorption of slow neutrons. Those specimens involving 
the use of powders were made up in the following manner. The necessary 
amount of the compound in question was included between two pieces of 
thin celluloid, bent into cylindrical form, rigidity being obtained by fixing 
narrow strips of nickel along the edges of the specimens. The powder was 
kept in position between the celluloid by a small pad of cotton-wool. 

On absorbing neutrons the elements examined become /?-radioaotive, so 
that the activities of our specimens were determined by placing them round 
a Geiger-Miiller counter connected to an amplifier and mechanical recording 
device. 


Rksitlts and DisctrssroK 

Values of J were obtained for each element for the four wax thicknesses 
in the flasks. The values obtained are given in Table I; the ratios have, in 
general, a probable error of ± 0*03. In Table II are reproduced the tem¬ 
perature effects obtained by Moon and Tillman, with a cooled wax layer of 
1 cm. thickness. Our observations on silver represent the effect for a mixture 
of the two periods, approximately in equal proportions. The maximum of 
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J occurs, for all the elements examined, when the thickness of the cooled 
layer of wax is about 1 cm. A comparison of the results shows that no widely 
different values of J are apparent. 


Table I 

Wax thickness 


r ' ' . .". . ' I 1. I III ITT-r - in r-nr- -.^ 


Elomont 

0*7 cm. 

0*9 cm. 

M cm. 

1-3 cm. 

Indiurn 

1-22 

1*34 

1*42 

1*43 

Gold 

1-26 

1*36 

1*36 

1*33 

Sodium 

1*42 

1*49 

1*45 

1*36 

Arsenic 

1-30 

1*34 

1*39 

1*37 

Manganese 

1*33 

1*37 

1*44 

1*41 

Bromine 

1*36 

1*86 

1*63 

1*44 

Aluminium 

1-60 

1*64 

1-57 

1*63 

Silver 

1-30 

1*30 

1*40 

1*38 


Table II 

Element J 


Silver (22 sec.) 

1*34 ±0*03 

Silver (140 sec.) 

1*36 ±0*06 

Copper (5 rain.) 

1*47 ±0*06 

Vanadium (226 sec.) 

1*47 ±0*06 

Iodine (26 min.) 

1*19 ±0*03 

Dysprosium (2*6 hr.) 

1*32 ±0*04 

Rhodium 

1*26 ±0*04 


Bethe (1935) showed that, fur neutrons of energies less than 1000 e-volts, 
the absorption cross-section of a nucleus was inversely proportional to the 
neutron velocity. However, experiments on selective absorption have 
shown the inadequacy of this simple relation; and it has been suggested 
that the absorption probability also depends upon whether the incident 
neutron has such an energy that the product nucleus may be formed in one 
of its excited states (Bohr 1936; Breit and Wigner 1936). 

Thus it appears, in general, that the elements which show the strongest 
selective absorption, show the lower temperature effects, e.g. silver, gold, 
rhodium, iodine; whilst the elements which are not known to show any 
pronounced selective absorption, e.g. aluminium, sodium, bromine, tend to 
show rather higher values of J. 

It seemed at first as if indium was showing no mavimii m for J as the 
thickness of the wax layer increased. It was thought that r.hia might be 
connected with a temperature effect on the neutrons of group D, i.e. the 
neutrons selectively absorbed by indium. Such an effect (Mitchell, Murphy 
and Whitaker 1936) has been recorded, and also a similar effect (Baeetti 
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and Fink 1936 ) in the case of rhodium which also shows selective absorption 
of group D. In both these cases the temperature range was the same as the 
one we used, and both gave J for the D neutrons as 1*08, 

We therefore performed experiments in which cylindrical cadmium 
absorbers of thickness 0*3 g,/cm.® (i.e. sufficient to absorb all group C 
neutrons) were placed, one in each of the flasks X and Y with a wax layer 
1*1 cm. thick. The cadmium cylinders were closed both at the top and at 
the bottom, and the indium specimens were suspended inside them. We 
were unable to detect any temperature effect on the group D neutrons, the 
value of J obtained under these conditions being 1*00 ± 0*01 (5). 

Using the flasks with a wax layer of 1*1 cm. thickness, we deterniined 
the fractio^l of the activity of the specimens remaining after irradiation 
through a cadmium absorber of thickness siiffioient to absorb all group 
C neutrons (0*3 g./cm.^). These experiments were performed at room 
temperature. Table III gives the percentage of the total activity in each 
element, under the conditions of our experiment, due to neutrons other 
than those of group C. 

It is evident that the same number of neutrons of energies greater than 
thermal will pass through the wax layer whether it be hot or cold. This is 
supported by our experiments described above in which we found that the 
activity produced in indium by group D neutrons is independent of tem¬ 
perature. 

Assuming that group C consists simply of neutrons of thermal energy we 
can then calculate the values of for the group C neutrons for each of the 
elements, by subtracting from each of the counts obtained the number due 
to non-group C neutrons. For example in the case of indium, for a wax layer 
of 1*1 cm., J = 1*42 ± 0*01 (4); and the fraction of the activity at room 
temperature due to non-group C neutrons is (17*7 ± 0 * 6 ) %. So that 


142--17-7 
" 100--17*7 


1*52 + 0*01(5). 


Table III gives the values of corresponding to a cooled wax layer of 
M cm., for the elements investigated. 

If the relation between absorption cross-section and neutron velocity 
were the same for all elements in the thermal region, and if cadmium 
absorbed only thermal neutrons, then we should expect the values in 
Table IV to be the same, within experimental error. 

The probable errors of the values are given, and several elements 
appeared to give values of differing considerably from the mean value of 
1*51. Manganese and bromine are easily investigated, we therefore repeated 
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the temperature measurements on these two elements in order to reduce the 
probable error, and so to determine the chances that they showed values of 
differing from the mean. Table IV shows the final values obtained for 
these two elements. In the case of bromine the ratio of the deviation from 
the mean to the probable error of is 5, and for manganese the ratio is 7. 
Tliis means that the fihances that the values of for the two elements are 
the same as the mean are exceedingly small. 

Tablk III 

% activity not 


Element 

J 

duo to group C 

Jc 

Indium 

1‘42±0*01 (4) 

17‘7±0*6 

1‘62±0-01 (5) 

Gold 

1-36 ±0 03 

166 ±0-7 

1-43 ±0 03 

Sodium 

1*45 ±003 

6-8 ±0-7 

1-48 ±0*03 

Arsenic 

1*39 ±0 03 

22*8 ±0*0 

1*51 ±003 

Manganese 

1'44±002 

2-6 ±0-7 

1*45 ±0-02 

Bromine 

1-53 ±0 03 

2M±0-6 

1-67 ±0 03 

Aluminium 

1-67 ±0 03 

5-21 1-3 

1-60 ±003 

Silver 

1-40 ± 003 

13*5 ±0*7 

1*46 ±0-03 (6) 


Table IV 

Element J Jo 

Manganese 1‘41 ± 0-01 (3) 1-42 ± 001 (3) 

Bromine 1-47±O*O1(0) 1-60±0*01(8) 

These results can be explained in two ways, not mutually exclusive. 
First, it is possible that the variation of absorption cross-section with 
velocity for neutrons of thermal velocities is different for different elements. 
If this be so, most of the elements investigated must show selective absorp¬ 
tion for neutrons in the thermal region. Secondly, the absorption law in the 
thermal region may be the same for all elements, but cadmium may absorb 
selectively neutrons other than those of thermal energy. In this case all the 
.. .ver values of would indicate that the elements concerned have an 
absorption band coinciding more or less with one of those of cadmium ; 
whereas the highest value of obtained indicates that the absorption 
spectrum of the element in question coincides least with that of cadmium. 
Consequently this highest value tends most nearly to that to be expected 
for purely thermal neutrons. 

We are grateful to Professor G. P. Thomson for the interest he has taken 
in the work; and we are indebted to Dr. P. B. Moon, who suggested the 
problem, for many helpful discussions. We would like also to express our 
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thanks for the gifts of radon from the Medical Research Council, kindly 
arranged by Professor S. Russ, of the Middlesex Hospital; and to Messrs. 
G. W. and B. A. Spicer for their skilful preparation of the sources. 

Summary 

The effect of temperature on the activity produced by thermal neutrons 
in various elements has been investigated, and no widely differing effects 
have been observed. The fraction of the activity of each element due to 
group C neutrons was determined, and the temperature effects due to these 
neutrons alone were deduced. From the values obtained it appears either 
that cadmium absorbs neutrons other than those of thermal energy, or 
that all elements do not conform to the same absorption law in the thermal 
region. It was also found that the activity produced in indium by group D 
neutrons was not influencjed by temperature. 
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{Abstract) 

The Thermoelastic Properties of Muscle and their 
Molecular Interpretation 

By KURT H. MEYER and L. E. R. PICKEN 

The effect of temperature change on the elastic force exerted by a 
stretched, unstimulated muscle at constant length has been investigated. 

At small and large elongations, the temperature coefficient is negative: 
the muscle behaves like a normal solid. 

At intermediate elongations the coefficient is positive and the elastic 
force increases more rapidly than the absolute temperature. From this 
behaviour the following conclusions about the structure of muscle and the 
origin of the elastic force may be drawn: 

(а) The elastic system of muscle (and in particular that of the fibrils) 
consists of flexible, primary-valence chain molecules, the arrangement of 
which in the resting muscle is random and highly probable, but becomes 
ordered and less probable in the stretched muscle. Thermal agitation tends 
to provoke a return to the original, unordered condition. 

(б) Latent heat is set free during stretching and may be considered as a 
sort of heat of crystallization. 

X-ray studies show that the degree of orientation of the muscle substance 
is augmented by stretching and diminished by warming—in agreement 
with the c^onception of molecular structure reached from a consideration 
of the thermoelastic behaviour. 

A molecular interpretation of the viscous-elastic properties of muscle is 
offered, and is supported by experimental evidence. The elastic system of 
the muscle behaves as if composed of two components: flexible protein 
chains forming a three-dimensional network, and free chains in the meshes 
of this net. 

While in the resting muscle the links of neighbouring chains are able to 
slide jfreely oyer each other, like the molecules in a liquid, in the actively 
contracting muscle such “liquid” bonds appear to be replaced by more 

solid” linkages. 

{The full paper is published in Proc. Roy. Soc. B, 124 , 29, 1937.) 
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Regularities and Irregularities in the Ionosphere—I 

By E. V. Appleton, F.R.S. 

Read 10 June—Received 29 July 1937 
[Plates 23-28] 

Our knowledge concerning the state of the atmosphere lying above about 
80 km. in height has been derived from experiments on radio wave reflexion 
as well as from studies of terrestrial magnetism and of the aurora. The 
information derived from radio experiments is, fortunately, in the nature of 
a supplement to, rather than a duplicate of, information derivable in other 
ways. As one of the best examples in this connexion may be mentioned 
the question of electrical conductivity. Here the magnetic studies of 
Schuster and Chapman yield an estimate of the total conductivity for 
currents travelling horizontally, whereas the radio measurements give the 
state of ionization at different levels from which the specific conductivity 
at those levels may be estimated. 

One of the most striking things about the ionosphere is the marked solar 
control. Speaking generally it may be said that the ionization increases 
and decreases as the sun rises and sets. Again, speaking generally, we may 
say that the main part of the ionization is caused by solar ultra-violet light. 
The rays from the sun meet the outer layers of the atmosphere first and the 
short wave-length radiation is absorbed there, causing ionization. It thus 
comes about that the study of the ionosphere becomes the study of an 
interesting part of the sun’s spectrum which cannot be detected at ground 
level. It also becomes the study of certain atomic processes such as photo¬ 
ionization, recombination of ions and attachment of electrons to neutral 
molecules such as cannot be investigated at very low pressure in the 
laboratory, because of the influence of the walls of the vessel confining the 
gas. 

One further word may be added by way of introduction. From the way 
in which the air molecular density falls with increase of height in the lower 
atmosphere we can estimate, assuming a cjontinuanoe of the exponential 
decay with height, what the molecular density should be at a height of 
300 km. The value found (of the order of 1000 mol./c.c.) is considerably 
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less than the ionization densities found at such a height (of the order of 
10 ® electrons per A substantial part of the ionosphere must therefore 
be situated in regions where the proportional fall of pressure with increase 
of height is considerably smaller than it is at lower levels. In other words 
there must be some influence at work tending to spread the atmosphere 
out to great heights. The nature of this influence is considered in greater 
detail below. 

In the present communication selected topics from the information 
derived from radio sounding of the ionosphere are discussed and considered 
in connexion with results derived from a theory of simple layer formation 
by solar ionizing radiation, travelling rectilinearly and attenuated according 
to a mass-absorj^tion law. The comparisons are concerned chiefly with 
the variation of maxim um electron content with solar radiation angle of 
incidence the total electric conductivity for direct currents such 

determines the quiet day magnetic variations and with the high-fre¬ 
quency absorption of radio waves traversing such a simple layer, the last 
two quantities being, to some extent, related. 

Other matters discussed are (a) ionization decay processes in the iono¬ 
sphere, (b) the actual height at which radio waves are reflected and (c) iono¬ 
spheric disturbances. 


1 —Simple Region Formation 

The elucidation of ionospheric phenomena by radio methods has been 
greatly assisted by the comparison of experimental results with those to 
be expected from upper-atmospheric ionization by homogeneous solar 
radiation. The essential formula relating ion-production to the angle of 
incidence of the solar radiation was first given by Lenard ( 1911 ), who showed 
that in an ideal atmosphere the ionization by a radiation suffering mass 
absorption always led to layer formation with a lower boundary sharper 
than the upper boundary. 

In two papers of fundamental importance to ionospheric studies, Chapman 
( 1931 a, b) has given a complete theory of layer formation so as to include 
the effects of diurnal and seasonal variations of the angle of incidence of 
the solar rays as well as the influence of recombination. For our present 
purpose, however, only the result of Lenard’s calculations is required, 
although the convenient notation introduced by Chapman is employed. 

We measure all atmospheric heights (A) as differences, positive and 
negative, from a certain datum level which is the height at which noon 
ion-production is a maximum at the equator at the equinox. It is also 
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convenient, still following Chapman, to measure these height-difierenoes (z) 
in terms of H, the scale height, for the region in question. We then have 



9/?o 

Fig, 1 —Curves showing the relation between ion-production and height for south¬ 
east England in suminor (x = 75^) and winter (x ~ 28®), and for the equator at equinox 
noon (x = 0). 


K, m and g denoting respectively Boltzmann’s constant, the mean molecular 
mass and the acceleration due to gravity, while T is the absolute tempera¬ 
ture. The molecular density, n, and the electron collision frequency, r, Avill 
correspondingly be and respectively, where Uq and are the 
relevant values at the datum level A©* If here assumed, for simplicity, 
that the scale height for the component ionized is the same as that for the 
gas as a whole. 

The relation between rate of ion-production g, height z and angle of inci¬ 
dence X of the ionizing radiation is 

q sa (3) 

where is the ion-produotion at height when X = fig- I shown 
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plots of q for the three cases - 0 (equator at equinox nooJi), x * 28"^ 
(south-east England at summer noon) and « 75^ (south-east England 
at winter noon). Certain characteristics of such layers of ion-production 
will now be examined. 

(a) Height of Maximum of lon-prodnction 

By simple differentiation it is seen that q in b> maximum when 
log cos = — 2 . This means that in summer in south-east England for 
maximum q, is 0*125 and in winter, 1*362. Thus the height of maximum 
ion-production increases by 1-23 H from summer noon to winter noon. 

The molec\dar density at the level of maximum ion-production varies 
inversely with H (and thus inversely with T) and also inversely with the 
absorption coefficient A of the ionizing radiation. The production of more 
than one layer in a given atmosphere may therefore be due to the presence 
of atmosijheric constituents of different ionization potentials and thus 
different A values.* The heights at which different layers are formed 
are also determined by the values of H which depend on temperature 
and molecular mass. It is in terms of stich quantities that an explanation 
of the heterogeneous structure of the ionosphere must be sought. 

(6) Height of Under-boundary of Layer of Ion-production 

From a second differentiation of (3) we can find the height of the point 
of inflexion on the lower part of the curve. This is given by the relation 

c“®8eo;y = r=: 2*62. 

A 

For the special cases of summer and winter noon in England we have 
2 - 0*84 and -t- 0*39 respectively, so that we may say that the lower boun¬ 

dary of the layer is 1*23 H higher at summer noon than at winter noon. 

(c) Variation of Ionization with Height 

If we assume a recombination coefficient a, constant throughout the 
layer, we have, at noon or at any time when quasi-equilibrium conditions 
are established, 

q « 

* Although radiation of a definite absorption coefficient cannot form more than 
one layer, it is easily seen that a quasi ^diial structure is produced if such radiation 
is absorbed in a region where the value of H changes sharply. 
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where N is the electron concentration, irom which, embodying ( 3 ) follows 

N= * (4) 


1 — 

or N ^ N^e ^ , (5) 

where is the electron concentration at the maximum of ion-production 
(or of ionization) when x = A region in which the distribution of 
ionization with height and with solar angle of incidence is described by (5) 
may be called a simple region. 

(d) Total Ion-production in a Simple Region 

From (3) we see that the total number of ion pairs produced per sec. 
per cm. column of the atmosphere (Q) is given by 






2‘72gyHoosx. (6) 

The magnitude of this quantity is of importance when it is desired to com¬ 
pare it with the number of available ionizing quanta in the complete 
radiation from the sun (cf. Saha 1937 ). 

{e) Total Transveree Conductivity of a Simple Region 

The horizontal specific conductivity (X for steady electromotive forces 
acting at right angles to the meridian is given by 


m 

where the medium has N charges of mass m and charge e per cm.*, v is 
the coUisional frequency and p^i the angular gyro-frequency of the charges 
round the lines of magnetic force. The charges may be of electronic or 
molecular mass. If both electrons and ions are present the conductivities 
are additive. For a simple region the total conductivity, transverse to the 
magnetic field, is given by 

' „ ~ » 

* TO 
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After some rearrangement this may be written* 



J m \VoPhI 

( 9 ) 

where 


(10) 

and 

When a < 1, 

Pgmox 

2 «'o ■ 

(11) 

X 

= -^ (cos a + sin a) — 2 ,j 7 ra( 1 — ^:0®) + C>(o*). 

(12) 

On the other hand, when 1, 

(13) 

so that 

r JI. In 1 

tr dA = -cos’ v. 

(13a) 



a 

Fio. 2 


For the evaluation of X when o is of the order of unity recourse must be 
had to integration by quadrature^ The graph relating X and a for values 
intermediate between the ranges of validity of (12) and (13) is shown in 
fig. 2. For our present purpose we are interested in the determination of the 
conductivity of simple regions of electrons or of ions situated at different 
heights (i.e. for different values of I'o). For simplicity we take the case 
of = 0. 

For electrons pjj = 8'3 x 10® c./sec., so that the layer conductivity may 

* 1 am much indebted to Mr. M. V. Wilkes for aasistaoce is this connexion. 

t For these evalviations I am indebted to Dr. L. J. Conme'a Scientific Computing 
Service. 
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be calculated with the aid of (12), (13) and the data in fig, 2 for different 
values of the collisional frequency at the height of maximum ionization. 
For ions of average mass 28 the corresponding value oi Pji is 160*4 c./sec. 
The results of such calculations are given in Table I. 

Table I 


^0 

Region conductivity 
(eloctronfl) e.s.u. 

Region conductivity 
(ions) e.s.u. 

w 

1-508 X 10-« ‘ 

7*29 

W 

1-508 X 10-» NtH 

39*5 NJJ 

103 

1-608 X lO-*^^,^ 

28*12 N^H 

10* 

1-508 X 10-> 

12*36 N^H 

10* 

1*508 


4*30 

10« 

11*61 


1*40 N^H 

10’ 

32*98 


0*448 N^H 

10* 

22*88 


0*142 


(/) Absorption of Radio Waves Traversing a Simple Region 

From the point of view of experiments to be described later we require 
to know the absorption suffered by waves travelling through a simple 
region. Iti this case an electron region only need be considered, since the 
high frequency absorption of an ion layer is negligible in comparison. 
A special case of this arises in the consideration of the attenuation of waves 
reflected by Region F in their journey up and down through Region E. 

Now it has previously been shown that the main absorption suffered by 
such waves is due to the lower part of Region E, where the collisional 
frequency is relatively high and yet the refractive index of the medium not 
substantially different from unity. In such a case we may write for the 
spatial absorption coefficient k, for vertical propagation, 


27re^/ Nv \ 
me \»'*+(2)± IpiDV’ 


(14) 


where | Px j is the electron angular gyro-frequency corresponding to the 
vertical component of the earth’s magnetic field (7*91 x 10® c./sec. in 
England), and the upper and lower signs refer to the ordinary and 
extraordinary components respectively. For simplicity we shaU consider 
only the case of the former. 

For a simple region (e.g. day-time, Region E) we may include the 
variation of N and v with height and (14) becomes 

c’ ■*" 

v^e-^+ip+iPzJ)* 



I' 


K 


(16) 
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so that if we regard the diminution below unity of the reflexion coefficient 
p of, say, Region F, as due to the double traverse of Region E, we may write 


'logo ”-^ 

me 




1 “ 3 » see X 


e 




. .dz 


(16) 


! _ e?- _ U 

me Uo(p+b/J)/ 


(17) 


/ 1 iP j w sec V 

where X is given by (10) and a = -^. Since X in known in terms 

ZVq 

of a, the value of p can be calculated for any simple electron region situated 
at any height. 

We proceed to consider what is probably a sufficiently good approximation 
for the case of Region E absorjition of waves of frequency sufficiently high 
to j)enetrate it. In this case we assume that the collisional frequency is 
small compared with the electric wave frequency, so that a is large. For 
such conditions, (15) and (16) become respectively 


27Te^NQPQ 


(18) 


and 


— log/) — 4*13 


4:ne^\ Vq H cos* x 
/ (p+biD* ■ 


(19) 


From (18) it is easily shown that k, the absorption factor, is a maximum 
when e~* is equal to 3 cos x- There is thus a simple relation between the 
height of maximum ionization and height of maximum absorption. Thus 
let 2 , be height of maximum absorption and 2 jv be height of maximum 
ionization. We have 


e“** s= 3c08;t = cos^, 

so that c*®-v-V = 3 . (20) 

Thus the level of maximum absorption is 1*1 below the level of maxi m nnn 

ionization. 

Equation (19) may be rewritten in terms of the ordinary ray oritioal 
frequency/g. for Region E as follows: 

1 4:*13/ /jsf 

-'“*'’■'--(757/71) "-.“• a :, 


( 21 ) 
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wh«re/i8 the electric w^ave frequency, \fx, 1 the longitudinal gyro-frequency 
and c the velocity of light. 

Finally an interesting relation between the direct current conductivity 
and the high-frequency absorption of a simple electron region may be 
noted. From (13a) and (19) it is easily shown that 

Thus the total conductivity of a simple electron region may be estimated 
from the reflexion coefficient of waves traversing that region and reflected 
from a higher n^gion. The limitation of this formula to a case where the 
collision frequency is small compared with the electric wave frequency 
should be borne in mind. 

2—ExCKRIMENTAn RESULTS AND DISCUSSION 

(a) The Variation of Ionization mth the Sun's Zenith Distance 

Region E of the ionosphere, in the middle of the day, is a good example 
of a simple region as defined above. Here the maximum electron content 
is throughout the day maintained close to the equilibrium value yg/a. 



G.M,T. 

X 18-23 March 1935 

Fia. 3—Diurnal variation of average Region E critical frequency for the period 
18-23 March 1935; continnoiia curve represents variation of (cos 

Under such conditions the value of should, according to (5), vary as 
(cos y)l, so that the critical ];)enetration frequency which is proportional to 
(iV'max)* should vary as (co8;\;)^. How closely this is the case is illustrated 
in fig. 3, where the experimental average values of fg; are plotted over the 
day-time hours for ^ the period 18-23 March 1935. In the same graph is 
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shown as a continuous line the variation of (cos;\;)*, identity of ordinates 
being adjusted at mid-day. 

Now the maintenance of N at the equilibrium values indicates that 
dN/dt is small compared with q or t being the time. We can therefore 
estimate an inferior limit for a. Now during the period 1(500 to 1700, the 
value of dNjdt is 7-4 electrons per c.c. per sec. while at 1(530 the value of aN® 
is 4-9 X 10®a. Thus in order that dNjdt should be less than, say, a tenth of 
aiV®, the value of a must be greater than 10This is greater than the values 
of a (of the order of 2 x 10 found for night-time conditions. There appears 
therefore to be a marked increase in the value of the effective electron 
recombination coefficient from night to day. 

Region behaves similarly to Region E and so can, during the day, 
be classed as a simple region. On the other hand, in Region the value 
of a is sufficiently small during a summer or equinox day to cause the 
ionization to depart from the equilibrium value. During a winter day 
Region behaves more nearly as a simple region. 

(6) Ths Variation of Absorption with the Sun's Zenith Distance 

Much attention has been paid in recent years to the systematic measure¬ 
ment of equivalent heights of reflexions and ionospheric electron densities, 
though corresponding measurements of the reflexion coefficients for the 
various reflecting strata are relatively few. This is rather remarkable in 
view of the great practical interest of the latter to the radio-engineer. 

The measurements to be described are relatively simple and any value 
they possess arises from their sustained nature. They were carried out in 
order to test how the absorption of radio waves varied with x over the 
seasons, and consist of measurements of the reflexion coefficient of Region F 
for 4 Mc./sec. waves. This frequency was chosen because it was higher 
than the values of Region E critical frequency then ex})erienced (1934) 
and yet sufficiently low not to approach the Region F penetration value. 
All observations were made at noon. 

The sending station was accommodated in the wireless hut. on the roof 
of the east wing of King’s College, London, while the receiving apparatus 
was installed at the Halley-Stewart Laboratory, Hampstead. In the ooume 
of each run of measurements twenty snapshots of the echo-pattern were 
made at half-minute intervals. From these the mean ratio of first echo to 
ground amplitudes, F'/G, was easily found, since the receiver, tested by 
means of a signal generator, had a sensibly Unear response of rectified 
output to high-frequency input. After some months of preliminary runs 
in 1934 it was considered that the results obtained justified a series lasting 
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at least two or three years. The measurements were therefore continued 
throughout 1935 and 1936, for the first 21 months of this period in London 
and for the last three at Cambridge. 

In the London series the absorption of the ground waves from the Strand 
to Hampstead was sufficient to make the intensities of the 0 and F' (and F** 
when observed) amplitudes of comparable magnitude when the amplifier 
gain was kept at a constant value. Thus the ratio of F'jO could be found for 
each photographic record by simple measurement. This quantity was there¬ 
fore proportional to the reflexion coefficient p. To find the constant of 
proportionality similar observations were made in the evenings when the 
F' echo was greater in amplitude and the amplitude of the second reflexion 
F^ was appreciable. Allowing for the fact that the doubly reflected wave has 
made a double journey to the reflecting region and back the value of p 
is then given by 2{F''IF'), if no allowance is made for loss of amplitude at 
ground reflexion, or 2F''lp'F' if p' is the ground amplitude reflexion 
coefficient for the wave frequency employed. The constant B in the relation 
BF' 2F'* 

p = = ^^ 7 ^ could then be determined from a large number of simul¬ 

taneous measurements of F'jG and F’^jF^ 

At Cambridge the conditions wore such that correspondingly simple 
methods of calibration could not be employed. Here the sender was situated 
on the Solar Physics Observatory site only 1*28 km. from the receiving 
station which was set up in the wireless hut on the Cambridge University 
Rifle Range. Under these conditions the ground ray amplitude was so 
large that the amplitudes of G and F' were not usually comparable for 
a constant setting of the amplifier gain. The following method was therefore 
employed. The gain control of the intermediate frequency amplifier used 
was calibrated by means of a signal generator, the gain relative to the zero 
reading being expressed in nepers. 

In operation the gain of the amplifier was adjusted to bring, in turn, the 
amplitudes of 0 and F' (and jF", J'", etc. where observable) to a specified 
mark on the cathode-ray oscillograph. From the gain readings, the values 
of log(jP7^')> log(F7F')» \o^{F^” jF'')y etc. could then be read off the calibra¬ 
tion curve. 

Now since the reflexion coefficient p is given by 

fiF' 2F'' 


we have 


F' F'* 

logp » log^ + log-Q; =» log2-log/)' + log^. 
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From simultaneous measurements of log(F7Q') log(jP'/J?'') the value 
of logfi was found so that log/o could be estimated when first reflexions 
alone were present. It will be seen that the value of log/? depends on the 
nature and relative dispositions of the sending and receiving aerials. A new 
determination of its value was always made when, for other reasons, changes 
were made in these installations. It will be seen that a great advantage of 
the seccnrd method of calibration is that the reflexion coefficient is expressed 
logarithmically in nepers, as is required for comparison with theory. 

In fig. 4 is shown the curve of monthly averages of p for the years 1935 
and 1936. 



Fig. 4—Monthly means of ionospheric reflexion coefficient (/>) for 4Mc./Bec. waves. 

The graph shows very clearly the greater absorption in summer than in 
winter, the average value of logp being about — 1 neper in winter and — 3 
nepers in summer. It is clear from the graph that the results are explicable 
in a general way in terms of an absorbing layer which is more densely ionized 
in summer than in winter. 

The very marked absorption indicated at points A, B, C and D is due to 
the influence of Region , for at these times the frequency of 4 Mo./seo. 
was the critical value for this region. In such cases, as has been shown by 
Eckersley {1935), Farmer and Batclifie ( 1935), and also by White and Brown 
( 1936 ), there is an additional effect of absorption due to group retardation. 
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The ratio of the summer and winter values of logp, found in these experi¬ 
ments to be about 2*6, is an important ionospheric quantity, and it is of 
interest to examine the long-distance reception data to see if any confirma¬ 
tion of its order of magnitude can be obtained.* 

There is, of course, no lack of evidence that short-wave signals are stronger 
in winter than in summer in conditions under which electron-limitation is 
not operative. Quantitative results are given, in this connexion, by Burrows 
( 1931 ), in a series of graphs illustrating reception data for the propagation 
of short radio waves over the North Atlantic. Burrows’s results show that, 
diiring the day-time, as the frequency of the wave is increased the signal 
strength increases (when expressed in field strength per kilowatt radiated) 
until a maximum value is obtained, after which the signal falls sharply. 

Expressing tlio attenuation as it may be shown that, for the lower 
frequencies, y is approximately inversely proportional to the square of the 
frequency, which would, according to the theory given above, suggest 
absorption in a layer in which According to the views expressed 

above this region lies below the deviating portion of Region E, 

To find a ratio of summer to winter attenuation let us express the attenua¬ 
tion coefficient as If now we find, from Burrows’s results, summer and 
winter frequencies which give the same attenuation (i.e, the same signal 
strength per kilowatt radiated), we have 

jt' 

Using Burrows’s measurements for the years 1926-28 we can show from 
a number of such comparisons that the value of ranges from 2-1 to 2*7, 
with an average of 2*4. It will be seen that this figure is the same as the ratio 
of the summer and winter values of logp, suggesting that the two cases of 
vertical and oblique incidence are afiected by the same absorbing region. 

Now, as has been shown above, the absorption of radio waves in traversing 
a particular region is proportional to the direct-current conductivity for 
horizontal electromotive forces. It is also known that the quiet day mag¬ 
netic variation is two or three times as large in summer as in winter. The 
absorption results therefore suggest that the magnetic currents flow in 
the lower part of the ionosphere. 

The theory given in ( 1 /) indicates the general relation between | log p | 
and X- special case where 4* | pi^ ()* it is shown that | logp j 

* I am indebted to Mr. T. L. Eckorsloy who has communicated to me privat(4y 
that he finds a similar average value for the summer to winter ratio of logp for 
frequencies between 3 and 5Mc./«oo. 
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varies as (oos;\;)*. In fig. 5 is illustrated a test of this relation for 1935, 
identity of ordinates being arranged at midsummer. The corresponding 
variation of cos ^ is also shown for comparison. Although fair agreement is 
obtained for the summer months it will be seen that the experimental and 
theoretical curves diverge for the winter months. This discrepancy can also 
be seen if the experimental results are viewed in another way. For south¬ 
east England the ratio of the summer and winter values of (cos^)^ is 
whereas, as we have seen, the ratio of the summer and winter values of 
j logp I is 2*6. There are two possible explanations of this discrepancy. In 



Fig. 5—Values of ] log /? | for the summer monU^ of 1035 
with plots of oos* X cos x f^^ comparison. 


the first place it is possible that group retardation elfects due to Region 
are still of appreciable magnitude at mid-winter. In the second place it 
can easily be shown from (17) that the presence of ionixation at a level where 
p is of the same order of magnitude as (p + ] |) would cause absorption 

which would not vary with cos x rapidly as does the term (cos Further 
work is probably required to decide between these two alternatives, though 
in favour of the former it may be mentioned that Best and Ratcliffe, working 
at Cambridge, have found good agreement with the relation (19), so far as 
the relation between llogpl and cos^ i» concerned, for the cose of the 
diurnal variation on ionospherically undisturbed days. 
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{<;) The Direct’Current Conductivity of Region. E 

As has been suggested by the absorption experiments we consider 
Region E (and possibly, to some extent, Region as the location of the 
currents causing the magnetic variations. Additional evidence in this 
connexion is the fact that the ionization in Regions E and varies by about 
60 % over the sunspot cycle, as does the amplitude of the magnetic variation. 
The variation of Region ionization, on the other hand, exhibits no 
parallelism with this amplitude, either in respect of seasonal or sunspot 
cycle changes, indicating that the magnetic cun’ents do not flow at high 
levels. In south-east England the maximum ionization m Region has 
been found to be greater in December than in June. Also the variation over 
tlie sunspot cycle is very much greater than 60 %. 

It is of interest to see whether the electron conductivity of Region E for 
steady electromotive forces is of the same order (9 x 10^® e.s.u.) as has been 
deduced by Schuster and Ohajiman from their studies of terrestrial mag¬ 
netism. We take the case of a summer day when | logp | for 4 Mo./sec. waves 
is of the order of 3. Sxibstituting in ( 22 ), where is 8*4 Me./sec. and where 

( 3 , +1 I ) i. 3, we tod th.. j.a i, 1.2 « 10.. Thu. .he h.h.1 

electron conductivity is about 8 x 10 * times too small to account for the 
magnetic variations. It is true that Pekeris ( 1937 ) has recently shown that 
the amplitudes of the velocity of the solar semi-diurnal tides at the 100 km. 
level has probably been previously underestimated by a factor of up to 200 , 
in which case the magnetic data require a conductivity of 4*5 x 10^^ instead 
of the figure 9x10^* e.s.u. But a considerable discrepancy yet remains. 

Another way of estimating the order of magnitude of the total electron 
conductivity is to use Table I. Taking as 1-5 x 10 ^ electrons per c.c. and 
H as 10 ® cm., we find that electron regions with equal to 10 ^ or 10 ® (the 
appropriate order of magnitude) have total conductivities of 2*25 x 10 ^® 
or 2*25 X 10 *^. These values, like the estimate from the high-frequency 
absorption, are too small. The contributions due to an equivalent number 
of ions would, taking 1^0 4*2 x 10^^ and 1*86 x 10*^, 

which are still too small even if the correction suggested by Pekeris is valid. 
A way out of the difiioulty is to assume that there are in Region E, undetected 
by radio methods, considerable quantities of negative ions which contribute 
substantially to the direct-current conductivity. The ratio of the number of 
ions to the number of electrons required will be from 10 to 10 =^ according to 
the magnitude of the Pekeris correction. 

It will be seen from Table I that the electron conductivity in Region F^ 



ibusti be small in spite of the feet that and # (see p. greater ■ 

than in the case of Region E. The contribution to the conductivity for an 
equivalent number of ions is considerably greater. Thus for values of 
10 ® and 10 ® the total ion conductivity will be (takingas 10 * and# » 60km.) 
2-0 X 101 * 1.4 X iQi* e.s.u. res^iectively, which values are intermediate 

between the magnetic value with and without the Pekeris correction. The 
fact that Region is not the location of the magnetic currents indicates 
therefore that there cannot be a marked excess of ions in Region , and the 
evidence as a whole suggests that there is little or no negative ion formation 
there. 


(d) The Process of Electron Production and Decay 

Ionization measurements, made during solar eclipses, have given ample 
proof that the Regions E and F-^ of the ionosphere are caused by photo¬ 
ionization. This may be the liberation of electrons from neutral atoms and 
molecules or from negative ions. For the case of Region JPj, however, the 
interpretations of the results obtained are confficting. Most investigators 
conclude that it is also caused by ultra-violet light, but Berkner has adduced 
arguments for neutral particles as the ionizing agency. 

Concerning the process of electron disappearance in the ionosphere there 
is also a conflict of opinion. In a previous paper Appleton and Naismith 
( 1935 ) have shown that the seasonal variation of the noon ionization for 
Regions E and observed by them was most suitobly explained in terms of 
a theory, according to which the electrons disappeared by recombination. 
This view was challenged by Mart^ and Pulley ( 1936 ) who contended 
that the electrons became ineffective by their attachment to neutral atoms, 
their mobilities, and thus their efiSoienoy in radio wave reflexion, being 
thereby reduced. Put briefly, the suggestion of Martyn and Pulley was 
that attachment takes place to oxygen atoms but not to oxygen molecules 
and that the supply of oxygen atoms is maintained in a sufficiently low 
concentration by the process of association to form oxygen molecules. 

For night-time conditions Martyn and Pulley adopt an entirely different 
theory. They realize that the attachment process is so rapid that if it 
occurred alone without some compensating influence, the electrons would 
disappear in a very short time, whereas, as has been shown, the decay is 
relatively slow. They therefore make the suggestion that the detachment 
of electrons must take place as a result of collisions between negative 
oxygen ions and neutral oxygen atoms, oxygen molecules and free electrons 
being thereby produced. This difficulty of having to adopt different theories 
for the day and night conditions is a very real one, sinpe the day-time 
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partial dissociation of the oxyi^ moleoiali^ " 
into atoms^ whereas the spectroscopic evidence shows that such a dissocial 
tion is complete during the night and so must a fortiori be also complete 
during the day. 

We therefore attempt to explain the observational results given above 
in terms of a recombination theory. In this connexion it should be noted 
that the rate of decay of electron concentration is given by where a 

is the recombination coefficient^ is the electron concentration and 
is the positive ion concentration. We can thus write, for night-time 
conditions, 

dN 

(23) 


or, if the medium is electrically iieutreJ, 



when N_ is the negative ion concentration. The effective electron recombina¬ 
tion coefficient thus depends on the ratio of the negative ion and electron 
concentrations. Now Massey has shown, in some unpublished work, tJiat 
the processes of attachment and detachment of electrons to and from neutral 
atoms are such as to form an approximately constant balance between 
the negative ion and electron concentrations. By considering the magnitudes 
of the probability coefficients for these processes he concludes that for 
conditions in Region E this ratio is of the order of 100, which is in good 
agreement with the ratio suggested above from the comparison of the radio 
absorption and magnetic data. 

It will be seen from (24) that the effective electron recombination 
coefficient a' is raised beyond the normal value a, which is due to the fact 
that N+ is greater than iVJ,. With a ratio of 100 for the value of a' can 
be of the order of 10“* when a (see below) is of the order of 10~^®. The fact 
that a' is greater during the day than during the night is thus probably 
due to the greater value of in the day-time. 

Since an inferior limit has been estimated for the effective electron 
recombination coefficient in Region B, it is possible to give an inferior limit 
for the total rate of ion production in this region. Taking a summer day when 
the critical frequency for the ordinary ray is S-SMc./sec. we find that the 
maximum electron concentration is 1'5 x 10® electron per c.c. Since a is 
grea^ than 10“« we see that q, the maximum rate of ion production, is 

.Regardii^' cos;i^ as appra^xhnately; uhfry ^at 
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8 ummer noon, we find from ( 6 ) (taking H as 10 ® cm.) that an inferior limit 
for ^ is 0‘ 1 X 10® electrons per sec./sq* cm, column for the region in question. 
In the case of Region it is possible to measure the effective value 
of a both during the day and during the night. There is little doubt that 
the value found is less than that for the lower Regions E and . 

To illustrate this the values of given in Table II may be quoted. They 
are derived from observations made during nights when a steady decay of 
was noted, with no signs of nocturnal increase such as is noted in winter. 

Table II 


Period 

25/26 April 1933 
11/12 April 1934 
April (average) 1934 
16/17 May 1934 
24/25 July 1934 
September (average) 1934 


a (Recombination 
coeftioiont) 

3-7 to 6-Ox 10-i<* 
3-6 X 10-10 

2- 6x lO-'o 
2*9 X 10-^« 

3- 4 X 10-10 
1*84 X 10-^0 


The decay in nocturnal Region F ionization for the night 19/20 March 
1935 is shown in fig. 0 , Plates 23-28, in a series of equivalent height-fre¬ 
quency curves taken with the Slough automatic apparatus at half-hourly 
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intervals. The frequency scale runs from 2*6 Me./sec, on the right to 
5*2 Mo./sec. on the left, with frequency calibration marks at 3*26, 4*1 and 
5*0 Mc./seo. respectively. Till 0400 both ordinary and extraordinary critical 
frequencies can be determined. From 0430 to 0530 only the extraordinary 
critical frequency is shown. Till 0530 the critical frequencies are gradually 
becoming lower. With the rise of ionization at 0600 the increase of critical 
frequencies begins. The analysis of these records shows that, on the night 
in question, a was 2-8 x 10^'®. 

There is, however, a method of determining both a and q during the day 
which is found to be applicable to Region Fj where, owing to the relatively 
feeble recombination, the values of N are not symmetrically developed 
relatively to noon. Such an asymmetrical variation of N with time is shown 
in fig. 7. Consider in fig. 7 two times, A and B, equally spaced from noon. 
At these times the value of the electron production, is the same. Also, 
if there has been no atmospheric alteration, the level of maximum ionization 

(25) 

(26) 
(27) 


(28) 

Using this method we may find q, and also a, at times A and B, and, knowing 
X at time A or B, we can calculate the corresponding values at noon. 

The application of this method to the case of a mid-summer day and an 
equinox day yields, for values of q at noon, 78 and 88 electrons per c.c. 
per sec. respectively and, for a, 8-7 x 10“^^ and 8-1 x 10“^^ c.c. per electron 
per sec. respectively. These values relate to south-east England. (The 
method is not found to be applicable to the case of a winter day when the 
ionization density variation is more symmetrical relative to noon, showing 
a higher effective electron recjombination coefficient. This may be due to 
the fact that Region is then lower down, overlapping Region Fj, and so 
behaving like it as regards recombination.) It will therefore be seen that 
the value of a during the day is a little smaller than during the night. 


will be at the same height. We have, tlierefore. 


and 

so that 

and 


dt 

dt 


q~<xN% 


q-ot.Nl, 




AT, 

dt 


dNj, 
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The total region ion production Q in Region may be estimated with 
the aid of equation ( 0 ). Taking q as 80, and H as 50 km*, we find Q to be 
1-1 X 10® electrons per sec. per sq. cm. column. 

A comparison may be made between the experimentally obtained value 
of a (i.e. 3 x 10 *^^®) for night-time decay and the theoretical formulae for the 
recombination of positive ions and electrons. Chapman ( 1931 c) has, for 
example, shown that Milne’s formula for a gives a value of 3*2 x when 
the absolute temperature is 400® and when Z, the atomic number, is taken 
at 8 for oxygen. Recombination to the ground state is presumably here con¬ 
templated. But we must take into account the possibility of reciombination 
to excited states as well as to ground states. In the former case Z must be 
of the order of unity, while in the latter it is unlikely to be as large as 8 ; 
according to Slater’s rules it is, for example, 3*7. This would reduce the 
value of a to 5 X 10~^^ (excited state) and to 6*9 x (ground state) for 
the temperature quoted. For higher temperatures the value will be slightly 
lower. 

A theoretical value may be deduced in another way. Morse and 
Stueckelberg ( 1930 ) have shown that the cross-section q(n^ 1) for recom¬ 
bination for slow electrons is given approximately by 


g(n, 1 ) «= 


A(n, l)\0~^Z^^ 

| 7 - 


(29) 


where A{n, 1) depends on the orbit into which the electron is captured and V 
is the electron-volt energy. 

Now the recombination coefficient is given by 

—, (30) 

80 that its value can be estimated, using the values of A(n, 1) given by 
Morse and Stueckelberg. Taking T =i 400® K, and thus V — 0*05, we 
find for return to an excited state (Z « 1 and ^(rt, 1) = 0*05) that a is 
1*3 X 10"^* and for return to the ground state (Z = 3*7 and A{», 1) « 0*3), 
a = M X 10~^^. For higher temperatures correBponding values can be 
estimated, noting that a varies inversely as the square root of the absolute 
temperature. It thus appears that both theoretical formulae give a value 
for a which is smaller than the nocturnal value given above, which might 
suggest that negative ion formation played a part in raising the effective 
electron recombination coefficient in Region F as suggested for Region E. 
But the experiments of Kenty ( 19 ^ 8 ) on the recombination of electrons 
and ions in argon, which does not form negative ions, gave a value of ac which 
when corrected, to the temperature of 400® K. taken as an example above, 
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is of the order of 8 x 10"^®, which is only slightly higher than the radio 
value. There thus appears to be a discrepancy between the experimental 
and theoretical values for a, the former being higher than the latter. 

The fact that ions are not present in large quantities in Region jPg shows 
that the gas or gases there possess little electron affinity and suggests a 
preponderance of nitrogen (if helium be not present). This would be 
in agreement with the fact that the auroral spectrum shows a greater 
intensity of the nitrogen band spectrum relatively to the auroral gi*een 
line at the higher auroral levels. Such a state of affairs is curious, however, 
since if diffusive separation does take place at these high levels there ought 
to be a preponderance of the lighter oxygen atoms over the heavier nitrogen 
molecules. 


{e) The Actual HeAght reached by Radio Wave^ 
and th^ Structure of the Atmosphere 

The quantities usually measured in radio sounding are the equivalent 
heights of the reflecting strata for different frequencies. From these it is 
desired to deduce the relation between electron density and height. We now 
attempt to do this in two simple cases. 

Wo consider a pimple region formation of parabolic distribution and also 
neglect the influence of the earth’s magnetic field, so that our deductions 
will apply approximately to the case of the ordinary ray propagation. 

Let us take as the relation between N, the electron concentration, and y, 
the height (measured from the lower boundary of the region), 



where L is the critical frequency and y^ is the half-thickness of the stratum. 
We then have for the refractive index 






Under such conditions we can find the group path P', the optical path P, 
and the actual height reached by waves of any given frequency. These are 


as follows: 



(33) 


(34) 


(36) 
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These relations satisfy, as 

they should, the more general relations 



0P 

p' = p+/-^ 

(36) 

and 

ir P'{i) 

(37) 


In fig. 8 are plotted the equivalent height W (i.e. P72), actual height of 
reflexion y, and optical height h (i.e. P/2) as functions of frequency. The 
actual values of the ordinates and abscissae chosen are such as to give 
a very close fit with the experimental relation between A' and/for 0000 h. 
on 20/6/34. We may thus conclude that at this particular hour of the night 
the ionization is fairly well represented by a region with a lower boundary 
at 270 km. and a half thickness (i.e. distance from under boundary to 
maximum) of 100 km. 

If there were only one reflecting region in the upper atmosphere the case 
of/</c would suffice, but in the case of the day-time reflexion by Region F 
we must take into account the influence of group retardation phenomena 
due to transmission through Region E, (This effect has been neglected in 
the nocturnal example taken immediately above.) Now when the frequency 
of the waves exceeds the critical frequency of a parabolic region, we have 



while of course, the actual distance traversed in the double transmission 
is 4y^. 

To illustrate the effect of group retardation we take the case of two regions 
with values of and /^ chosen to fit conditions in mid-winter 1936. Good 
agreement between the values of equivalent height h' and frequency is 
shown when the values of y^ for Regions.^ and Pare taken os 20 and 100 kra. 
respectively. 

The fact that different values of y^ for Regions E and F have to be used 
has considerable significance, for as fig. 1 shows, we should expect this 
quantity to be determined by the “scale height” H at the level in question. 
The results exhibited in fig. 9 leave little doubt that the value of H for the 
ionizable gases is some four or five times as large in Region P as in Region P. 
Comparing figs. 1 and 9 we see that H is of the order of 10 km. for Region 
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Fig* 8—Theoretical cur\*ea of equivalent, actual and optical heights as fimctions of frequency for a “parabolic 
layer. The assumed ionization distribution is shown on the left. 







Fig, 9 -—^Theoretical relation between equivalent height and frequency for two “parabolic’’ lay( 
The assumed ionization distribution is shown on the left. 
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E and 60 km. for Region F. We then see that some alteration in the structure 
of the atmosphere is indicated somewhere between Region E and Region F 
on a winter day. Martyn and Pulley have already drawn attention to the 
fact that the experimental values of electron collisional frequency do not 
(at levels beyond 100 km.) fall off as rapidly as might be expected if the 
molecular density from ground level is assumed to decay exponentially 
with height. The evidence presented above carries this matter farther in 
showing that the ionizable component (as distinct from the total molecular 
density) does not decay exponentially with height from ground level. 
There is, it appears, some influence at work which spreads the atmospheire 
out to high levels, and it is due to this influence that Region F can have 
ionization densities at levels of 300 km. as high as a million electrons per c.c. 

Now from ( 2 ) we can see that an increase in the scale height H in passing 
from Region E to Region F can be brought about by an increased tempera¬ 
ture, or by a decreased mean molecular mass, or by a combination of these. 
For the effect to be due simply to a decrease of mean molecular gas it is 
seen that the higher atmosphere must consist largely of helium, for a change 
to atomic oxygen at high levels would not give the increase in H required 
by the results. 

In favour of the alternative explanation in terms of an increased tem¬ 
perature at high atmospheric levels it should be noted that spectroscopic 
indications of the presence of helium are yet lacking, while there are certainly 
not enough photons of the required energy in the sun’s sfiectrum (radiating 
as a black body at 0000 ® K.) to produce the number of ion pairs required 
in a gas with such a high ionization potential as helium. Moreover, a high 
upper atmospheric temperature would explain the absence of helium since, 
like hydrogen, it would escape from the earth’s gravitational field. 

We may say, then, that the evidence available at present is more 
satisfactorily explained by the high-temperature hypothesis, but that the 
alternative explanation in terms of a light gas such as helium cannot be 
rejected with complete certainty. 

3—Abnoemalitiks 

The correlation between magnetic storms and long-wave long-distance 
transmission phenomena was first noted by the engineers of the Western 
Electric Company (Anderson 1928 ), who found that the accompaniment of 
a storm was a decreased night-time signal and an increased day-time signal. 
The oprresponding ooiTelation for short-wave transmission was given by 
Appleton ( 1927 ), who found that magnetic storms were associated with 
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abnormally low values of signal intensity received from American short¬ 
wave stations in England. An attempt to reconcile the different effects 
noted for different v^ave-lengths was made by Appleton, who pointed out 
that, if a magnetic storm were accompanied by an increase in ionization in 
and below Region E, there would be an increase in the reflexion coefficient 
of this Region for long waves and yet a greater absorption of short waves 
wliich, penetrating Region E, were jiltimately reflected by Region F. 

The development of the critical frequency method of investigating iono¬ 
spheric densities has made it possible to examine in greater detail the 
ionospheric abnormalities accompanying magnetic storms. The most 
marked connexion of this kind is the inverse correlation between magnetic 
activity and Region ionization. This was found by Appleton and Ingram 
(1935) in a comparison of ionospheric data and magnetic character figure 
supplied by the Abinger Observatory. In this comparison it was found that 
intense magnetic storms were usually accompanied by marked reductions 
in Region F^ noon critical frequency, though there were noted a number of 
cases in which the critical frequency was actually greatly increased while 
a storm was in progress. The matter was investigated further by the 
evaluation of the correlation factor for the noon critical frequency of Region 
F^ and the magnetic character figure of the preceding day. For the period 
August 1932 “August 1933 this was found to be - 0 * 4 . Later observations 
in this country as well as measurements made by Harang (1936) in Norway 
and by Kirby and others (1936) in America have amply confirmed this 
rather surprising inverse correlation. 

The ionospheric abnormalities which accompany magnetic activity can 
best be illustrated by comparing the curves relating equivalent height of 
reflexion with frequency on quiet and disturbed days. Two such curves for 
the ordinary magneto-ionic component are shown in fig. 10. In this con¬ 
nexion it may be stated that, with disturbed magnetic conditions, the 
following radio phenomena are encountered: 

(i) The critical frequency of Region F^ is low and poorly defined. 

(ii) Group retardation phenomena, more marked than normal, are 
associated with the penetration of Region F ^. 

(iii) The Region critical frequency is not nearly so markedly altered 
as is that of Region Fj, but it is usually slightly reduced, (This reduction 
was first noted by Schafer and Goodall (1935).) 

(iv) The minimum equivalent height of Region F^ is very markedly 
raised. 
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(v) The radio echo amplitude is low for all frequencies employed (1-5 
to 8 Mc./sec.). 

Since 1935 a new type of ionospheric abnormality of an entirely different 
nature has been recognized. Its characteristics, so far as its practical effect 
on short-wave communication is conciemed, were first noted by M. Jouaust, 
the chairman of the IVench National Committee of the International 



Fig. 10 —Experimental equivalent height/frequency relation for magnetically di^t 
turbed day (13 April 1935) and for magnetically quiet day (5 April 1935). 


Scientific Radio Union. Through the offices of the Union M. Jouaust has 
organized a world-wide investigation of these phenomena from which the 
following points have emerged: 

(i) The abnormality is characterized by a sudden diminution in the 
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intensity of short-wave long-distance signals. This may last a period of 
from 15 to 60 min. 

(ii) Only circuits traversing the hemisphere illuminated by the sun are 
affected. 

(iii) A iiumber of these short-wave “fade-outs*^ have been found to 
occur at the time at which bright solar eruptions are observed by terrestial 
observers. 

The radio stations at Slough and Cambridge have co-operated in the 
investigation of these sudden disturbances and it has been found that their 
characteristics when examined by vertical radio sounding are as follows. 
Before the disturbance occurs the ionosphere may be normal. During the 
disturbance there is a marked reduction in echo-intensity. After the dis¬ 
turbance the equivalent height/frequency relation is normal. There is 
thus a striking difference between this type of fade-out and the magnetic 
storm type described above. It appears, in fact, that the type of fade-out 
associated with bright eruptions produces extra ionization below the 
maximum of Region E (possibly in the absorbing layer dealt with in {2a) 
above) which causes attenuation of the radio waves. Such ionization, as 
we have seen, would be maintained at the equilibrium value and so would 
rapidly disappear when its ionizing source was removed. 
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Description op Plates 23-28 

Fks. 6 —/) records taken at half-hourly intervals at Slough Radio Research 
Station during the night 19/20 March 1935. The ordinate scale is marked off 
at 26 km. intervals. 


The Tests for Sampling Differences and Contingency 

By Harold Jeppreys, F.R.8. 

(Received 22 June 1937) 

1 —The question discussed in these tests (Jeffreys 1935 , 1936 a) has the 
form: we have a sample or a pair of samples, in which the numbers of indi¬ 
viduals with the pairs of properties respec¬ 

tively X, y, x\ y'\ do the numbers afford evidence for or against the proposi¬ 
tion that ^ and y}r are associated? The conditions contemplated in the 
experiments, however, are somewhat different. In what I have called the 
sampling problem ( 1935 , p. 203 ), large classes of ^i’s and are already 
supposed separated, and we select from them at random arbitrarily assigned 
numbers of members x^-k-y*. In the contingency problem {i93^®> 

pp. 426 - 29 ), the ^'s and -^S’s are not already separated. We have only 
a single large class containing all four types, and in the sampling we choose 
arbitrarily a total number x-^y-^x*. It would therefore be expected 
that the significance tests found in the two cases would differ slightly. 
In the sampling problem, the sampling errors of 2 : and y are constrained to 
be equal and opposite, which is not so in the contingency problem. The 
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tests actually found were different, and no surprise was felt; it is only recently 
that I have noticed that the difference is liable to be so large that in some 
cases, with the same x, y, x\ y\ an association could not be asserted in the 
contingency problem when it would be asserted without hesitation in the 
sampling one. Again, if x* and y are very different, interchanging them makes 
a great difference to the result, so that in the sampling problem it apparently 
makes a large difference whether w© sample first with regard to ^ or ijr if one 
of them is a rare property. It turns out that the discrepancy is removed when 
we take into account an inequality that was overlooked. 

We denote the proposition that there is no association by q, that there 
is one hy K is the ratio oxpi^ssing the support for q given by the data 0, 
namely 


P(q\eh) I P{q\h) 
P(^q\0h)l P{^q\hy 


( 1 ) 


Case I is the case of sampling where x + y and x*-{-y' are selected 
and then counted with regard to Case II is the analogous case except 
that ^'b and y+ are chosen and then counted with regard to 

Case III is the contingency case, where a sample of number a; -h a?' + y + y' 
is chosen and then counted with regard to both (p and ’p'. The corresponding 
values of K> according to the previous work, would be: 


Case I; K ^ (a: + a !')!(y4-y') !(a; + y-H)!(a;'-f-y' + l)! . 

x!y!*'!y'!(x+y+a:' + y' +1)! ’ 


Case II: 


* ”'x!y!x'!y'!(x+y+a:' + y'+1)! 


( 2 ) 

(3) 


r<nnn TTT- TT (x-¥y)\{x'■>ry')\{x->rx’)\(y+y')\(x-¥y+x'+y'■¥Z)\ 
A3= 3!x!y!x'!y'!{(x + y+x'+y'+l)!)* 


(4) 


If is a rare property, so that with x and y moderate x' and y' are large in 
Cases II and III, we write N for the sum of all four and consider in Case I 
a pair of samples suoh that x + y,x' + y' are the same as in the other cases. 
Then if the separate numbers are the same we have 


= (ig+ip' + l)(y4-y'+l) fJJ[\ 

(x+y+l)(*'+y'+l) Ix+y/’ ' ' 

B == (N+2){N+Z) / N \ 

Ki 6(x + y+l)(x'+y' + l) \x + y}’ '' 

and these ratios are large numbers, of the same order of magnitude. Thus 
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with the same numbers in the three cases may be much less than 1, 
supporting an association, when and are much larger than 1 and deny 
any association. It is plainly unsatisfactory that a mere redistribution of 
the randomness due to the conditions of sampling should make such a 
difference. 

1*1—The easiest case to consider further is Case III, on account of its 
symmetry and the reduced arbitrariness of the sizes of the samples. In this 
case, we take the chances of a specimen having the four possible pairs of 
properties as * P2Si these were taken previously to be mutually 

irrelevant except for their sum being 1. In these conditions the prior 
probability distribution is 


P(dPndPxif'Pii I ~?-A) = 3! dpiidpi^dpn. (7) 

Now the assumption of mutual irrelevance is not obvious even if there is 
contingency. If is small it means that is a rare combination of pro¬ 
perties. This is capable of three interj)retation8: ^ or may be rare, or both 
may be common but rare in conjunction. With any moderate degree of 
contingency, the smallness of in the first two cases implies that of either 
Pn P2V therefore that Pjj is large. The third case would express so 
high a degree of contingency that it would be revealed by almost any test.* 
We are really concerned with the first two. But if small p^ establishes 
a moderate probability that p^g is also small the hypothesis of prior 
irrelevance is wrong. 

A better procedure appears to be to regard the problem of contingency 
as an attempt to answer three questions. How common is the property ^ ? 
How common is Are ^5 and ^associated? The third question then does 
not arise until we have answers to the first two, since the values of pn and 
so on, on the hypothesis of no association, cannot be estimated until we 
know the chances of ^4 and separately. These chances, however, have 
a meaning whether there is contingency or not. Thus if a is the chance of 

a' of ~ 6 that of 6' of - ylr, then on the hypothesis q of no association 

we shall havep^i =» ab and so on, with a+a' == 1, - 1. On hypothesis 

* The case of 0 may in fact have a finite prior probability, as for the problem 
of simple sampling, in which the commonness of cases where all members of the class 
sampled have the property under discussion leads to the result tliat Laplace's 
uniform assessment of the prior probability no longer holds for the extreme cases, 
if it ever did (Jeffreys 1937 a, p. as 3 )- The appropriate modification would not be 
diiS&oult, but we are dealing here with oases where specimens pf all four typ^B have 
actually ocomred, so that = 0 is excluded by the data, and needs no special 
attention. * 



482 H. Jeffreys 

-- q there will be a further parameter c such that the chanoee of the various 
conjunctions are 


/ 



iPir 

Pli \. 

/ o6 + c aft' — c\ 




1 w 

Pzt)' 

\o'ft — c a'b' + c/ 


where a and b retain the same values. Further, a and b are oases where 
LapIace^s theory applies, since the extreme cases a, 6 = 0 or 1 are excluded. 
Hence 

P{dadb j qh) = P{dadb \^qh) « dadb, (9) 

Proposition q asserts that c — 0 . On --g we find easily 


= ( 10 ) 

S(j>n + Pi2 .Pu +i>ai> PuPia-Pi zPzi) ^ . /,,> 

'^{Piv Pii> Pn) 


Hence the uniform distribution of the probabilities of P 21 within 

the permissible ranges is compatible with that for a, by c. There is no dis¬ 
placement of the maximum posterior density. Here, however, the permis¬ 
sible values of c are conditional on those of a and 6 , since all the p^ must lie 
between 0 and 1 . We can suppose the diagram so arranged that a < a', 6 < 6 '; 
then from the first line in ( 8 ) c must be between —oft and + 06 '. Within this 
range is always possible; and pg^ is always possible provided a'b'^ab\ 
The condition that this can be the range of possible values of c is then that 
abyOb'y a*by a*V shall be an increasing sequence. This can always be achieved 
by a permissible rearrangement of the diagram. The range of possible values 


of c is then a, and we have, within the permitted range, 

P(dc I a, by --g, h) = dc/a, ( 12 ) 

P(dadbdc\ --g, h) « dadbdcja. (13) 

Also, as in the previous analysis for contingency, 

P{d I a, 6 , g, h) « a^^va'^+y'b^ ^'b'v^y\ (14) 

P{0 1 a, b, c, ~g, A) =» (15) 


These are the probabilities of gettmg the observations in their actual order. 
If only the total numbers of each type are known, they must be multiplied 
by the number of ways of dividing a:+y+*'+y' things into four groups of 
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numbers x, y, x', y') but this factor cancels from the posterior probability. 
Then 


P(q 1 ( 9 A) oc Pa*+tfa'*'+v' 6 *+-' 7 >'«'+»'da<Ki 
Jojo 

(T + y)! (x' + y')! (x + x')\(y + y')l 
(N+i)i(N + l)\ 

m ob' 1 

„PfiPuI^iP^dadbdc. 


( 16 ) 

( 17 ) 


By (11) we can rej)]aee (ladhdc by dp^idpi2dp^i within the range permitted. 
The integrand has a sharp maxirmim, and without sensible error, so long as 
the maximum for c does not fall near the extreme values (when a8so<jiation 
will be obvious), the integral will be the same as over all values sucih that 
Pxt^Pi2^P2i^ Also near the maximum a is nearly (x-{-y)jN, Hence, 
approximately, 


P(^q\dh)oc 


N x\y\x/\y'\ 
x^y . 


( 18 ) 


I _ (? + y )! (ag' + yp! {x-¥x ') ! (jH- y')\ 

P(~g|l9Aj" x\y\x^\y'\N\ 

^ I ... S^(x + y) _ I N(xy’-x'y )^ .. _1 

\‘ 2 ,n\x + x'){y + y'){x'■>ry')\ *(a^ + *')(y + y')(* + y){a=' + y')J 

( 19 ) 

nearly. 

The effect of this revised analysis is that a factor NjiSix^-y) has been 
removed. Now one way of stating the principle of inverse probability is 
that in comparing two hyijotheses we choose the one that requires the less 
remarkable coincidence to give the observed data. In the case that led to 
this investigation x and y are both small in comparison with x' + y\ To 
explain this requires only the one coincidence, that <j> should be a rare pro¬ 
perty, whether it is associated with xjr or not. But on the previous analysis 
Pix and px2 taken os independent on the hypothesis of association, so 
that the smallness of x and y required two coincidences, which is not the 
case. The change is due to the allowance for this fact. 

1*2—We return now to Case I. a:+ 2/ fi^nd x' + y' are now assigned in 
advance. If there is.no difference between the classes sampled the proba- 
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biUties of \|{"givein4and~?5arethe8ame; henoe we can introduce a quantity 
6, the same for both classes, to express this probability. Also 

P{db I qh) = dJb, (20) 

P{e I bqh) = &*+*'(! (21) 

If there is a difference the respective probabilities of a ^ are p and p'; but 
we can still define 6 so that Nb will be the expectation of in a pair of 
samples consisting of a: + y ^li’s and a:' + y' ~ ^’s. Then 

Nb - (x + y)p + {x'■^y')p'. (22) 

Both p and p' must lie between 0 and 1. Within the permissible range for 
p, p' for a given b can have values from Nbl{x' +y') to {Nb—x—y)l{x' +y'). 
But the most probable value oi Nb will be nearly x+x'; the former value 
will then be permissible if a; < y' and the latter if *' > y, and if these inequali¬ 
ties are satisfied there is no further restriction. Then 


Pidb\-q,k)=^db, 

P{dp 16, ~ y, A) = dp, 

^b, p) ^ x'-^y ’ 
d(p', p) N ’ 

P{Q\P,P', ~3. h)^p‘{\-p)yp>^\\-p')y\ 
P(q I dA)oc| W'(l -6)v^v'd6 = 


P(y (~ <9A)oc J J p^(l -p)yp'<y'(l —p')y'dbdp 

x'jfy' xly! x'ly'! 

“ ~N (x-f-y-t- l)l(»'-Hy*-(-1)1’ 


P{~q\dh) 


#= (x + y+ 1) 


(x + y)! (x'-t-y')! (x-l-x')! (y+y')! 
x\y\x'\y'\N\ 


(23) 

(24) 

(26) 

(26) 

(27) 


(28) 

(29) 


which is indistinguishable from (19) to the accuracy of the approximations, 
subject to X, y, x', y' being arranged as an increasing sequence in the 
diagrams. 
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1 * 3 —If X* <y (more strictly, if (x'-f the possible 

values of p' impose a further restriction, p can no longer reach unity, its 
greatest possible value being Nbj{x-{'y). Then (22) and ( 23 ) still hold, but 

P{dp I 6, ~ g, A) = (30) 

The limits in ( 28 ) are slightly altered, but in the important case 

P{~q\ (9A)x ^ -pYdpdp', (31) 


and at the maximum of the integrand b = {x-^x*)IN nearly. Hence 

„,^(a; + y)! (a:'+y')! {a: + aj')! (y + y')! 

Pi~q\dh) ^ ' x\y\x'\y'\N\ 


( 32 ) 


nearly; and this is obtained from ( 19 ) and ( 29 ) by simply interchanging x^ 
and y according to the altered sign of their difference. Thus the appropriate 
modification of Case II gives a result equivalent to that of Case I. It is 
unimportant whether we sample first with regard to 0 or or to both at 
once, provided that of the four sums ar + y, ar-fx', y + y', a:' + y' the smallest 
is the one to go into the numerator of the outside factor. 

To obtain compact answers it has been necessary to proceed to approxi¬ 
mation at an early stage; this may be the explanation of the slight difference 
between a; + y in ( 19 ) and a:4-y 4 -1 in ( 29 ), and other minor differences have 
been neglected at intermediate stages. Minor differences between the results 
were to be expected, as already explained, on account of the different rela¬ 
tions imposed between the sampling errors, but it is satisfactory that the 
results now agree within the amounts that can be reasonably attributed to 
these differences. 

As a numerical illustration we may take the data quoted by Fisher (1936, 
p. 99) from Lange on the convictions of twin brothers or sisters (of like sex) 
of convicted criminals. The table, arranged to satisfy the necessary inequali¬ 
ties, is as follows: 

Monozygotic Dizygotic 

Convicted 10 2 

Not convicted 3 16 


Then the factorial expression in ( 19 ) is 

12 ! 18 ! 13 ! 171 _ . 

101 2! 8! 16 ! 301 '^ 


2 I 2 
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The less accurate exponential approximation gives showing that it 
may be used even at rather extreme degrees of association such as this. What 
the result shows is that, starting without information about whether there 
is any difference in criminality between monozygotic and dizygotic twins of 
criminals, we can assert on the data that the odds on the existence of a 
difference are 185 to 1. Fisher infers a difference on the ground that P(x^) on 
the hypothesis of no difference is l/OSOO. 


1 * 4 —In all these cases the complexity of the integrals prevents an exact 
answer from being obtained in a compact form. Such a solution can, 
however, be obtained when a sampling ratio is tested against a theoretical 
value. This has been regarded as the extreme form of Cast^ I, when x' and y* 
tend to infinity in a finite ratio ; p' is here already specified. As the solution 
for Case 1 has turned out to be only an approximation a direct treatment 
of this case becomes desirable. On hypothesis q, the probability of a 
given 0 is the known fraction p'; on --y it is p, which may have any value 
from 0 to 1. The observed numbers of ^’s in a sample of x-f y are x, y. 
Then 


and finally 


P{q\h) 


A) =. J; P(~g.dp)A) = Jdp, 

(33) 


P{x, y 

\qh)^p'^(l-py, 

(34) 


P(x, y 1 - 

II 

1 

(36) 



, y, A)ap'*(l-p')", 

(36) 

P(~g| 

X, y, h)cc \ 

V V x\y\ 

(37) 

P(q\x,y,h) ^(x+y+\)\ , , 

P{-q\x,y,h) x\y\ ^ • 

(38) 


When X and y are large an immediate application of Bernoulli’s approxima¬ 
tion gives 


■P(g I X, y, h) ^ I x+3/ I (x~p'(x+^)}^ I 

j/, A)“ |27rp'(l-2)')j M 2(a: + y)j>'(l-p')/' 


(39) 


The latter ia easily seen to be the limit of the more general results for «' 
and }/' large, and both (38) and (39) are the limits of the results given for 
Case I previously when x' and y' tend to infinity in the ratio p'j(\ — p'). 
The following table indicates how the support varies with x and y for the 
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simple case of testing an even chance when the sample is small. In this case 
p' = and the ratios are denoted by K» 


X 

y 

K 

X 

y 

K 

X 

y 

K 

1 

0 

1 

1 

1 


2 

2 

1 « 

'S' ' 

2 

0 

ji 

T 

2 

1 


3 

3 

»r> 
j ?r 

3 

0 

t 

3 

1 

“4 

4 

4 

ft 1 & 
14 h 

4 

0 

6 

4 

1 

1 

TK 

6 

5 

rt u n 
^5 it 

5 

0 

T(r 

5 

1 

1 





None of these results is particularly decisive, and most of them have little 
weight in Keynes’s sense ( 1921 , Chap. 6 ) that the probabilities, with a little 
more information, might differ appreciably. It is not till x ~ 7, y = 0 that K 
falls below 0 -1, and not till x — y ~ 80 that it reaches 10 . To get this amount 
of support for an even chance therefore needs about as much information 
as woxild fix a ratio found by sampling with a standard error of 4 %. The 
result xmity for x = 1 , y == 0 of course expresses the fact that a single speci¬ 
men must be of one type or the other and therefore tells us nothing about 
the existence of bias. For an analogous reason the result for a given x is 
exactly the same for y — x and y = x + 1 . 

If a sample should have the composition (7, 0 ) it would be inferred that 
p was nearly unity, and the possibility that it is exactly unity would begin 
to be considered. This would be the type of case that can arise in a Mendelian 
experiment where an even chance might be exjieoted but actually all indi¬ 
viduals of one type die in the egg. Such an unexpected general rule is of 
course not covered by my assessments of prior probabilities. I have simply 
suggested that as a practical working rule all hypotheses stated in a 
sufficiently definite form to have their consequences worked out should 
have the same prior probability. It would, however, be absurd to apply it 
to such a case as this, where the rule would not begin to be considered 
seriously until numerous verifications of it had already been discovered. 
A workable, though rough, rule would be to take the probability as | at 
the actual stage when it begins to be taken seriously ; another would be to 
assess a prior probability on Laplaco’s theory from the results of previous 
experiments of the same type, as already suggested by Pearson. Such cases 
are instances of the rise into importance of the “excluded middle”, the 
status of which in inductive logic has been discussed elsewhere (Jeffreys 
p. 346 ). 

2 —Significance Tests in General —^The tests examined and revised above 
are particular cases of those for multiple sampling and contingency already 
given (i 936 <a!, pp. 428 - 32 ). The latter therefore also require revision. This 
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is indeed almost obvious on inspeotion. The outside factors contain factors 
where N is the whole number of specimens and the table has 
m rows and n columns. The exponential factor is exp( — Ix^) and for random 
occurrences will be k±^J( 2 k), where k = ww — m-"n+ 1. Thus the residt 
is the product of an enormous factor and a small one, the latter itself being 
capable of large random variations when there are many degrees of freedom. 
It will therefore in general be either very large or very small, and the random 
variations may determine which. There is no provision for indecisive results, 
such as we may expect to occur often in practice. The explanation is that 
the method used compared only the two extreme cases of complete pro¬ 
portionality and complete independence among the chances; in addition 
the statement of the latter alternative is wrong for the reasons given above. 
In normal cases there are several degrees of freedom, of which some will be 
relevant to the chances and others not, and the method does not distinguish 
between these. It is to be expected that the result of comparing the extreme 
oases will give a decisive answer one way or the other, but in most cases 
some intermediate case is more probable on the data than either, and we 
cannot identify the relevant degrees of freedom without a closer analysis 
that will test one of them at a time. This can, I think, usually be done by an 
extension of the theory for simple sampling or contingency. If abnormality 
anywhere is as likely as not, then out of k members the prior probability 
that any particular one is abnormal is nearly logg 2 /A; (1936a, p. 430). Thus 
we can test the extreme depar^tur© from proportionality by using the 
simple theory, but taking P{q | A)/P(-g | h) = kllog ^2 instead of 1. If this 
test adjudges its sampling ratio to be the result of random variation wo can 
accept the whole as random. If it indicates an abnormality we can proceed 
to test other members, the prior probability now being given by Peorson^s 
extension of Laplace's theory. This method has already been used twice 
{1936a, p. 441; 19376, p. 39). A more accurate one may be possible, but 
would be much more complicated and would usually lead to the same 
results. 

The actual value of x^ for the whole set of data now ceases to have much 
direct importance, but its evaluation is nevertheless desirable in practice. 
The entry that makes the largest contribution to x^ would naturally be the 
first to test by the above method. If x^ feUs within the limits indicated by 
its standard error, as it does in about two cases out of three when the 
variation is in fact random, the variation may be at once accepted as random 
if there is no obviously outstanding contribution and the signs of the 
residuals show no systematic variation. The latter point may be tested as 
follows. When previous considerations arrange the groups in some definite 
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order (e.g. in studying the variation of mortality with age) a persistence of 
sign in consecutive residuals is as likely as a change if the variation from the 
trial values is random. The numbers of persistences and changes can there¬ 
fore be compared with the hypothesis that the chance of a persistence is i.* 
Similarly a residual of three times its standard error, if it is not specially 
selected, is significant if it is based on less than about 10,000 observations 
and can usually be accepted at sight. I have found these simple tests 
adequate in the great majority of cases in recent work on the times of trans¬ 
mission of earthquake waves to different distances. It is a drawback of the 
use of by itself that it attends only to the magnitude of the residuals 
and not to their signs. This extra test, however, often indicates a systematic 
variation when x^ by itself is sufficiently greater than n-i-yj( 2 n) to suggest 
one but not to establish it. It is only in intermediate cases that any test 
more detailed than these three together is needed. 

When a set of data is arranged in numerous groups there is a further 
difficulty about the use of x^ its usual form. If there are, say, 32 degrees 
of freedom, the expected x^ the hypothesis of randomness is 32 ± 8. 
If then one group contributes 16 to x* and the rest only 24, the total is 40, 
which as it stands would be consistent with random variation. But the 
exceptional residual is four times its standard error, and if tested directly, 
even with allowance for selection, would jjractically always be taken as 
systematic. With a large number of groups the random error of x^ naay easily 
hide a systematic variation that would be detected if it was tested directly. 

Similarly, when previous considerations put the groups in some definite 
order, several consecutive groups can be combined and the totals compared. 
This reduces the random error of x^ considerably, while its effect on the 
systematic difference, if there is one, is small; thus the sensitiveness of the 
test is much improved. The same applies if the groups naturally fall into 
two classes. In fact it appears that our best way of detecting systematic 
differences from a suggested rule is always to arrange the work so as to ask 
and answer one question at a time.t Thus William of Ockham’s rule 
''Entities are not to be multiplied without necessity”, for quantitative 
use must be amplified to “Variation is to be taken as random until the 
contrary is shown; and new parameters expressing systematic differences, 
when they are suggested, must be tested one at a time unless there is specific 

* If a straight line i» fitted to the data by least squares, the residuals must neces- 
sorily have two changes of sign. The changes must then be reduced by 2 before 
applying the test. 

t Fisher (1936, pp. 68, 106, 29 x) recommends a ptatition of among the degrees 
of freedom, testing each separately. This is a considerable step in the present direction, 
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reason to the contraryAs examples of a specific reason we may mention 
the cases of a suggested periodic variation of unknown phase, where coef¬ 
ficients of a cosine and sine enter the solution simultaneously, and of two 
earthquake epicentres tested for identity, where if there is a diifei'enoe in 
latitude there would naturally also be one in longitude.* 

This does not say that we should design our experiments in such a way 
that they will not provide material to answer more than one question; 
it is often desirable to do several exj>eriments at once, and in observational 
work the same set of data often provides information relevant to several 
different questions, f The rule refers to the analysis of the data, not to the 
data themselves. 

♦ Causality then survives only in the form that when a systematic variation 
is suggested in a sufficiently specific form to be tested we shall be willing to 
accept it if a significance test indicates that it is probably present. In the 
usual form of ‘‘determinism it is superficially precise, but in fact so vague 
as to be useless (Jeffreys 1937a, p. 245). Detenninisra may be true, but 
cannot be tested. Randomness may be true or untrue in any particular 
case, and can be stated and tested; and therefore it is from the extreme of 
randomness that we must start and not from that of determinism. To 

♦ Ockham’s principle, under some such name as the economy of hypotheses, is 
actually used in three different senses. (1) In Whitehead and Bussell’s “Principia 
Mathematioa ”, the number of postulates of logic is reduced to a minimuin, though 
many i*esuJt8 sliown to follow from the postulates would ordinarily bo considered as 
intuitively obvious as the postulates. The motive is here apparently aesthetic. On 
tho other hand the fact that a person holds two beliefs at the same time, though 
it affords some evidence for their consistency, is not decisive evidence. The proof 
that one follows from the other therefore oliminates some of the uncertainty 
associated with possible imperfections of the human mind. (2) Parameters in a 
scientific law that make no contribution to the results of any observation can be 
eliminated mathematically, leaving the observations to be described only in terms 
of the relevant parameters. When this is done an economy of statement is achieved, 
but no improvement in representing facts. ( 3 ) Tho third is tho statement in the text, 
which refers to the numlx^r of parameters to be admitted as relevant. The second and 
third principles are often confused. The second is always a pure tautology, but it is 
often stated as ”the principle of the rejection of unobservables” and used to deny 
the relevance of any parameter imt yet considered. It then becomes an a priori 
statement that futme observations must follow the laws already considered# whatever 
the observations themselves may say. Such an inference into the future must bo an 
inductive inferonct? based on probability, because it is logically possible that the 
observations may disagree with prediction. The third principle deals with such 
inferences; but the second when used in this way involves a logical fallacy. 

t E.g. several sets of data given by Fisher {1936) tost two Mendelian ratios and 
linkage; but he uses separate tests for all three. I have reworked a number of his 
examples by my methods but have not found a cos© yet where the actual decisions 
differ, though his criteria differ and differences would be expected to occur 
occasionally. 
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disprove it may take four observations or 100,000, and no rule can be laid 
down in advance os to how many it will take; this is expressed in the theory 
by admitting that a new parameter suggested may account for any fraction 
of the outstanding variation. Randomness, it must be noticed, is not 
a statement of fact but a working hypothesis used about the outstanding 
variation at any stage of the investigation. When it is adoi)ted the joint 
probability of the observations is the product of their separate probabilities 
given specified value of the parameters, and this is the condition for the 
validity of Bernoulli's theorem. The theorem would however be unaccept¬ 
able if at any stage a new parameter is found to be relevant, and in fact 
new parameters ai^ usually found relevant sooner or later. Thus the 
assertion of Bernoulli’s theorem into the indefinite future is equivalent to 
saying that we shall never know of more relevant parameters than we do 
now, and would be a denial of any possibility of progress. Any apparent 
instance of the theorem is a danger signal, indicating that too much has 
been assumed (Jeffreys 19366, p. 343). Alleged experimental proofs of the 
theorem really show only that if any other parameters are present than 
those originally contemplated their influence is too small to be shown by 
the number of observations available. But randomness as a working 
hypothesis is valid simply because it leads to inferences capable of being 
tested and can be revised when need is shown. 

3 — The Revision of Prior Probabilities —^The object of this work has been 
to give formal expression to the principles best laid down, I think, in the 
“Grammar of Science”, Pearson says (1911, p. 12): “Now this is the 
peculiarity of scientific method, that when once it has become a habit of 
mind, that mind converts all facts whatsoever into science. The field of 
science is unlimited: its material is endless, every group of natural phe¬ 
nomena, every phase of social life, every stage of past or present develop¬ 
ment is material for science. The unity of all science consists alone in its 
meihody not in itsmaOmal. The man who classifies facts of any kind whatever, 
who sees their mutual relation and describes their sequences, is applying 
the scientific method and is a man of science.” The fundamental jjostulates 
of such a system must be absolutely general; any restriction on their 
applicability is an assertion that we are entitled to use one criterion of validity 
in one subject and a different one in another. My object in this series of 
papers has been to find a set of simple and general postulates that will 
make it possible to assimilate any set of observed data into the general 
mass of scientific knowledge; and they have led to satisfactory rules for 
estimation and for testing new parameters in the fundamental problems 
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of sampling, contingency, function-fitting, and the comparison of means 
of measured values. 

It must be noticed that all my assessments of prior probabilities are 
statements of previous ignorance. They would be applicable in a new subject, 
but not necessarily in one that is already highly developed. It is a fact that 
our degrees of confidence in an inference are often altered when there is 
a change in the data; the whole object of the theory is to give a formal account 
of how this can take place. The function of the assessments is to show how it 
is possible to begin. They cannot be expected to hold indefinitely at all 
stages of knowledge, because if they did they would lead to illegitimate 
inferences about frequency in the long run by Bernoulli's theorem. It is 
a legitimate question, therefore, to ask what assessments should replace 
them in any advanced subject, allowing for previous experience in that 
subject. Pearson has noticed this point (1907, p. 366). “I start as most 
mathematical writers have done, with the equal distribution of ignorance, 
or I assume the truth of Bayes's theorem. I hold this theorem not as rigidly 
demonstrated, but I think with Edgeworth that the hypothesis of the equal 
distribution of ignorance is, within the limits of practical life, justified by 
our experience of statistical ratios, which a priori are unknown, i.e. such 
ratios do not tend to cluster round any particular value. Chances lie 
between 0 and 1, but our experience does not indicate any tendency of 
actual chances to cluster round any particular value in this range. The 
ultimate basis of the theory of statistics is thus not mathematical but 
observational. Those who do not accept the hypothesis of the equal distribu¬ 
tion of ignorance are compelled to produce definite evidence of the clustering 
of chances, or to drop all application of past experience to the judgment 
of probable future statistical ratios. It is perfectly easy to form new statis¬ 
tical algebras with other clustering of chances." Further comment on this 
passage seems needed. I should say that if at the outset we are ignorant of 
a chance, Bayes’s assessment of the prior probability is merely the formal 
way of saying so. It has nothing to do with observation, but simply trans¬ 
lates from ordinary language into probability notation. The postulate that 
probabilities are orderable, and the addition rule for disjunctions, have 
already been given, and granting these there is no other way of saying 
“I do not know the chance". A sceptic may say that the statement ^‘on 
data r, proposition p is more probable than q** is meaningless, that is, that 
prediction is meaningless. The position would be logically consistent; I only 
say that I know nobody that holds it consistently (1936c, p. 324). On the 
other hand Bayes’s assessment is a statement of initial ignorance for one 
class and only one. But when we try to estimate other chances the questions 
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wonld at once arise ‘*Are all chances equal?’’ which a significance test 
answers in the negative; and then ‘*Do chances show any significant depar¬ 
ture from a uniform distribution? ” Edgeworth’s statement is then equiva¬ 
lent to saying that no significant departure from uniformity has been found. 
If it is correct we are still entitled to proceed, saying that any chance is 
equally likely in a new class, and at this stage a few further instances would 
alter the assessment for the next less than it would at an earlier stage. But 
actually the statement is incomplete. Pearson recognizes this elsewhere 
(1911, p. 141) when he comments on the tendency of sampling ratios to 
cluster at 0 and 1, and proposes a modification of Laplace’s theory to take 
this into account. Again, no geneticist would agree that chances in his 
subject are uniformly distributed. The results given earlier in this paper 
would apply to the conditions at the time of Mendel’s original experiment, 
but a modem Mendelian would be entitled to use the probabilities indicated 
by the observed frequencies of 1 : 1 , 1 ; 3 , 3 :6, 0 : 1 ; ratios in interpreting 
a new experiment, and in fact does so roughly. Mendel’s first results each 
rested on about 8000 observations; some hundreds would now usually 
be considered enough, and this corresponds to the fact that all that is now 
needed is to establish a high probability for one ratio compatible with the 
Mendelian theory against the others that have previously occurred and 
a backgroimd of other ratios attributable to differences of viability. A 
chemist wanting the molecular weight of a new compound would not 
content himself with a statement of his own determination. He carries 
out a complete analysis, finds one constitution consistent with all the data, 
and if he makes any further use of the results he will adopt a molecular 
weight calculated from the ‘"International Tables”. The uncertainty will 
be that of the calculated value, not that of his own. Thus previous informa¬ 
tion is habitually used and allowed for, whether explicitly or not, and it is 
not in all subjects that the previous information is of the type considered 
by Pearson in the passage quoted. 

On similar grounds I should accept Dirac’s argument (1937) on the 
clustering of non-dimensional physical parameters near powers of 10®* as 
a basis for inductive inference. 

Differences in procedure in different subjects are therefore explained by 
differences in the nature of previous results, allowed for in a way equivalent 
to a reassessment of the prior probability based on observation. There is 
no need to assume any difference in fundamental principles, which them¬ 
selves provide means of making such reassessments. It is in fact desirable 
that the results of a subject should be analysed at convenient intervals 
to see whether any alteration will be needed for future use, in order that 
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the inferences shall represent as closely as possible the knowledge available 
at the times when they are made. Any subject in its development obtains 
the kind of information that is needed to bring its prior probabilities up 
to date. At present, however, we must be content with approximations, 
and in some subjects at any rate there appears to be no need for any 
immediate modification of the assessments used to express ignorance. 
Fisher’s fiducial limits, which have been extensively used, differ a little 
from my critical values for significance, but the differences are slight for 
ordinary numlwrs of observations and the decisions would rarely be 
different. The fact that Fisher’s rules have led to considerable progress 
where they have been applied, without any serious need for revision having 
been found, seems to indicate that in these subjects my assessments of the 
prior probabilities do not require much alteration to bring them into 
accordance with present knowledge. Thus if Fisher had found that only 1 /20 
of the differences found statistically lay beyond his 5 % limit he would 
presumably have noticed it and inferred that the limit for significance should 
be drawn at a higher level to reduce the risk of accepting random variations 
as significant. In subjects where statistical methods have hitherto had little 
application the assessments ere applicable as they stand. It is clear that 
we cannot revise them in the same way in all subjects; experience in genetics 
is relevant to other problems in genetics, but not in earthquake statistics. 

Attention is called to the fact that in my tests the ratio of the critical value 
of a difference to the standard error of the latter varies a little with the 
number of observations. A difference of twice the standard error may be 
just significant when it rests on five observations, but not when it rests on 
100. For application of the tests it is therefore necessary to know the number 
of observations, and in many cases tins is not given explicitly in published 
work and can be disentangled with great difficulty, if at all. In other words 
a difference of 1*0 ± 0*5 units may be worth considering further if it rests on 
five observations each with a standard error of 1-2 units; if it rests on 100 
observations each with a standard error of 5 units it is not. This comes from 
pure probability theory and does not allow for the possibility of systematic 
error of observation, which might be considered at a later stage and would 
accentuate the effect. 


StTMMABY 

A mistake in two significance tests previously given by the author is 
corrected ; the difference between these appeared to be much more than 
could be accounted for by the difference in the experimental conditions 
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considered, and is now almost entirely removed. The revision leads to a 
restatement of Ockham’s principle for practical application, and to a dis¬ 
cussion of the revision of prior probabilities as knowledge in a subject 
advances. 
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Researches on the Chemistry of Coal 

VIII—Comparative Studies of the Macro-Constituents 
of Bituminous Coals 

By W11J.IAM A. Bone, D.Sc., F.R.S. and Basil J. A. Baed, Ph.D. 

{Received 1 July 1937 ) 

Often during recent discussions upon the chemical constitution of coal 
it has been asked whether or not there is any recognizable difference between 
the essential chemical structures of the principal macro-constituents (i.e. the 
“bright”, “dull”, and “fusain”) of bituminous coals. Accordingly the 
authors have carried out comparative studies of the benzene-pressure 
extractions and alkaline permanganate oxidations of such constituents with 
a view to answering the question, and the present paper summarizes their 
findings. 

At the outset it should be noted that, however carefully its macro- 
constituents may have been separated out from a given coal, it is improb¬ 
able that any one of them can be regarded as a simple chemical substance, 
for BO far no evidence has lieen forthcoming of their chemical homogeneity. 
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Fischer, Peters and Cremer (1932) carried out benzene-pressure extrac¬ 
tions of the “bright” and “dull” constituents of certain German coals 
without finding any material difference between the yields of the various 
fractions of the crude extract, although the “bright” yielded rather more 
total extract than the “dull” coal. 

This result was subsequently confirmed by Bates (1933) who had subjected 
certain representative British coals to similar extractions. But while 
agreeing that the “bright” yielded a somewhat larger total extract than 
the corresponding “dull” coal, he considered that the corresponding 
fractions into which the primary extracts from such coals can be divided 
by suitable successive solvent treatments have not always the same “in¬ 
dividualities”; albeit he was somewhat vague as to the differences between 
them. 

In this connexion it may be recalled that when Francis and Wheeler (1925) 
made ultimate analyses of the “ulmic acids” which they had derived from 
the “vitrain” and “durain” (i.e. “bright” and “dull”) portions of a certain 
bituminous coal, their results, namely— 

Percentages of 

* T- -1 

Ulinic acid from C H O 

‘'Vitraiii” 64-6 2-6 32-8 

“Durain" 65-4 3-0 31 6 

—scarcely suggested any fundamental chemical difference between them. 


Experimental 

1— The. Coala —The following three typical British coals were selected 
for the present investigation; 

(i) Busty “A ”, a well-matured Durham hard caking coal upon which a 
considerable amount of work has been done earlier in these investigations. 
The particular sample used in the present experiments had been stored for 
some years in the laboratory during which it had become slightly oxidized, 
its oxygen content having increased by about 1 % in 6 years. 

(ii) Dalton Main, a medium caking coal from the Parkgate seam at 
Rotherham, with “bright” and “dull” constituents in the approximate 
ratio 3 :2. 

(iii) Mitchell Main, a strongly caking coal of the para bituminous series 
from the Parkgate seam at Barnsley, with “bright” and “dull” con¬ 
stituents in the approximate ratio 3 : 1 . 
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Of these (ii) and (iii) were selected because of their having been extensively 
used by the Fuel Research Board, to whom we were indebted for the samples 
employed in our experiments. As received, they had already been roughly 
separated into **bright” and “dull” portions, and it only remained for us 
to complete the process. 

2— Separation of their Macro-Constituents —First of all each coal was 
broken down into small lumps which were then individually scrutinized, 
any “mineral charcoal” (i.e. “fusain”) being scratched out with a spatula 
and put aside for subsequent investigation. From the remainder were 
rejected all pieces containing both “dull” and “bright” constituents so 
intimately associated as to appear of a texture intermediate between the 
surrounding homogeneous “bright” and “duU” constituents which were 
afterwards hand-separated. Each was subsequently ground and sieved 
until it passed through a 20 but was retained by a 40 -mesh sieve, such being 
the degree of fineness required for the benzene pressure extractions. Another 
part of each was further ground so as to pass through a 100-mesh sieve, such 
being used for the alkaline permanganate oxidations. The “fusain” was 
also reduced to similar degrees of fineness before use. 

3— Proximate and Ultimate Analyses of the Separated Constituents — 
From the data shown in Table I it will be observed that in each case the 
“bright” contained notably less mineral matter and yielded more “vola¬ 
tiles” at 900 ® than the “dull” coal, while the “fusain” yielded the least 
“volatiles” of all. Also the carbon-contents were directly but the hydrogen- 
and oxygen-contents inversely in the order “bright”—“dull”—“fusain”, 
a circumstance which was strongly reflected in the C/H ratios. 


4 —Benzene Pressure Extractions —^These were carried out on the “bright ” 
and “dull” constituents of the Busty and Dalton Main coals, resi)eotively, 

Table I— Pboxxmate akd Ultimate Compositions 
OF THE Separated Constituents (Drv) 


Proximate analy^w of dry coal 



r- .. 

% volatile 


Ultimate composition of dry ashless coal 

Ratio 


% aah 

at 900* 

Heoidue 

C 

H 

N 

S 

0 ( dm .) 

C/H 

Busty** A*’ 










Brurhi 

2-20 

24-65 

Strong grev coke 

85-65 

4-60 

1-46 

MO 

7-00 

18-6 

DuU 

4-65 

21-60 

Black weak coke 

86-00 

4-66 

1-25 

0-85 

6-36 

38-7 

Fusain 

3‘SO 

12-15 

Black powder 

89-60 

3-50 

0-76 

0-35 

6-80 

25-7 

Dalt(>n Maiu 










Brkht 

1*30 

33-70*1 

Hard Bilvor- 

84-70 

5-70 

L75 

MO 

0-75 

14-9 

rhiU 

5‘15 

32-30/ 

urey coke 

86-45 

5-20 

1-46 

3-06 

6-85 

ltV6 

Futwin 

10-90 

13-46 

Blatut powder 

88-90 

4-10 

0-50 

0-65 

5-95 

21-7 

Mitch«U Main 










Bright 

1-00 

34-45'l 

Hard sUver-gi-ey 

86-30 

6-80 

1-60 

0-95 

5-36 

1(V3 


3-80 

27-10/ 

coke 

88-85 

5-20 

1-55 

0-70 

3-70 

23‘T 

Fttsain 

6*05 

11-66 ’ 

BUu^k powder 

92-30 

345 

0-70 

0-i36 

2-90 

31-7 
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and in each case the primary extract was sabsequently fraorionated 
according to the procedure already given by Bone, Pearson and Quarendon 
( 1924 ). The results, as shown in Tables II, III, and IV, do not suggest any 
material difference between either the yields or the ultimate compositions 
of the corresponding fractions from the “bright” and “dull” constituents, 
respectively, of the same coal. 

Table II— Benzene Pressure Extractions. Yields of Fractions 


Percentage yields of fractions on D.A. coal Total 

/ ■ " * . — -^ extract 



la 

lb 

II 

III 

IV 

% 

Busty 

Bright 

0-5 

1*9 

2-9 

0-4 

6‘8 

12-6 

Dull 

0-3 

2‘6 

30 

0*3 

6*3 

12-4 

Dalton 

Bright 

0-5 

2'4 

1-4 

1*4 


14-5 

Dull 

0-5 

1-6 

2-5 

0*8 

7-6 

130 


Table III— Ultimate Compositions of Fractions from Busty Coal 


Fraction 

16 


11 


III 


IV 



' * " "S 


" 1 ' 


> 


"" " N 

/o 

Bright 

Dull 

Bright 

Dull 

Bright 

Dull 

Bright 

Dull 

C 

87-2 

86-6 

90-6 

88*7 

72*3 

76*7 

86*4 

87*9 

H 

7-9 

10-2 

0*2 

7*4 

6*2 

6*9 

6-6 

6*2 

N 

0*6 

0*5 

1*2 

1*4 

— 

— 

1*4 

1*2 

S 

Trace 

Trace 

1*0 

1*0 

Trace 

Trace 

0*6 

0*6 

0 (diff.) 

4 3 

1-7 

M 

1*6 

— 

— 

7*1 

6*1 


Table IV— Ultimate Compositions of Fractions 
FROM Dalton Main Coal 

lo ib n HI IV 


Fraction 

0 / 

/o 

Bright 

Dull 

Bright 

Dull 

Bright 

Dull 

Bright 

Dull 

Bright 

Dull 

C 

85*8 

85-8 

88*1 

88-6 

87*8 

87*2 

72*4 

76-3 

85*6 

86*2 

H 

9*8 

10*8 

8*6 

7*6 

6*7 

7*2 

6*3 

6*2 

6*4 

6*7 

N 

0*1 

0*1 

0*4 

04 

0*8 

1*0 

1*8 

1*6 

1*6 

1*2 

8 

Nil 

Nil 

Trace 

Trace 

0*7 

0*8 

Trace 

Trace 

0*6 

0*6 

0 (difF,) 

4*3 

3*3 

3*0 

3*6 

4*0 

3*8 

19*4 

16-8 

6*9 

6*4 


5 —Alkaline Permanganate Oxidations —^The “bright” and “dull” con* 
stituents of all three of the selected coals were separately oxidized under like 
con ditions by means of boiling alkaline potassium permanganate, according 
to the procedure already described by Bone and Quarendon { 1926 ), and 
“carbon balances” for the yields of carbon dioxide, acetic, oxalic and 
benzene carboxylic acids were subsequently drawn up. For if there is any 
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major difFerenoe between the chemical structures of the ‘ ‘ bright ’" and * ‘ dull 
constituents of a given coal it should be reflected in the carbon distribution 
between their various oxidation products. But, as will be seen from the 
results detailed in Table VI, while there was never any qualitative difference 
between the oxidation products obtained from the '‘bright*' and “dull" 
constituents, respectively, the “dull" always yielded a somewhat greater 
proportion of its carbon as benzene carboxylic acids and a correspondingly 
lesser proportion as oxalic acid than the “ bright ” constituent, a circumstance 
which may be regarded as indicative of some slight difference between their 
fundamental “benzenoid" structures. And in this coimexion it should be 
noted that the “dull" was always rather more resistant to oxidation than 
the "bright" constituent. 

This being so, it seemed of interest to make a comparative study of the 
alkaline permanganate oxidation of the “fusain" or “mineral charcoal" 
constituent, and for this purpose that of the Busty and Dalton Main coals 
was separately examined. In each case it proved to be very much more 
resistant to oxidation than either of the coiTesponding “bright" or “dull" 
coals; for even after 200 hr, only about half the original “fusain" had been 
oxidized, the remainder being recovered practically unchanged. The 
“carbon balances" obtained in each case are given in Table V, 


Table V 

Fusain from 


PercontagG of original carbon 

Busty 

Dalton 

Unolmnged 

50-9 

50-2 

Yielded as COj 

21-9 

23*2 

Yielded as CHaCOOH 

0’7 

0-5 

Yieldfxl as oxalic iwid 

5*0 

3-8 

Yielded as benzene carboxylic acids 

20-1 

20*8 

Total accounted for 

98-6 

98-5 

Time of oxidation (hr,) 

192 

160 


Referred to the portion of the “fusain" actually oxidized in each case, 
the “carbon balances" would bo: 


Of “fusain** oxidized 

Busty 

Dalton 

Percentage of original C obtained as: 



COj 

46-3 

47*4 

CHbCOOH 

1*4 

1*0 

Oxalic 

10-3 

7-7 

Benzene carboxylic acids 

41-6 

42*4 

Total 

98*6 

98*6 

Vol CLXn—A, 
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On comparing these results with those yielded by the corresponding 
bright^’ and “dull” constituent in each case (Table VI) it will be seen 
that while the “fusain” yielded substantially more carbon dioxide than 
either of the other two, in the case of “Busty” its yield of benzenoid acids 
was substantially less than, but in the case of “Dalton” much the same 
as, that given by either of the other two constituents, a circumstance 
which again points to some slight difference between their fundamental 
“benzenoid” structure. 

Table VI— Results of Alkaline Permanganate Oxidations 
OF Bright (b) and Dull (d) Coals 

Coal ... liuHiy Dalton Main Mitchell Main 



Bright 

Dull 

Bright 

Dull 

Briglit 

Dull 


b 

d 

b 

d 

b 

d 

Percontago of original carbon 
obtained as: 

CO, 

36-9 

38*8 

400 

39-2 

40*0 

39*2 

c:h,cooh 

!•« 

1‘4 

1 » 

2-0 

1-7 

1*6 

COOH 


12-9 


15-1 

11*9 

15-9 

121 

COOH 

Benzene carboxylic acids 

46-7 

47-8 

39-9 

45-1 

410 

46^0 

Total 

97-1 

98-9 

96*9 

98-2 

98*6 

98*9 

Time taken (lir.) 


172 

21 

2^r 

45 

60 

KMnO. _ 

Ratio ——• used 

9'3 

10-0 

9-7 

9-9 

110 

10'7 


It may be added that, in addition to the foregoing oxidations under 
“carbon-balance” conditions, bulk oxidations were undertaken, using 
50 g. of the particular constituent in each case, and afterwards converting 
the mixture of benzenoid acids obtained into methyl esters which were 
finally fractionally distilled under reduced pressure (1 mm.) into those 
passing over (a) up to 140 *", (6) between 140 ° and 190 °, and (c) residue. 
No marked diffei^ence between their compositions was disclosed thereby. 

Our thanks are due to the Fuel Research Board for providing us with 
representative samples of Dalton and Mitchell Main coals employed in the 
investigation. 

Summary and Discussion 

(i) The “bright”, “dull”, and “fusain” constituents of Busty “A” 
Dalton Main and Mitchell Main coals, respectively, have been separated 
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and each of them has been separately submitted to (a) proximate and 
ultimate analyses, (6) benzene pressure extraction with subsequent frac¬ 
tionation of the primary extract, and (c) oxidation by means of boiling 
alkaline permanganate, in accordance with the usual standard procedure 
in each case. 

(ii) In regard to their proximate and ultimate compositions, whde, with 
the exception of Busty ‘"A”, both their mineral and carbon contents were 
in the ascending order ‘‘bright“dullfusain^', the reverse was 
always the case with their yield of “volatiles” at 000° and their hydrogen, 
nitrogen and sulphur contents. 

(iii) In regard to the results of the benzene pressure extractions of the 
“bright” and “duir' constituents, respectively, of the same coal, no 
material difference was observed between either the yields or ultimate 
compositions of the corresponding fractions of the primary extract in each 
case. 

(iv) In regard to the alkaline permanganate oxidations of the three 
macro-constituents of each coal, while their resistance to oxidation markedly 
increased in the order “bright”dull” ->“fusain”, no great difference 
was observable either qualitatively, as between the resulting products, or 
quantitatively, as regards the distributions of the original carbon between 
them, save only that the percentage yielded as carbon dioxide by “fusain ” 
was always materially greater than that yielded by either of the two 
constituents. 

(v) Viewed as a whole, there is nothing in the evidence suggestive of 
more than quite minor differences between the fundamental benzenoid 
structures of the three principal macro-constituents of a given coal, although 
the “dull” ap[)ear8 to be rather more matured than the corresponding 
“bright” coal. 
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The Slow Combustion of Acetylene 

By William A. Bone, D.Sc., F.R.S. 

AND J. E. Cabrittiiers, B.Sc., Ph.D. {Beii Research Fellouj) 


(Received 1 J^dy 1937) 


In 1905 one of ns in conjunction with Andrew published the results 
of extensive experiments upon the combustion of acetylene which showed 
that when a 2 C 2 H 2 + 0^ or + Og mixture was sealed up in borosilicate 
glass bulbs at atmo8})heric pressure and afterwards heated, reaction set in 
at 250"^, orpven at a somewhat lower temperature, and proceeded rapidly 
at 300°. Explosive combustion set in at about 350 ', the ignition point being 
raised either by reducing the initial pressure or by addition of oxygen to the 
equimolecular mixture. 

With regard to the slow combustion, it was shown that carbonic oxide 
and formaldehyde arise simultaneously at an early stage of the process, 
probably as the result of the thermal decomposition of an unstable C 2 H 2 O 2 


which might possibly be 


O.OH 

C.OH’ 


although only a form of polyglyoolide 


(C 2 HaOg)^ was actually isolated. The formation of formaldehyde preceded 
that of steam, and the whole process, it was thought, might be represented 
by the scheme: 


C.H^rC.OH” 

C.H^LC.OH^ 




CO + HatCrO 


HO 


H/ 


>C:0 


HO 

HO 


)>C;0 


CO + HjO COj + HjO. 


In 1930 Kistiakovsky in conjunction with Lenher and Spence used a 
flow method for investigating the reaction, mixtures of the two reactants 
being drawn at varying speeds through a tube maintained at some tem¬ 
perature between 280 and 322°, and condensible products removed im¬ 
mediately on leaving the furnace by means of U-tubes cooled in a solid 
COg-ether mixture. A short, “inductive period” of about 30-40 sec. was 
observed, and packing the reaction tube with pieces of broken glass led to 
a marked reduction in the reaction rate, pointing to the reaction being 
predominantly homogeneous and of the “chain” type. 

[ 502 ] 
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Subsequently Spence proposed a complicated “chain” mechanism in¬ 
volving glyoxal molecules in two different states of activation as the 
“chain carriers”. But while Kistiakowsky and Lenher found that in the 
presence of acetylene formaldehyde is further oxidized to formic acid, COg 
and HgO at a rate some hundred times faster than when alone, Stacie and 
Macdonald recently observed that the addition of formaldehyde to 
a C 2 H 2 -I- 2 O 2 mixture definitely retarded its interaction, and that the 
addition of glyoxal had no accelerating effect. 

In view of such seemingly contradictory observations, and of improve¬ 
ments in experimental methods during more than thirty years that had 
elapsed since the work of Bone and Andrew, the authors decided to re¬ 
investigate the subject, employing the procedure which had been applied so 
successfully in the research laboratories of the Imperial College, London, 
to the slow combustions of methane, ethane and ethylene, and the present 
pai)er gives an account of their results. 


Experimental 
1 —General Procedure 

PgOg-dried mixtures of highly purified acetylene and oxygen were admitted 
into an evacuated silica reaction vessel A (fig. 1) maintained at some 
selected constant temperature between 265 and lOS"" in an electric resistance 



Fig . 1—^Diagram of apparatus. 
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furnace, the reaction vessel being connected on the one hand through the 
water-cooled capillary tube B with a suitable manometer, and on the 
other with the well-cooled evacuated bulbs C and D whereby any con¬ 
densable products were efl'ectively removed before the gaseous ones were 
collected over mercury for subsequent analysis. 

In most experiments the reaction was stopped suddenly at some pre¬ 
determined point by removing the reaction vessel from the furnace and 
quickly plunging it into ice-cooled water, whereupon the gaseous products 
were Mdthdrawn lor analysis, after which the reaction vessel was washed out 
with a known volume of distilled water and the wasliings analysed quan¬ 
titatively for condensable products. 

By such procedurt> not only were pressure-time curves for the reacting 
media obtained, but the gaseous atid condensable products were removed 
at any selected stage of the reaction and completely analysed; and from the 
combined results in each case carbon-hydrogen-oxygen balances were 
subsequently drawn up. 

2 —Transition from Slow to Explosive Cmnbtistion 

Although reaction in a 2C2B2-f O 2 mixtme proceeded slowly at atmo¬ 
spheric pi’essure within the temf)erature range (265-295°) referred to, it ex¬ 
ploded after about 60 sec. on being admitted to the reaction vessel at 300°, 
carbon being deposited and the gaseous products consisting almost entirely 
of carbonic oxide and hydrogen together with tracjes of carbon dioxide, 
methane and surviving reactants but without any formation of steam, in 
accordance with the empirical eqxiatiori: 

2C2H24 Oa = l* 85 C + 2 0CO+l‘8H2-f0-01CO2 

+ (0'05CH4 -f 0-07 C 2 H 2 + O-OSOg). 

On the other hand, the products of the slow combustion within the tem¬ 
perature range referred to were found to consist of oxides of carbon, steam, 
glyoxal, formaldehyde, and formic acid, together with traces only of 
hydrogen. No ‘'peroxide*' was ever detected in them. 

The Pre.ssure-Time Curves—Typical pressure-time curves obtained for 
CaHa + O 2 at 265° and for 2 C 2 H 2 + O 2 , 3 C 2 H 2 -f O 2 and 4 C 2 H 2 -h O 2 mixtures, 
respectively, at 272° are shovm in figs. 2-6. It will be seen that in the first 
case there was a slight pressure-fall of 2 5 mm. during the first 20 min. 
followed by a continuous rise of 19 mm. as the reaction proceeded to com¬ 
pletion, tlie initial pressure having been 500 mm. With the 2 C 2 H 2 4-Oa 
mixture at 272° there was a pressure-fall of 7-6 mm. during the first 12 min. 



(mm.) 
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followed by a slight rise duriiig the next 10 min., after which there was an 
abrupt change, the pressure again falling somewhat to a hnal constant level. 

With higher acetylene con(3entrations there was always a progressive 
pressure fall throughout an experiment with a marked abrupt change in 
the rate of fall after a definite time within the first 8 min. Such abrupt 
changes wore marked by a rise of 0*7® in the temperature of the medium, 
doubtless due to some exothermic secondary reaction which became 
prominent at such juncture, and subsequent investigation showed that they 
occurred almost exactly at the point at which the whole of the original 
oxygen had disappeared. 

It seems that whereas the secondary reaction referred to had been 
operative to some extent during the whole reaction, its effect upon the 
pressure-time curve only became apparent after all oxidation had ceased, 
when it became the dominant change in the system. And as its effect upon 
the pressure-time curve was only observable with media initially con¬ 
taining more than an equimolecular proportion of acetylene, it may have 
been due to the polymerization of some initially formed hydroxy-acetylene, 
CH 

, a supjiosition which was supported by the subsequent isolation of 

C. OH 

an as yet unidentified oily phenolic compound from the oxidation products, 
particularly from those of media initially containing high acetylene concen¬ 
trations, as well as by other evidence obtained during the investigation. 


3 —Variation of Reaction Rate, with the. Partial Preasurea of the Reactants 

Taking the rates of oxygen disappearance as indicating the relative 
reaction velocities, the curves shown in fig. 6 summarize observations of 
such rates for CjHa + O,, 2CjHj-t-0, and SCjHa-l-O, media, respectively, 
all initially containing the same oxygen concentration of 190 mm. and 
reacting at 272®. It will be seen that the fastest rate was given by the 
SCaH, + Oa medium. 

Considering now the inverse of the time t required for half-reaction, we 
obtain from the curves: 


Medium CaHj-l-Oa 2CaHa + Oa SCaHa + Oj 

^mln. 

Ijt 0-0136 0-064 0-1176 

The values of Ijt are in the ratio 1:3-97:8-7, or very nearly the same ratio 
as the squares of the corresponding acetylene concentrations, namely 
1:4:9, in the three oases, proving the reaction velocity to have been pro¬ 
portional to the square of the acetylene concentration. 
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Similar curves for the rates of acetylene disappearance at 295° with 
3‘8 CjHj + 02 I'SOCjHj + Og media having the same inilial acetylene 

concentration were almost coincident, showing the reaction rate to have 
been independent of the oxygen concentration. 



Fig. 6—Disappearance of oxygen at 272°. 

4— Compositions of Media initially 2 C 2 H 2 + and CjHj + O^, 

respectivdy, at Various Stages during Reaction ai 266° 

Several experiments were made with the object of tracing the rates of 
formation of the various products during the interactions of 2 C 2 H 2 + O 2 and 
CjHg + Oj mixtures, respectively, at 266°; but for the purpose of illustration 
the result of only one of them in each case need be detailed. These are shown 
graphically in figs. 7 and 8, in which the partial pressures of the various 
components of the reacting media (acetylene, oxygen, glyoxal, formal¬ 
dehyde, formic acid, CO, COj, and HgO respectively) are plotted against 
time. It should be noted, however, that in order to include acetylene in the 
graph for the 2C2H2 -I- Oj medium (fig. 7), its cturve had to be transformed to 
another scale by vertical downward displacement, as indicated in the right- 
he,nd margin thereof. No curve for HjO formation is included in the graph 
for the CgHg+Og medium (fig. 8). 
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Next after oxides of carbon and steam, formaldehyde was always the most 
prominent oxidation product, its concentration attaining a nearly constant 
maximum, in the case of the 2 C 2 H 2 + Og medium, after about foiu’-fifths of 
the original oxygen had disappeared in about 40 min. With the CgHg -f O 3 
medium, however, its concentration, after attaining a maximum in about 
60 min., fell off slightly toward the end of the experiment. 



Fig. 7—Interaction of + at 266® C. 

5— Carbon^Bydrogm’Oxygen Balances for the Reactions of 
2 C 2 H 2 + O 2 and CgHg + Og Media, respectively, at 265° 

Attention is directed to the carbon-hydrogen-oxygen balances and 
other particulars shown in the accompanying Table I for the almost com¬ 
pleted interactions of 2 C 2 H 2 +O 2 and CgHg-fOg media, respectively, at 
266°, from which it will bo seen that practically the whole of the carbon, 


Pr^siire of acetylene 
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Table I —Reactions of 2CaH2 + 02 and CjHa + Oa Media at 266° 


Mixture 

2 C 5 

(Hj H- Og 


OgHg + Og 

Duration of reaction (min.) 


41 


298 

Initial partial pressures at 266* 

“ (mm.) 






497 


246 

o, 




247 



'739 


492 

Final partial pressures at 266“ 

(mm.) 




Gaseous CgHj 


364*0 


88-0 



350 


1-6 

COj 


53*6 


60*5 

CO 


170*6 


202-0 

H, 


NU 


3*5 

Condensable (CHO), 


5-6 


3*0 

CH,0 


49*0 


17*0 

HCOOH 


14*5 


16*0 

H 3 O 


60*0 


115*0 



742 


605*6 

CgH| used (mm.) 


143 


167 

used (mm.) 


207 


246*6 

Ratio Oj/CjHj 


1*45 


1*66 

Units in: 

C 

H, Og 

C 

H. 

Origuml mixture 

994() 

497 242 

490 

246*0 

Final products 

1006‘6 

483 248 

476* 

6 241*6 
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hydrogen and oxygen originally present was accounted for in the end 
products eniunerated. They also show how much more reactive was the 
2CaHa + than the C 2 H 2 -h Og medium. 


Summary and Discussion 


1— The slow interactions of mixtures of acetylene and oxygen between 
the limits 4C2H2*f02 and CgHg + Og in a silica vessel at temperatures 
between 265 and 272° and atmospheric presjsure have been experimentally 
studied as regards pressure-time curves, reaction rates, and the rates of 
formation of the various gaseous and condensable products. 

2— The pressure-time curves showed that (i) with C 2 H 2 + O 2 mixtures 
there was a slight pressure-fall during the first 20 min, followed by about an 
eight times greater rise as the reaction proceeded to completion, (ii) with 
2 C 2 H 2 4 - O 2 mixtures, there was a slight pressure-fall during the first 12 min., 
followed by a short abrupt increase in the rate of fall down to a constant 
level, and (iii) with still higher initial acetylene concentrations, there was 
always a progressive pressure-fall throughout an experiment marked by 
an abrupt change in the rate of fall after a definite time period within 8 min. 
of the start. 

3— The reaction velocity, as measured by the rate of oxygen-disappear¬ 
ance, was proportional to the square of the acetylene-concentration but 
independent of the oxygen-concentration. 

4— The reaction products actually identified and measured were: 
glyoxal, formaldehyde, formic acid, oxides of carbon and steam; and in 
addition traces of an as yet unidentified oily phenolic substance were 
detected. 

6—The evidence as a whole is consistent with the hydroxylation theory, 
assuming that the oily phenolic substance referred to may be regarded as a 

C H 

polymerization product involving unstable -' molecules, and that the 


C.OH 


C.OH 


glyoxal arose by intermolecular change from an unstable ^ 

6— On such suppositions, the successive stages of the slow combustion 
may be represented as follows: 


CH 

ch' 


rCH -1 rC.0H-| H.C:0 ^ ^ 


Hs 


6o + H,6 COa+H,6 
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In conclusion the authors desire to thank the GoTeming Body of the 
Imperial College for the Beit Fellowship (1936-6) under which one of them 
carried out the experimental part of the investigation. 
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The Diffusion of Pairs of Gases with Molecules 
of Equal Mass 

By L. E. Boabdman, M.Sc. and N. E. Wild, M.Sc. 

Phyeice Department, University of Birmingham 

(Communicated by S.W.J. Smith, F.B.S.—Received 1 June 1937) 

Introduction 

The problem of the self-diffusion of a gas has received considerable atten¬ 
tion, and it is of special importance in the kinetic theory because of the 
similarity of the diffusing molecules. Chapman’s exact classical kinetic 
theory (Chapman 1916 , 1918 ) gives the expression: 



where D^x = coefficient of self-diffusion, rj = coefficient of viscosity, 
p =, density, ifc =» a constant. The value of k varies from 1-604 to 1-200 for 
Maxwellian molecules (index of repulsive force 6 ) and rigid elastic spheres 
respectively. Massey and Mohr ( 1933 ), however, applying the quantum 
theory to collision processes in gases have deduced that for self-diffusion 
the factor given by the classical theory must be reduced by nearly J. From 
the point of view of this theory the molecules in true self-diffusion must be 
identical and indistinguishable,"' so that the prediction in that case cannot 

• We are indebte<l to Dr. H. 8. Maasey for kindly giving us his opinion on this 
aspect of the question. ‘ 
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be experimentally verified. Although the conditions of these experiments 
do not correspond to the case of self-diffusion of the quantum theory, it is 
a matter of considerable interest to examine the behaviour in diffusion of 
these pairs of gases which have in many respects a striking physical simi¬ 
larity. 

A method of calculating the coefficient of self-diffusion of a gas indirectly 
from a number of diffusion experiments was given by Kelvin ( 1904 ), but 
until recently no direct experimental measurements have been made. 
Harteck and Schmidt ( 1933 ) have attacked the problem by making diffusion 
experiments with normal hydrogen and a mixture rich in para-hydrogen. 

In our investigation, diffusion experiments were carried out with the 
pairs of gases, nitrogen-carbon monoxide, and nitrous oxide-carbon dioxide. 
The members of these pairs of gases have been shown to have the same 
molecular weights, the same molecular diameters (Smith 1922 ), and the 
same molecular fields (Jeans 1921 ) and inter-molecular fields (Ibbs and 
Underwood 1927 ). Each pair consists therefore of two virtually identical 
gases, and the diffusion experiments on these pairs of gases are a close 
approximation to seff-diffusion. 


Theory oe Method 

The method consists in allowing the pure gases contained in vessels of 
equal length and equal uniform cross-section to diffuse into each other for 
a given time, after which the comj^osition of the gas mixture in each vessel 
is determined. 

If p represents the density of one gas at any point in the apparatus then 

the differential equation of diffusion ^ der Physik). 

In the case of self-diffusion the coefficient is a constant and the equation 
is exact. 

Solving this equation for the appropriate initial and boundary conditions 
gives the value of p for one gas at any point x along the diffusion tube 
(measured from the top) at any time whence by integration the masses 
0 and u of the same gas in the upper and lower halves of the apparatus are 
obtained, giving finally 

-I- 1 ^ r -L \ 

u + 0 ® 


where L is the total length of the diffusion apparatus (Obermayer 1880 ). 
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In the ratio-the concentration of the gas may conveniently be sub- 

U-jrO 

stituted for the mass. 

Using three terms of the above series Obermayer calculated the 


It o 

values of --for various values of the argument for his apparatus 

W -f O « 


86-62 cm.). 

To use the table for a diffusion apparatus having a length U the value of 
l)i 2 t given by Obermayer’s table must be multiplied by {L'jLy^ to give the 
correct value of 


Expkrimkktal Dktails of Method 

The method outlined above was first devised by Loschmidt ( 1870 ) and 
used later by Obermayer ( 1880 ) and others (Sclimidt 1904 ; Lonius 1909 ) 
for measuring the coefficient of diffusion of pairs of gases. 

The arrangement of the diffusion tubes 1^, is shown in fig. 1 . The tubes 
were made from copper tubing having a mean internal diameter of 1*3 cm, 
and walls nearly 3 mm. thick. The diffusion tubes were made as nearly as 
possible equal in length, and were closed by brass plugs Pj, Pg soldered into 
the ends. Two circular brass disks Pj, fhe centre were employed 

instead of a tap. The diffusion tubes were soldered into the disks at equal 
distances from the centre as shown in the diagi*am. 

A pivot was screwed into the centre of the lower disk (fixed) about which 
the upper disk could be rotated by means of a ‘"tommy” bar. A spring S, 
held in compression by a nut on the pivot, kept the factes of the disks always 
in contact. The contact surfaces were ground together, and made gostight 
with soft stop-cock grease. 

The connecting tubes for filling and emptying the diffusion tubes were 
made of small-bore glass tubing, the metal-glass joints being made with 
pioene wax. The tube connects the diffusion tubes with the rest of the 
apparatus (for filling the tubes and analyaing the mixttires). leads to the 
atmosphere or may be connected to an automatic pump if it is desired to 
evacuate the apparatus without collecting the gases. 

By a suitable rotation of the upper disk the upper diffusion tube may be 
( 1 ) put into communication with the rest of the apparatus, ( 2 ) closed, or 
( 3 ) brought into alignment with the lower diffusion tube. Exact alignment 
of the tubes was obtained by bringing scratch marks on the two disks into 
coincidence. 

The whole apparatus was surrounded by a wooden case to shield it from 



614 


L. E. Boardman and N. E. Wild 


draughts, and the experiments were carried out in a oellar which had no 
form of heating. Under these conditions the variation of temperature was 
very slow, and there was a constant temperature difference of 0’3°C. 
between the tubes, the upper tube having the higher temperature. 

Length of diffusion apparatus = 89-09 cm. at 16“ C. 


P> 



Fig. 1—^The diffusion tubes. 


Ail the gases used in the experiments were obtained from cylinders and 
stored in gas tubes over mercury. The diffusion tubes were evacuated first 
by means of an automatic pump and in the later stages by means of a 
Toepler pump. The diffusion tubes were filled from a gas burette at a pres¬ 
sure of 1 mm. of mercury above atmospheric pressure. After being allowed 
to stand for some time to leach a steady temperature the pressure in the 
diffusion tubes was made equal to atmospheric pressure (observed) by 
momentarily opening the tubes to the atmosphere. The diffusion experiment 
was then commenced, the time of duration being measured by a stopwatch. 
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At the end of the experiment the gas mixtures in the diflfusion tubes were 
analysed. 

The gases carbon monoxide and nitrogen have almost exactly the same 
thermal conductivity, and in order that the katharometer method (a method 
of analysis depending on a difference of thermal conductivity) could be used 
it was necessary to oxidize the carbon monoxide to carbon dioxide. 

In the experiments with carbon monoxide and nitrogen, the gas mixtures 
were first left in contact with heated copper oxide until all the carbon 
monoxide had been oxidized to carbon dioxide, and then the mixtures of 
carbon dioxide and nitrogen were analysed by means of the katharometer 
(Daynes 1920 ). 

In order to test the reliability of this method of analysing mixtures of 
nitrogen and carbon monoxide, pure carbon monoxide and a mixture of 
known proportions (calculated from ])artial pressures) were analysed by 
this method. The results of this test are shown in Table I, 


Table I 


% Nj calculated 
from partial 
pressures 


00 
52 0 


% Na analysed by 
katharometer 

0*4 

52-4 


A volumetric analysis of the mixtures of carbon dioxide and nitrous 
oxide was made by absorbing the carbon dioxide by means of caustic 
potash, 

DiflFusion experiments were also carried out with the pairs of gases: 
hydrogen-carbon dioxide, hydrogen-nitrogen, and nitrogen-carbon dioxide, 
so that the coefficient of self-diffusion for nitrogen and carbon dioxide could 
be calculated by Kelvin's method. In these cases the gas mixtures could be 
analysed directly by the katharometer owing to the differences in the 
thermal conductivities of the gases used. 

The purity of the gases used and the natme of the impurity ore shown 
in Table II. 


Gas 

Table II 

% purity 

Impurity 

CO, 

99*9 

Air 

CO 

99*9 

Air 

N,0 

99*9 

N. 

H, 

99*9 

Air 

N, 

99*7 

0 . 


2 L 


VoL CLXII—A. 



516 


L. E. Boardman and N, E. Wild 


Experimental Results 

The results of the experiments are shown in the following tables, the final 
values of the coefficients being reduced to 15'' C. and 76 cm. pressure. For 
this purpose was assumed to vary inversely as the pressure, and the 
temperature indices used were those determmed experimentally by Ober- 
mayer’s (i88o) method. All the values of the coefficients of diffusion in the 
tables are in c.g.s. units. 


Table III— Nitrogen-Carbon Monoxide. 
Period of Diffusion — 16 min. 


Exp. 

Barometer 

Mean temp. 

Upper half 

Lower half 


No. 

cm. Hg 


/o 

%N2 


1 

74-6 

17-7 

18-7 

82-5 

0*219 

2 

73-9 

16-3 

18-3 

82*7 

0*211 

3 

76-2 

162 

82-8 

17*5 

0*206 

4 

74-6 

160 

17*9 

82-8 

0*208 





Mean 

= 0*211 


Exps. 1, 2 and 4 were performed with nitrogen initially in the lower half 
of the apparatus, while Exp. 3 was performed with nitrogen initially in the 
upper half. In order to find if was affected by a change in the period 
diffusion an experiment was carried out in which the gases were allowed to 
diffuse for twice the period given in Table III; the result showed no a,ppre- 
ciable change in Djg* The results of this experiment were as follows: 


Barometer Mean temp. Upper half Lower half 
cm. Hg %N, %Na 

74-5 16-9 25*0 76-3 0209 

In this experiment nitrogen was initially contained in the lower half of 
the apparatus. 


Table IV —Nitrous Oxide-Carbon Dioxide. 
Period op Diffusion = 60 min. 


Exp. 

Barometer 

Mean temp. 

Upper half 

Lower half 


No. 

cm. Hg 

"C. 

% N,0 

% N^O 

A* 

1 

74*1 

13*8 

75-3 

25*5 

0*107 

2 

76*2 

12*4 

24-9 

76*6 

0*108 

3 

74*6 

12*9 

250 

75*3 

0*106 

4 

73*3 

14*1 

26-6 

76*0 

0*107 

5 

73*2 

14*3 

75-0 

25*0 

0*106 

6 

75*3 

14*1 

24-9 

76*4 

Mean 

0*106 
= 0*107 
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ExpB. 1 and 6 were carried out with nitrous oxide initially in the upper 
half of the apparatus, and Exps. 2, 3, 4 and 6 with nitrous oxide initially in 
the lower halt" of the apparatus. 


Table V— HYUKOGEN-NiTRoaEN. Pebioo of Diffusion = 10 min. 


Barometer 

Mean tem]>. 

Upper lialf 

Lower lialf 


cm. Hg 


% H, 

O/ 14 
/o 

^>ia 

72-9 

13-9 

73-0 

27-2 

0-740 

74-2 

13-9 

73-1 

26-8 

0-740 

73-6 

J4-3 

72-9 

27-1 

0-745 

74-1 

14-1 

73-2 

26-9 

0*737 

75-3 

13-7 

72-9 

26-5 

0*749 

76*3 

14-2 

73-6 

26-6 

0*743 

70-1 

14-2 

73*5 

26-7 

0-742 

75-9 

14-3 

73-3 

26-7 

0-744 

76-8 

14-2 

73*1 

26-6 

0-747 


Mean == 0-743 


Table VI —HYDBoaKN-CABBON Dioxide. 
Period of Diffusion = 15 min. 


Barometer 

Mean tomp. 

Upper lialf 

Lower half 


cm. Hg 



/o 

Aa 

74-2 

15-7 

70-0 

30-1 

0*616 

73-7 

16-8 

69*8 

30-4 

0*622 

74*8 

16-9 

70-1 

30-3 

0-622 

74-2 

16*2 

69*5 

30-1 

0-625 

73-6 

16-9 

70*3 

30-5 

0-612 

74-2 

15-3 

70*3 

30-4 

0*617 

73*8 

15-2 

70-0 

30-2 

0-616 




Moan 

0-619 


TaBLH! vn —NiTBOQEN-CaRBON DtOXIDB. 


Period of Diffusion 

= 40 MIN. 


Barometer 

Moan temp. 

Upper half 

Lower half 


cm. Hg 

°C. 


O/ XT 

/o 

A. 

76-6 

16-1 

76*2 

24*8 

0168 

76*6 

16-9 

76*0 

26*0 

0159 

75-6 

16*7 

75*2 

24*8 

0168 

76*7 

16-3 

76*2 

24*9 

0169 

73-7 

16-1 

74*6 

24*6 

0166 

74-7 

15-3 

76*1 

24*4 

0166 


Mean = 0-158 


2U2 
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Bisojussiok ojf Results 

The mean value of for nitrogen and carbon monoxide, which ia to be 
regarded as the classical coefficient of self-diffusion of either gas, was 
found to be 0-211 cm.^/sec. at 15^ C. and 76 cm. pressure. 

Using this value of the value of the constant k in the self-diffusion 
ICTl 

relation may now be calculated: 

7} = 1*737 X 10 “* c.g.s. units at IS*^ C. (Smith 1922 ), 
p = M84 X 10 ^® g./c.c. at 16° C. and 76 cm. 

Substituting these values gives k— 1*44. 

The mean value of for nitrous oxide and carbon dioxide (Du for either 

gas) was found to be 0-107 cm.^sec. at 15° C. and 76 cm. pressure. Also 

7) = 1-441 X 10 ~* c.g.s. units at 15° C. (Smith 1922 ), 
p = 1*874 X 10”* g /c-c- fl't 16° C. and 76 cm. 

Substituting these values in the self-diffusion relation gives k = 1*39. 

Thus in both the cases of self-diffusion investigated experimentally the 
value of the constant k lies between the values given by the classical theory 
for Maxwellian molecules and rigid elastic spheres. The value of fc for 
nitrous oxide and carbon dioxide is smaller than the value for nitrogen and 
carbon monoxide. 

The calculation of the coefficients of self-diffusion of nitrogen and carbon 
dioxide from the results given in Tables V, VI and VII is carried out as 
follows (Kelvin 1904 ). Maxwell’s formula based on the rigid elastic sphere 
model is 

Dj 2 


1 F 1 //I 1\ 

2V(67r)iyr-Sf?*vWi'^w,/’ 


where and are the masses of the molecules referred to hydrogen as 

unity, y — = the mean of the radii of the two kinds of molecules, 

V = the root mean square velocity of a hydrogen molecule at 0 ° C., iV = the 
number of molecules in a cubic centimetre of gas at 0 ” C. and 76 cm. pressure. 


'2^)N 


a constant 



then 
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Diffusion of Pairs of Chses 

Now if 2)^2 ^2 known K^/Sj^ can be calculated. If this is 

done for the three pairs of gases then SJK may be determined, for 

§1 — I 

K K K K 


whence by substitution 


Ai = 


12 

SI Jufi 


The results of this calculation are given in Tables VIII, IX and X. 


Table VIII 


Qm 

Mol. wt. 

0 = 16 000 

(t) 

1 

/- 

V w 

(1)H, 

2016 

1000 

1-414 

(2)N2 

28-016 

13-90 

0-379 

(3) CO, 

44-0<M) 

21-83 

0-303 


Table IX 


GaH mixture 

Djjj exp. 


SJK 

(1H2) H.~N. 

0-743 

103B4 

1*180 

(2H3) N,—CO. 

0*158 

0-3431 

1-472 

(3)~(1) CO.-H, 

0-619 

1-0227 

1*286 


Table X 



Gas 

SJK 

Dn 


H, 

0*994 

1*43 


N, 

1*366 

0-203 


CO, 

1*678 

0*121 



It will be seen that there is reasonable agreement between the values 
obtained directly for the pairs of gases nitrogen-carbon monoxide and 
nitrous oxide-carbon dioxide, and for obtained indirectly by the Kelvin 
method for nitrogen and for carbon dioxide. The diffusing molecules for the 
pairs mentioned are in each case similar in many respects, and the result 
obtained is in accordance with the predictions of the classical kinetic theory. 
As the molecules must be distinguishable for a diffusion measurement to be 
made it is not possible to devise an experiment to examine the quantum 
theory conception of self-diffusion. The results are therefore not opposed 
to the conclusions of Massey and Mohr, and in fact were to be expected 
from their work. • 
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We thank Professor S. W. J. Smith for providing full facilities for this 
work in the Physics Department of the University of Birmingham. We are 
also very much indebted to Dr. T. L. Ibbs for bringing this j)roblem (which 
was originally suggested by Professor S. Chapman) to our notice; and for 
mxich help and advice in carrying out the work. 

Summary 

Diffusion experiments were carried out with the two i)air8 of gases, 
nitrogen-carbon monoxide and nitrous oxide-carbon dioxide. Previous 
exj)eriments have shown that each pair (‘onsists of two gases whose physical 
properties are almost exactly the same. The diffusion experiments made 
with these pairs of gases are therefore, from the point of view of the classical 
kinetic theory, a close approximation to self-diffusion. The coefficients of 
self-diffusion for nitrogen and for carbon dioxide were also calculated from 
experiments on the pairs of gases: hydrogeii-carbon dioxide, hydrogen- 
nitrogen, and nitrogen-carbon dioxide. There is good agreement between the 
coefficients obtained by the two methods. The result is iiot contrary to the 
conclusions reached in the quantum theory of collisions of Massey and 
Mohr, as from that point of view it is ne(5cssary for the molecules in true 
self-diffusion to be identical and indistinguishable. 
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Neutrons, Degeneracy and White Dwarfs 

By D, S. Kothaki, Ph.D. (Cambridge) 

Department of Physics^ University of Delhi 

(Communicated by M, N, Saha^ F.R.S.—Received 8 Juibc 1937) 
Sdmmary and Introdttction 

The present paper gives an account of work which, as a consequence 
of the fact that the neutron mass is grtmter than the combined mass of 
the proton and the electron, leads to (i) the existence of an upper limit 
for the pressure exerted by degenerate electron gas (present in coldf 
ionized matter), and (ii) certain interesting conclusions regarding the 
presence of hydrogen in the interior of a white dwarf star and its relation 
to the radius of the star. It will be proved (in a straightforward way) 
that a white dwarf having a mass greater than a certain critical mass 
(about 40//y.2, where O is the mass of the sun) cannot contain hydrogen 
in its interior. In fact, it seems possible, as will appear in the sequel, 
to determine the neutron-proton mass difference from purely astrophysical 
data regarding the white dwarfs.J 

1 —The recent work§ of Rutherford and others on nuclear disintegration 
and of Aston on mass-spectrograph measurements has now established the 
fact that the neutron mass exceeds the combined mass of proton and 
electron by 0*0009 mass xinit, and it is improbable that the error can 
exceed 0*0001 unit. We shall denote this neutron mass excess by 17, and 
in numerical work take 

U =» 0*001 mass unit = 1*48 x 10”® erg = 0*93 x 10® e-volt. 

t The word cold is used in a technical sense. Matter will bo referred to as cold or 
degenerate if its temperature and density aare such that any free electrons present 
constitute a degenerate gas in the sense of Fermi-Dirac statistics. The stellar material 
in the interior of white dwarfs and planets will, therefore, bo referred to as cold. The 
existence of an upper limit for the radius of a cold body follows from the theory of 
pressure ionization (see Kothari and Majumdar 1936 a; Kothari 1936 ). 

X The main results contained in this paper were submitted in an abstract form to 
the Indian Science Congress (in October 1936) and printed in their Abstracts (1, p. 1. 
1987). While the present paper was being written for the Press, the writer came 
across a most interesting article by Hund ( 1936 ) on ‘VMaterie unter selu* hohen 
Druoken und Temperaturen”, where essentially the same resiilt os (i) above has been 
given, and he desires to acknowledge in a general way his indebtedness to this article 
by Hund. The astrophysical applications contained in the present paper ore, I 
believe, new. 

§ A short account is given in Feather ( 1936 ). 

[ 621 ] 
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The existence of an upper limit for the pressure exerted by degenerate 
electron gas is a direct consequence of the above fact, as can be seen in 
the following way. 

Let us consider degenerate matter, e.g. a mixture of free electrons and 
protons, and suppose this to be gradually compressed (density increased) 
so that JE*'*, the maximum energy of the Fermi distribution (which in the 
nan-relativistic case is 5/3 times the mean residual or null-point energyf 
per electron) attains the value U, Let the corresponding value for the 
pressure of the degenerate electron gas be denoted by Any further 
compression (i.e. increase in density) will tend to increase E* above U 
and endow some of the electrons with kinetic energy greater than U, but 
these electrons, as they have an energy greater than t/, will combine with 
protons transfonning them into neutrons, the neutrinos being furnished 
from negative energy states according to the process pictured by Bloch 
and Mollor ( 1935 ), also Bethe and Bacher ( 1936)4 Therefore, electrons 
with kinetic energy greater than V do not exist in a free state, but are 
removed by the protons to form neutrons with the result that will 
not exceed J 7 , and consequently the pressure of the degenerate electron 
gas will not exceed 

2 —Our discussion so far has been in general terms. We shall now 
substitute the proper numerical value for U and evaluate 

The relation connecting pressure and electron concentration for a 
degenerate gas taking account of relativity has been worked out by several 
investigators (Majumdar 1932 ). The pressure is given by 

p = -~|^{ia:(l+a:8)*(2ar*-3) + ilog[a;+(l + a;*)*]}, (1) 

and E^ is given by JE* = inc\(l -f 1 ], ( 2 ) 

t Expressions for the null-point energy, null-point pressure, and other allied 
q\iantities are given in a tabular form by Kothari { 1931 ). 

X It may be noted, as has been pointed out by these investigators, that the 
probability of an electron (which has energy in excess of U) transforming a proton 
into a neutron is so small that the process con scarcely be detected under the usual 
laboratory conditions. However, this does not diminish its importance from the 
point of view of stellar applications. It will be seen (by putting the order of magnitudes 
of the various quantities in the formulae given by the above workers) that in the 
interior of a white dwarf having density large enough for the free electrons to have 
an energy greater than 17, a proton will remain free, i.e. not suffer transformation 
into a neutron, for a time negligibly small compeu'ed with the “life” of the star, and 
it is really this ratio of the “life of free proton” to the “life of star” that matters in 
stellar applications of the theory. 
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where z stands for 


h /3n\^ 


(3) 


m denotes the electron rest-mass, n the number of electrons per unit 
volume, and c and h have their usual meanings. 

If we put E* ^ U 1*48 x 10~® erg, we obtain from (2) 


X « 2*65. 


(4) 


Substituting this value of x in (3) we get for the maximum possible free 
electron concentration the value 


= 1*09 X 10®^ per cm,^, (5) 

and from (1) we have 

5*20 X 10^ dynes ]>er cm.*. (6) 

We notice from equation (2) that for 1, i.e. the maximum 

kinetic energy is less than the rest-mass energy, and thus for this case of 
x^ly the relativity correction is negligible. It is called the non-relativistic 
case and (1) and (2) approximate to 


^ ” 15 m\87r/ ’ 

(7) 


(8) 

Expressing p in terms of .B* we have 


^ 32V2jrm* , 

^ 15 h» 

(9) 

When Sf >1, E*Pmc^: it is called the rdativiatic case. 
and (2) reduce to 

For this case (1) 

2n, /Bn\i 

(10) 


(11) 

and corresponding to (9) we have 


27rE** 

(12) 


If we substitute ^ U ^ 1*48 x 10"® erg in (9) and (12) we obtain for 
the values 2*42 x 10** and 1*34 x 10** dynes/cm.* respectively, which 
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may be compared with the value 5*20 x 10** obtained from the exact 
equation ( 1 ). 

3— In the foregoing calculations we have considered the cold matter to 
be composed of protons and electrons. We have now to consider the 
modification in the value of when the degenerate matter is composed of 
free electrons and nuclei other than protons. Consider, for example, a 
mixture of free electrons and deuterons. The mass of the deuterium atom 
is 2-0147, and thus for a free electron to be able to transform a deuteron 
into two neutrons, the electron must have kinetic energy equal to the 
mass difference between two neutrons and a deuteron, i.e. 0-0035 mass 
unit. In the case of other elements, a reference to the table of atomic 
masses shows that for an electron to transform a nucleus of mass number 
M and atomic number Z into a neutron and another nucleus of mass 
number {M — 1 ) and atomic number (Z— 1 ), it must have kinetic energy 
round about the value 0 01 mass unit. 

Thus we see that in a mixture of degenerate electron gas and nuclei 
(if, Z)f a free electron cannot have a kinetic energy greater than 0 * 0,1 mass 
unit, for if it has an energy greater than this amount, it will combine with 
the nucleus and transform it into a neutron and another nucleus (if — 1 , 
Z- 1 ). In order, therefore, to estimate the maximum values for the 
electron concentration and pressure for this case, we have to substitute 
i?* = 0-01 mass unit in ( 2 ), and the corresponding value of x in ( 1 ). As, 
however, JE* = 0*01 is about 20 times the electron rest mass ( = 0*000547 
mass unit), it will be sufficiently accurate to use the relativistic formula ( 10 ) 
and ( 11 ) instead of the exact equations ( 1 ) and ( 2 ). Equation ( 11 ) gives 
for the maximum electron concentration 

Ka = 3*61 X 10** per cm.*, 

and equation ( 10 ) gives for the maximum electron pressure 

= 1*34 X 10** dyn 6 s/cni.*, 

4— Before we consider the application of the above results to the white 
dwarf stars, we shall summarize in this section the essential theoretical 
results conceniing their structure which are relevant to the present dis¬ 
cussion. In the case of the white dwarf stars the researches beginning with 
Fowler and later developed extensively by Milne and others have shown 
that the essential features of their constitution can be explained*by 
considering the stellar material in their interiors to be degenerate. Further, 
as has been proved in a recent paper (Kothari 1936 ) in the case of the white 
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divarf stars the degenerate matter will befvlly ionized^ i.e. the atoms reduced 
to free electrons and bare nuclei. A white dwarf is characterized by a low 
luminosity, a high effective temperature and large mean density. In 
preliminary theoretical treatment it is usual to assume the luminosity of 
a white dwarf to be zero, but as has been shown elsewhere (Kothari i 932 )> 
the small luminosity of a white dwarf has little effect on the calculated 
values of its radius and mean density. 

The radius R of a star composed of cold matter is connected with its 
mass M by the relationf (neglecting relativity effects, this being justified 
so long as the mass is not much larger than the sun) 

6K)*^J1 
25w« G/tS if* 


2-7»x 


III 




■-V 


cm., 


(13) 


where O is the mass of the sun, /t is the mean molecular w'eight per free 
electron and K is the “degenerate gas constant”. 

As /t is defined to be the average weight (on the chemical scale) per 
electron, pjfim ^—where p denotes the density and is the mass of the 
hydrogen atom—gives the number of free electrons per unit volume. If 
Pmean denotes the mean density, then from (13) we have 

M 967r iOy 
3 

= 2'19x 10*g./cra.*, (14) 


and this is connected with the central density by the relation (given in 
Milne’s notation) 


Po ^ (g't)* 
/'•'mew 3(wi) 


6-99; 


(16) 


f Milne ( 193 a). The notation used here is slightly different from Milne's paper. 
Our fi denotes the mean moleoulai* weight (per electron) on the chemical scale., 
whereas Milne’s /t (mean molecular weight per particle, i.e. electron as well as the 
** heavy particle ^’) is in grams. Again our K//i^ is his K. This is done to show exi>licitly 
the dependence on g. The * Regenerate gas constant” K in the non-relativistic case 
is defined by the relation: pressure of degenerate gas = Kp^/iK where p is the density 
of the degenerate matter. 
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and thus we have 



32 >r(<r|)*/G'\» 



IM\^ 

= 1-31 X 1 g./cm.», 

(16) 

or 

0 A* 

(17) 


On eliminating M between (13) and (16) we obtain 


6 —We are now in a position to consider the application of the results of 
§ 2. Equation (16) shows that n^, the free-electron concentration at the 
centre of a white dwarf star, depends directly on the square of the mass of 
the star. Let denote that mass for which the central electron concen¬ 
tration has the value w,„(= 1-09 x 10®^) which repreMnts the maximum 
value of electron concentration possible in “cold” matter which contains 
protons. For an electron concentration greater than n^ implies the 
existence of free electrons possessing kinetic energy greater than O-OOl 
mass unit, but such electrons cannot exist in a free state in the presence of 
protons—they will combine with protons to form neutrons. 

Substituting in (17), we obtain for Jfo 


■^0 “ ..2“ C )> 

A* 

and the radius for this mass is given by (18), 

„ 1-23 xl0» 

R a- - cm. 

A* 


(19) 


( 20 ) 


Equations (19) and ( 20 ) are based on (13) which, as already mentioned, does 
not take account of the relativity effect. The relativistic correction is un¬ 
important for masses which are less than or comparable with the solar mass, 
but as in our case is appreciably larger than O, the relativistic correction 
will also be appreciable. A reference to Table III in Chandrasekhar’s 
paper (Chandrasekhar 1935 ), where the problem of the equilibrium con¬ 
figurations for mass M when the equation of state of the matter composing 
it is defined by ( 1 ) has been investigated in complete detail, shows that the 
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relativistic effect will lower the value of by a factor of about 3, i.e, J/q 
40 

becomes about , but the change in is very little. 

fi 

The value represents a critical mass in the following sense. If the 
stellar mass is smaller than the central electron concentration 
which varies as the square of the stellar mass, will be less than n„^, but for 
M > Mq, will exceed This shows that for M < Mq, free electrons and 
protons can exist together without leading to neutron formation, but for 
M >Mq (for the stellar configuration to bo in equilibrium under its own 
gravitational forces) the central electron concentration must exceed 
and therefore free protons cannot be present. The essential point is this, 
that in a degenerate gas the maximum electron energy depends on electron 
concentration, and so long as protons are present, this maximum kinetic 
energy cannot exceed 0*001 mass unit—^fbr electrons with energy greater 
than this will unite with protons and transform them into neutrons. This 
in turn implies that the electron concentration must be less than 
= 1*09 X 10^^ per cm.®, and this is only possible for a stellar mass less 
than (or equal to) Mq. 

0—There remains now the important question: What will be the obser¬ 
vational consequences of the theoretical result that white dwarfs can be 
classified as (1) hydrogen-containing, M<Mq and (2) non-hydrogen 
containing, M> Mg'? 

It seems that there are three ways in which the effect of the hydrogen 
content of the interior wdll manifest itself. 

(i) If conditions be such that no hydrogen can exist in the interior of a 
star, then it is probable that there will be no appreciable amount of it in 
the outer portions also, for if any hydrogen be present in the outer portions 
it will diffuse towards the interior (which contains no hydrogen) where it 
will be “destroyed” and the process will continue till the outer layers 
have lost almost all their hydrogen. 

(ii) If no hydrogen is present in the interior then it is reasonable to 
postulate that the rate of energy generation by nuclear transformation 
will be very different from what it would be in hydrogen-containing white 
dwarfs. As is now well known most of the subatomic energy is released 
during the transformation of hydrogen into heavier elements, and an 
absence of hydrogen would imply a very small (or negligible) rate of energy 
generation compared to the hydrogen-containing white dwarfs. Possibly 
the non-hydrogen-containing white dwarfs would be too faint to be 
observationally accessible. 
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(iii) The value of the average electron molecular weight ii will be 
different for the two types of stars. For the non-hydrogen containing star 
/i will exceed 2 , but for the hydrogen-containing star the value will depend 
largely on the proportion of hydrogen present—for a fully ionized mixture 
of 30% by weight hydrogen and 70% iron is about 1 * 6 , 

Coming now to the known white dwarfs, all of them show hydrogen 
lines and roughly fall in the same class from the point of view of their 
L\M values. If we assume them all to fall in the hydrogen-containing 
class, then our theory predicts that their radh must bo less than 




1*23 X 10» 

—. —cm., 


or, putting = 2 , which is possibly its maximum value, equals about 
the radius of the earth (0*4 x 10® cm.). This conclusion is somewhat 
at variance with Kuiper’s recent discovery (Kuiper 1935 ) of a white 
dwarf A.C. (-f7*0®, 8247). Kuiper estimates its radius to be between 
(4*3 — 2*7) X 10® cm., and it is considered to be the smallest white dwarf 
so far discovered. At the present stage of our theory it is hardly justifiable 
to discuss this—certainly not large—disagreement at length. 

It is only necessary in conclusion to point out that the result, that white 
dwarfs above a certain critical mass cannot contain hydrogen in their 
interiors, follows from the theory in quite a straightforward way; the 
sj>eculative element enters when we discuss how this absence of hydrogen 
in the interior will affect the observational characteristics of the white 
dwarfs. And when this later part is put on a somewhat more secure basis, 
we shall have a purely astrophysical method of determining the neutron 
mass. 
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Nuclear Excitation and Disintegration Collisions 
involving Strong Interaction—I 

By H. S. W, Massey, Ph.D., Independent Lecturer in Math. Physics^ 
Queen^s Universityy Belfast 

AND C. B, 0. Mohb, Ph.D., Lecturer in Physics, 

University of Cape Town 

(Communicated by R. //. Fowler^ F.R.S.—Received 25 June 1937) 

The study of collisions between nuclear particles has developed to 
a remarkable extent with the discovery of the neutron and the introduction 
of artificial methods for effecting nuclear disintegration. It has been found 
in the last few years that the interpretation of the observed results is by no 
means as simple as was first expected. This situation is most apparent when 
tlie explanation of the variation of probability of capture of slow neutrons 
by different nuclei is considered. This probability varies in a very irregular 
manner from element to element and pronounced selective effects occur in 
certain cases. Attempts to explain (Elsasser and Perrin 1935 ; Bethe 1935 ) 
these resonance phenomena in terms of the usual approximations of quantum 
collision theory were soon found to be inadequate. All mcb attempts 
were based on the assumption that the chance of a nuclear collision being 
elastic is high compared with that of its resulting in capture or excitation. 
A high probability of capture (with emission of radiation) or excitation 
could then only appear together with a high probability of clastic collision 
and this is frequently contradicted by the experimental results. The 
sharpness of the observed resonance phenomena was also difficult to under¬ 
stand on tins basis. 

It was first pointed out by Bohr ( 1936 ) that the initial assumptions 
concerning the probability of elastic collisions, virtually involving the 
treatment of the elastic scattering as a one-body-problem in the first 
approximation, cannot be valid for nuclei in which the particles, even if 
existing separately in the nuclei at all, are so closely packed. On making 
a close collision with a nucleus a particle, such as an a-particle, neutron or 
proton, comes into close and strong interaction with a number of nuclear 
particles and its incident energy becomes distributed among them. It is 
only when a particular particle receives sufficient energy to leave the quasi¬ 
stable complex formed that a disintegration particle is emitted. (This may 
of course be the original incident particle, in which case the collision would 

[ 629 ] 
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be an elastic or excitation one.) Otherwise the surplus energy is emitted as 
radiation. The resonance }:>henomena arise from the energy levels of the 
quasi-stable complex. If the incident energy is such that the total energy 
is equal or nearly equal to that of one of these energy levels, the range of 
interaction and hence the collision cross-section is quite large. This point 
of view must be adopted not only when dealing with neutron collisions but 
in all cases in which the impinging particle does not possess an energy 
greatly in excess of the minimum necessary for the process to occur. Dis¬ 
integrations produced by charged particles, in which resonance effects have 
been observed for some time (Feather 1937 , p. 154 ), must therefore be 
capable of description in this way. 

Although there is little doubt of the correctness of Bohr^s explanation 
it is not easy to place it on anything like a quantitative basis. Breit and 
Wigner ( 1936 ) have discussed certain quantitative aspects of the theory 
concerning the emission of radiation employing the usual methods of 
radiation theory, and Bethe and Placzek ( 1937 ), using much the same 
methods, have dealt in general terms with the whole range of phenomena 
to be expected, but there has been no attempt made to deal with the 
problem in terms of quantum collision theory worked out more accurately 
than attempted hitherto (not assuming the prior importance of elastic 
scattering). It is very unlikely that such a mode of approach could ever be 
employed to deal with collisions between nuclei involving a great number 
of particles and it is ill-adapted for the discussion of radiative collisions 
in any case, but it is by no means impossible to consider in this way collisions 
involving relatively few particles (such as those between protons, neutrons 
or a-particles and the nuclei in the first row of the periodic table) in which 
no radiation is emitted. These represent the interesting transition oases 
where the more usual methods have not completely lost their validity and it 
should be possible to derive specific knowledge of the properties of light 
nuclei by refining the usual approximate methods. As the mathematical 
and computational difficulties which must be faced are considerable the 
first step to take is to deal as accurately as possible with problems of a three- 
body nature of the type 

a-partiole + (proton-hnuclear ‘*oore'’)^protonH- (a-partiole 4 -nuclear core) 

in which the nuclear “core“ is treated as a single particle. In this paper we 
describe in detail the results of such calculations for excitation and dis¬ 
integration phenomena. 

The essential feature of Bohr^s theory is the impossibility of obtaining 
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an accurate approximation by regarding the elaatio Boattering as most 
important and so we have worked out in detail the exact solutions for certain 
oases without assuming predominance of elastic collisions. To obtain such 
solutions the specifications of the colliding system have been somewhat 
idealized but without loss of the essential features. Numerical solutions 
have been obtained for two cases of excitation, for disintegration by an 
a-particle with neutron emission and for disintegration by a slow neutron 
involving emission of a charged particle. 

Prom these solutions it is possible to derive information concerning the 
way in which the usual approximation, which considers the resonance 
effects to be due to the energy of the incident particle ooinoidii^ with 
a “virtual” level in the average potential field acting on the particle, needs 
modification. Although the methods employed are capable of extension to 
three- and higher-body problems, such extension will involve greatly in¬ 
creased labour and the results already obtained for the two-body cases 
are of sufficient interest to warrant description before the more complicated 
oases have been worked out. It is of interest to notice also that the problems 
concerned in this paper are also of importance in the discussion of other 
collision problems involving strong interaction. 


1 —General Theoretical Considerations 

Let us consider a collision between two nuclei. The motion of the centre 
of gravity can be separated out so that the collision can be described by a 
function W of the co-ordinates determining the relative position of the 
particles comprising the nuclei. We shall consider for simplicity the case 
where the impinging nucleus is a single particle; the more general case 
presents no new features, 

The choice of defining co-ordinates is dictated largely by the nature of 
the particular collision in which we are interested. The discussion of an 
ordinary inelastic collision in which no rearrangement of particles between 
the two systems occurs follows on somewhat different lines to that of a 
collision involving capture, so we give them separate consideration. The 
m^hods employed are nevertheless similar in essentials. 

(a )—Excitation Otdlmona 

Hcae we choose as co-ordinates the relative co-ordinates r of the colliding 
SUdlmis and the eentre of mass of the struck nucleus, and those, a, of the 

VoLCLXII—A. an 
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particles comprising this nucleus also referred to its centre of mass. The 
ware equation in these co-ordinates takes the form 

where is the reduced mass, H the Hamiltonian operator for the motion 
of the bound nuclear particles relative to their centre of mass and V{t, a) 
the interaction energy. W, being a proper function of the co-ordinates s, 
can be expanded in a series of the orthogonal set of proper functions ^ 
which satisfy 

= ( 2 ) 

Writing then IP * (3) 

we find 

= J,^^*(8)F(r,8)?'(r,8)(i8, (4) 

an exact set of equations. To describe the collision solutions of these equa¬ 
tions must be obtained which are proper functions and have asymptotic 
forms 

JfJj ~ e*** +/(ff, 0) r-\ 

n-i,C..; (5) 

and it is supposed that the struck nucleus is initially in its normal state. 
The cross-section for an elastic collision is then 

Go-JJlM?i)l*8mddd#, (7) 

and for an inelastic collision in which the nth state of the struck nucleus 
is excited 

( 8 ) 

Before examining approximate methods of solving these equations it is 
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convenient to consider the form ( 3 ) for V substituted cm the right>hand side 
of the equations ( 4 ) giving 

+ n»0,l,2. (9) 

where = J^ir*(8) F(r, 8)v^,(8)d8. (10) 

Neglecting all non-diagonal matrix elements except those connected 

with the incident waves gives the set of equations 

(v* + P- - 0, (11) 

+ = n/0, (12) 

which may be solved by the method of Green’s functions in terms of the 
solutions of the equations with right-hand side zero. This is the “method 
of distorted waves” (Mott and Massey 1933, p. 100) and requires for its 
validity that the inelastic scattering be small compared with the elastic 
(unless both are so small that may be represented effectively by a plane 
wave). The matrix element Vno must be so small that “ small compared 

with the terms on the left-hand side of (11). We see also that the solution 
obtained by this method does not automatically satisfy the conservation 
of charge and therefore gives results which are very far from the truth 
when V„o is large. 

Further, in nuclei containing a large number of particles, the number of 
quantum states is very great and the matrix elements Vn.> even if small, 
give a far from unimportant contribution to the right-hand side of ( 9 ). 
We do not propose to deal with this type of failure of the distorted wave 
approximation in this paper, but instead to examine the behaviour to be 
expected when the method fails owing to F, or F„ being largely concentrated 
within nuclear dimensions even when the number of important excited 
states is limited. We therefore take the simplest case of one excited state 
only and so have to deal with the simultaneous equations: 

V*Fo + (a*-^Foo)Fo-Fo,F„ (13) 

V‘F,-h(fcS-?^F«,)Fi = F,oFo, (14) 
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without assuming small. These equations necessarily give solutions 
satisfying the conservation of charge, and these may be taken as represen¬ 
tative of the true solutions for more complicated cases in a way which could 
not be expected from the method of distorted waves. Description of the 
detailed calculations and results will be postponed until we have considered 
capture collisions as far as possible on the same footing. 

(6 )—CoUmons involving Capture 

The possibility of capture of the incident particle by the nucleus is 
represented in the preceding theory by the existence of solutions for 
which is negative. If the corresponding wave function is one of the 
continuous spectrum, the capture is accompanied by particle disintegration. 
It is difficult to obtain any quantitative results concerning capture cross- 
sections in this way, but it does offer some prospect of dealing with the effect 
of the possibility of capture on elastic scattering even when the calculation 
of the capture cross-sections themselves may be intractable. However, 
we defer such considerations to a later paper and proceed to discuss capture 
with particle emission from a modified view point. 

We restrict ourselves to cases where the incident particle is absorbed 
and a second particle emitted. The co-ordinates which are most suitable are 
now the relative co-ordinates p of the centres of mass of the two nuclei and 
those a of the nuclear particles which are bound after the collision, refen^ 
to their common centre of mass. The wave function W of (a) can then be 
regarded as a function of p, o and a solution of the equation 

where H' is the Hamiltonian for the internal motion in the final composite 
nucleus, V the interaction energy between the final nuclei and Jf, the final 
reduced, mass. Further, T may be expanded in terms of the orthogonal set 
of wave functions <j>, satisfying 




(16) 

Hence, writing 


(17) 

we obtain as before 




0, * C7(p,«) ^da, v^O. 1.2,... 

. (18) 
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If the solution is to describe the collision, we must have 

x), (10) 

where (E - E,), 

while for large r, W must have the form 

+ terms 0(r“^), (20) 

corresponding to outgoing spherical waves. The cross-section for the 
particular capture prt)cess which leaves the composite nucleus in state v 
is then 

( 21 ) 

It is clearly impossible to solve the equations ( 18 ) exactly, and in practice 
it is usual to employ a method of approximation similar to that of “distorted 
waves” sketched out in (a), giving 



+ = -^*j5i*(o) ? 7 (p, o) W •p„(8)de 

(22) 

with 


( 23 ) 

and 

U„^juip, a)|s 5 »l*da. 

( 24 ) 


This approximation suffers from the same defect as the method of distorted 
waves. If the incident nucleus spends a very long time in the neighbourhood 
of the struck nucleus one can no longer regard the terms which are neglected 
in deriving (22) as small, and the solution obtained will not satisfy the con¬ 
servation of charge even apjjroximately. Such a state of affairs will arise 
if the incident energy is close to a resonance value, and also if the number 
of particles, which can be exchanged between the two colliding nuclei, is 
so large that the incident energy is distributed among them all and takes 
a very long time to be reoonoentrated on a particular one in such quantity 
as to result in its ejection from the system. 

In attempting to obtain information in such cases we proceed as in (a) 
and neglect now all excitation processes either with or without redistribu¬ 
tion of particles. We then write 


(26) 



636 


H. S. W. Massey and C. B. 0. Mohr 

The fimction W can be expanded either in the form (8) or ( 17 ). The approxi¬ 
mation ( 26 ) amounts to substituting 

Go(P)54„(o) for (26) 

and Fo(r)^ois) for ( 27 ) 

Substitution in ( 4 ) and ( 18 ) gives the simultaneous integro-dififerential 
equations 

[v*+P--^>Foo]i?’o(r) = 6 )U^)G,{p)ds, ( 28 ) 

+ x*-^~^*C/oo]g'o(P) = U{p, o) Ws) ( 29 ) 

These are the equations which we use as the basis of our calouiations on 
capture phenomena. Using certain forms for V, V, ff>, \jr which bear a 
reasonably close approximation to the actual forms, it is {K>ssible to obtain 
exact analytical solutions of the equations without assuming the right-hand 
side of ( 28 ) and ( 29 ) to be small (this is, of course, the approximation made 
in deriving the equations (22)). However, before we make use of the 
equations it is necessary to consider the interaction potentials F(r, 8), 
U(p, a) in more detail. 

We have restricted ourselves to the consideration of rearrangement 
collisions involving two particles only, so no further loss of generality is 
incurred by representing the process as the replacement of one particle 
attached to a massive and practically unalterable core, by another. We 
may then take, approximately, r = o, 8 = p, and write 

F(r, 8) » p;(r) + F<(| r-p|), (30) 

C/(p,0) = t 4 (p) + F,(|r-p|), ( 81 ) 

where the terms with suffix c represent interaction with the core and that 
with suffix i the mutual interaction between the exchanging particles. On 
substitution in equations ( 28 ), ( 29 ) it is found that the core terms do not 
vanish. If the functions Oj, and Ff,, respectively were orthogonal 
they would actually disappear, and we notice that the exact expressions on 
the right-hand side of ( 26 ), ( 27 ) are orthogonal to respectively. Wo 
therefore discard the core terms, realizing, however, that for precise calcula¬ 
tions with specified interactions this could not be done without 
examination. The correct substitutions to replace F^, (?, and satisfy the 
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orthogonality conditions would not only remove the contribution from the 
core term but also alter that from the direct interaction. For our purposes 
this is not important as it can be regarded as merely influencing the intensity 
of the interaction, a quantity which we make no attempt to fix; on the con¬ 
trary we aim to estimate the collision probability for wide ranges of variation 
of this intensity. 

We then take, as basis of our calculation, the equations 

+ |)^o(p)?io(r)dp, (32) 

+ J{6?(r)F,(|r-pl)Ji(r)|iro(p)dr. (33) 

These equations possess the essential proj^erty that the solutions satisfy 
the conservation of chaige. For multiplying the equations (32) and (33) 
hy ^ 0 » ^ 0 ) integrating over the space of r and s respectively, gives 

+ = 0. (34) 

Employing Green’s theorem gives 

Jn. (ngracl i^ograd F*)dS, 

+ 8^^ J“- Oo-OogtaAQt)dS^ = 0, (35) 

the integrals being taken over the surface of the infinite sphere in each case. 
Remembering that the current density corresponding to a wave function x is 

~-.(X*gradx-Xg«^X*). (3<*) 

it is seen that equation (35) represents the vanishing of the net flux across 
the infinite sphere. 


2—DbTAIUCD CaLODXATIONS for ExdTATIOIf 

We have to solve the equations (18), (14) with proper functions 

havijog the asymptotic forms 


(37) 

(38) 
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Assuming that Tm • “■r® spherically synametrioal, we have 

Fo = r-^'^F‘o{r)P,[cosd), F^ = r-^^F[(r)P^coB0) 

1 ( 1 + 1 ) 


where 


d^F‘o 

dr^~ 


(* 


+ fc 2 . 


Sn^Mi 


p-Foo- 


->) 


pt _ 
^o~ 


dr« r* A* ,“' 


(39) 

(40) 

(41) 


The method of distorted waves then gives, when V,^ is small, the approxi 
mate solution 

- (2Z +1) 8in(A:f - ^In + S^), 


where ,^o, are solutions of the homogeneous equations 


~dW 


+ 


- 14 . 

dr* ^ 


[..- 

[m- 


SttWi-. 1(1+1) 


\y _ 
A* 


87r®if,, 

A*“ 


'^ 11 - 


r 

1 ( 1 + 1 ) 




which are finite at the origin and have the asymptotic forms 

sni 


(c*»i 8in(Air - ^In +%). 


(42) 

(43) 

(44) 
(46) 

(40) 


Now it is also possible under certain conditions to solve the equations 
(18), (14) without assuming Vqi and small, in terms of the solutions of 
related homogeneous equations. Suppose 


Wj, 


'■01 


•'lo 


•H, r<rj, 

0, r>ro. 


(47) 


where H is constant. Then if Fm, differ by a quantity which can also be 
represented by a step function we have for a region (r<rj including the 

origin, in which r«, = , 


,'!+ A*- 


^0 r 

dr*' 
d’Fi 


L 


dr<‘ 

where A* ■* A* + a*. 


[‘ 


SrrW, 
A* ' 

jr*l 

T* 


+ 1 A*-?^™>Foo- 


M]n-irri. 

(48) 


(49) 
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Let r) be the solution of the equation 


dr^ 




(50) 


which vanishes at the origin^ We try, then, as solution of the simultaneous 
equations (48), (49), 

F‘o^^>{X.r), F[^yjr‘(x,r). (51) 

Then we must have 

(jfc2 _ ^,2) = y(A2 _ ^2) £r, (62) 

giving, by elimination of y, the equation 




(53) 


If Xv Xl roots of tliis equation, the general solution of the 

equations (48), (49), finite at the origin, is 


F‘o = A^‘(X^, r) + B^(Xi, r), 

Fi = Ayi^'ixv r) + Byt^\x»> r), 


(64) 

( 66 ) 


with 


71 = 




72 = 


k^-Xl 
H • 


In the same way the general solution can be found for a region which does 
not include the origin. 

For detailed application of this solution we will confine ourselves to terms 
in which 1 = 0. These are the only terms important for low velocities of 
impact, and for the study of resonance phenomena it is immaterial what 
value of I is chosen. We must now have, dropping the suffix 0, 


Fo~'BinAT+ae***', (56) 

(57) 

and the contributions to the elastic and excitation cross-section are 




(58) 


respectively. 
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Conservation of charge ensures that (Mott 1931 ) 






i-e. 

(69) 

tvnd 


(60) 


We are interested here in determining how far these quantities deviate 
from their maximum values under different conditions. 

The forms which we take for 1 ^ and are 




= - C, r < 

= D, ri<r<rs, 

= 0, r>rj, 


= r<ri. ] 

= Z)ji, ri<r<rj, 
= 0 , r>rs. 


(61) 


of the familiar potential well plus potential barrier form. Although it is 
possible to carry the calculations through with Tq, r^, rj, r,, rj all different 
this case is unnecessarily complicated, so we take rj = Vj = leaving only 
two boundaries of potential discontinuity. 

With these forms the method of distorted waves gives 


a = sm 


HJCL 


arctan 


/ -tanvTo-tanhAt \ 


1 — taniYotanhAl 

‘ V ” 




-kfe 


(62) 


1/^1 * (Vi8inwoC08riro-i»BinviroC08Wo)(>'*-vJ)-*,(63) 


where 


y»>^k> + C, = t>=r^-r^, 

c-^^1 + j j (A sin Wo - r cos Wj) + (A sin Wo+v cos w#) 


K 2 A 


L is derived from K by substituting Vi, A^, k^ for v. A, k. When 


(64) 


A sin Wq+ r cos Wo « 0, (66) 

KL behaves like Unless H is very small this positive ftTpon enti al 

wiU result in the expression (63) being markedly in excess of the 
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value 0-6 given by (69). It is under these conditions that our exact solution 


is of special interest. 

For the exact solution we have 

r<ro=xri = K; 

Fo = a sin + 6 sin XiTy 

Fi = oy sin ;^ + 6yi sin XiT^ (®'^) 

with = + 

+ + (69) 

H H 

ro<r<r^; 

Ffl s* C€“*’’+de*^ (70) 

Fi = c^e-V+dle**^ (71) 

ri<r; 


Fa, Fi have the asymptotic forms ( 66 ), (57) respectively. 

The continuity conditions at the two boundaries give a and m follows; 

where 


and 

Here 


d = y 


■Yi 


^ X- ^ - 

dj jj 

ij j 

XxC‘>sA:i»'o £2 I 
sin;^o £1 

;^cos;i(To ia 


1 

d’ 


smyro Vi 
XOoaxTo Vz 
8in;^ifo Vi 
Xicoaxiro Va 


di =» — d with fi, substituted for ii, ig 
da ® -*(A:xSinATo 008 Xi»‘o-A:® 08 X»'o 8 jnXi>‘o)- 


as sinh M —cosh At 


)’ 

gj as e**^«| 8 mh At—^ cosh At j, 

Vi* Sfl with Aj, ti for A, k] 

k 

B« sinjfcriOoshAt—^cosifaSinhAt, 

C* as -ArinjfcfgSinhAt+iiooeiya®®®^'^' 


(72) 


(73) 


(74) 



542 


H. S. W. Massey and C. B. 0. Mohr 

For small values of H 

H p^~vl 

8inA:»-o I sinAfiro Vi 

X<^osxro ga | A:ico8;tiro Vt 

and the formula (74) reduces, as it must, to (63). Resonance effects arise 
when either of these determinants becomes exponentially small, but the 
exact formula (74) shows that in this case only the determinants multi- 
pl 3 ring become small, those multiplying y remain large and prevent the 
value of /? exceeding the maximum given by (69). The y term arises from the 
“close coupling” between the Fq and waves and shows that, when the 
resonance begins to produce strong excitation the reverse process also 
becomes probable and reduces the chance that the system will be found in 
the excited state after the collision. To give quantitative expression to 
these effects numerical calculations have been carried out for two oases 
which we proceed to describe. 



Numerical ReavUs 

The first case considered corresponds roughly to excitation of a light 
nucleus by a slow proton. The numerical values taken were: 


ro = 2 X 10-“ cm., < = rj-ro = 8 x 10-“ cm., * 6-6 x 10-“ gm., 
^ C = 20 mV = —^ tJiiiF T) = 2 mV, 


8 ;rWi 

SttWi 


8rrWi ^ SvWi 
(A:*-A:J) = 0'05 raV. 


(75) 


The resonance condition (66) is satisfied for incident energies of 240,000 
and 290,000 e-volts, the first being due to resonance of the incoming wave, 
the second to the outgoing. Using (72), values of a and ^ as functions of 
the incident energy were computed for a number of values of the transition 

potential, ranging from 0-6x 10« to 6x 10» e-volts. Kg. 1 (a) 

k 

illustrates the results obtained for j /? | * given as a fraction of its maximum 
possible value 0-25. The dotted curve represents the form given by the 
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Fio. 1—Effect of strong interaction on the probability of excitation and of elastic 
scattering on ooUision of two light nuclei, (a) Probability of excitation as a function 
of the energy of the incident particles. Dotted curve—Distorted wave approxima¬ 
tion. Curves I, II, III correspond to transition potential energies of 60,000^ 125,000 
and 600,000 e-volts respectively, calculated accurately. (6) Corresponding curves 
for elastic scattering. Inset—Maximtrm probability of excitation as a function of 
the transition potential energy. 
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method of distorted wares (formula (63)), the maximum beiz 2 g adjusted 
to a value of 0*3 for purposes of comparison; the twin maxima in this case 
correspond to the two close resoriance points. This curve is only correct 
in form in the limit the effect of finite values of H i» seen to consist 

in a separation of the maxima by an increasing amount accompanied by 
an increasing breadth of the resonance range, this broadening effect being 

very marked. For ^ 2 ^ ^ 1*2 x 10 ® e-volts the probability of excitation 

remainB within 0*1 of the maximum possible value over a range of incident 


h^H 

energies as large as 250,000 e-'Volts. Values of comparable with 

10 ® e-volts are not at all impossible, so we must expect to find this broadening 
in actual practice. The actual form of the wings of the resonance curves is 
not to be relied upon, for we have taken a rectangular potential barrier 
which probably gives rather diffei'ent results froin the actual Coulomb 


k 

barrier in this respect. The inset in fig. 1 gives the value of 


at the 


resonance maximum as a function of H. It never attains the maximum 
possible value of 0*25 but reaches a smaller maximum of about one-half 
this value and then falls off very slowly for larger values of H. 

The corresponding behaviour of which determines the elastic 

scattering, is given in fig. 1 ( 6 ). The sudden change in this quantity near the 
resonance maximum is very marked. This effect was predicted by Mott 
( 1931 ) for the case = 0 , but it is seen that the effect persists at the modified 
resonance maximum which appears for finite values of H. It is apparent 
that when resonance can occur the influence of the possibility of excitation 
on the elastic scattering is very marked, and it is therefore impossible to 
argue about nuclear fields from the observed elastic scattering without 
taking this into account. 

An important result which emerges is that the maximum yield occurs 
at an incident energy which depends on all three interaction terms Vn , 
Foi and not on just Fqo or F^ alone. This must be taken into account even for 
quite small values of Fq^. Analogous results will be found in § 3 for rearrange¬ 
ment collisions where it is possible to interpret the effect as involving 
resonance with a two- or multi-body system instead of just a one-body 
effect. 

The second case which we have considered corresponds to excitation of 
a nucleus by a charged particle which possesses sufficient energy to enter 
over the potential barrier but loses so much energy in effecting excitation 
that it must pass out through the barrier. It is supposed that the conditions 
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are such that resonance may occur for certain energies of the outgoing 
particles. Numerical values assumed were 


»= 3’6 X 10"^® cm., < = rg—= 3 x lO'^om., jlfg =* 6-6x 10““gm., 


K 


8n‘Mi 




A» 




(76) 


These values correspond roughly to the hypothetical excitation of a lithium 
nucleus by an a-particle. The resonance condition (63) is satisfied by the 
constants of the outgoing wave when the energy of the incident particle 
is 3 mV. 

ik 

Fig. 2 illustrates results for the probability of excitation |>ff j®. The 
dotted curve I is the form of the excitation curve in the limit H-^0 given 



Energy of incident a-particle in mV. 

Fxg. 2-»^As for fig. 1, but with different choice of parameters. («) Excitation; 
(6) elastic scattering. Dotted omves I—^Distorted wave approximation. Curves II, 
in correspond to transition potential energies of 1*6 and 2*6 mV respectively, 
oahmlated accurately. * 
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by the distorted wave formula (63)]with the maximum adjusted to unity. 

k* 

Curves II and III correspond to values of — of 1*6 and 2*6 mV 

respectively. The shift of the energy of maximum yield with increasing H 
is very marked, as also is the broadening. It is noteworthy that even for 
the larger value of H the maximum probability of unity is attained despite 
the damping effect of the strong interaction. 

In the limit if -> 0 the elastic scattering exhibits no resonance effects in 
this energy range as these arise, in this approximation, from the outgoing 
wave of diminished energy only; but when H is finite the back coupling 
between the elastic and inelastic collisions introduces the resonance effects 
shown clearly in fig. 2 (6), curves II and III. 


3—Detailed Calculations for CArruRE 

We have to solve the equations (37), (38) with proper functions 
having the asymptotic forms 

+/((?, ?i)r-ie<*»-. 

Assuming the fiinctions C4o> 9^0 ^ spherically symmetrical, we have 

2^0 = f}(cos 6), 0^ = I, Q[{p) J}(co8 d), (77) 

where 

dr* A* ~ A^filTF) 

dT*-- kP ^oo) 

and F<( I r - p I) » X ^»(^) ’ 

As for excitation we confine ourselves to the case I « 0 and drop the 
0, so 


^0 '^sinfcr+oe^*', 
G*o 
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where, again, 




(81) 


1 «!*>!. (82) 

The method of distorted waves gives 

i’o ~e**»8in(4;r+(lo), as before, (83) 

00^8)1/ (^aa r CO 

^^J^,{r)^oiP)nr,pmpmr)drdp, (84) 

where ^a(p) a™ fh® solutions of the homogeneous equations obtained 

by placing V^{r, /?) = 0 in (76), (76), which vanish at the origin and have 
the asymptotic forms 

^o(r) ~8in(lT+io)c"», (85) 

^o(^) ~e*’«Bin(/fr + i7o). (86) 

To obtain an exact solution we make the following idealizations of the 

functional form of the various quantities involved: 


Stt Wj „ 
- p- - Koo 


-C, 

87rW, _ 

-c, 

P<ri,. 

D, 

fo<r<fa, 

D', 

U<p<ri, 

0, 

r>Ti, =* 

0. 

P>rv 


1^0 



r < ro, ^0 


with p for r. 


- 0 , r> fo, 


!<( I >■ “ P I) — I p I > ^>P'^ ^ 0 ' (®^) 

With these forms the equations can be solved exactly by an extension of 
the method used by Morse and Allis ( 1933 ) for the solution of a similar pair 
of equations occurring in the theory of the eflFect of exchange on the elastic 
scattering of electrons by atoms. We first note that the distorted wav© 
formulae (83), (84) give now 


|d(|, asin (62), 

I -1 KL* MSI (8in(v' - 1 ^) r® sin!/ + v) r^l 

“ 4 KV* V'~P P' + P I 

- v cos iTo^ - ^ cos I/V# + j J, 


voi. ctxn—A. 


( 88 ) 
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where 

v*^k^+C, = + X as in (64), 


A'-i 


( iA* \ 

cos AVi+—sin AVj 1 

+ (A' sin v'Vff sin AVq + v' cos I'Vj cos A Vp) ^sin AV^ — “ cos ^ *’i|j > 


A'* = ic*-D'. 

For the exact solution we proceed as follows: 
r<to, p< Tq. We try as solution 

F » Oi sin ;^ir+flg sin + sin;^:8r+a* sin Xzr, 

0=-a{ sin XiP-^ oj sin XzP + a^ainXzP+ai sin XtP- 
Then we must have 


(89) 


(90) 

(91) 




so 


and 


Am 

, , ,, 3Aa', 

a,(-35 + v») = — 

SAM^a, 


(94) 

(96) 

(96) 

(97) 

(98) 


Eliminating the ratio aja'g gives the biquadratic equation 

A5}{-Al+'^)(-A5+»''*)»-|*f| 

for X- The four roots give the values of the ratios o,/oi, so providing, in con¬ 
junction with (92) and (93), six equations to determine the eight quantities 
Og, aa> o,[, a,, a^, a\. The continuity conditions to be satisfied at the 
boundaries give the remaining two relations which make the solution 
completely determinate: 




Fq = ce~^’’+dc^^ 

(?o = c' sin A'p + d' cos \'p. 
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(The outgoing particle is supposed to have sufficient energy to pass over the 
barrier.) 

r>ri; p>r^; F„ ^ ainkr+M*'^, 

Oo = 

Solving the equations expressing the continuity conditions gives 

a _ fi 1 


(99) 


where 


A:T^oo 8 Xiro, 

XiCOBXir^, 

PiXi^<^OBXxro^ 

Pisin^iro, 

2>iA:i0os;^ir„, 


.... X^^ooBX*ro, 

.... 8inx4ro, 

•••. Xi^oaXtro, 0 , 

.... P4Xr^oo8X4»‘o. 0. 


0 , 0 
0 . 

0 
0 


( 100 ) 


.... p4SmX4»-0. 

M j»4a:4co«a:4»‘o. -A> 0 

= d with the fifth column replaced by the sixth and the sixth by 

0 , 0 , 0 , 0 , Cl, Cg; 

d, *= d with the sixth column replaced by 0 , 0 , 0 , 0 , Cj, C^. 

. 

Ai » cosh 

dj = - sinh ^ oosh Al j, 

f.li' 

/?i * cosA't-psinA'l, 

Bj « A'^sinA'l + ^cosA'lj, 
k 

Cl » cosh At sin kr^ - ^ sinh At cos kri, 

Cj * a| - sinh At sin ^At cos Ati|, 


p,»o,/a; = 


3d 


7? 




ri - To 


( 101 ) 


This formula can be shown to reduce to (90) when d -> 0 . 
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Numerical Evaivation 

The formula (99) was worked out in detail for the following values of the 
constants involved: 


fo = 3 X cm., i = 3 X 10““^® cm., 


Jlfi = 4-4 X 10-“ g., 


ei7*JS; ® 



D'-O. 


These values were chosen as being roughly representative of the reaction 

and lead to a resonance level at 2*5 x 10® mV for .4 = 0. Calculations were 
then carried out for. various values of 4 and the results are illustrated in 
fig. 3. 

To provide some convenient measure of the magnitude of 4 we give the 
value of — —rsj5atr = 3x 10^^* cm. in mV instead of that of 4 alone. 

nr r 

In this way we relate the curves to the effective interaction between the 
neutron and a-particle, though this need not be the interaction between 
them when uninfluenced by other particles; large values of B correspond 
in our simplified model to a large deviation from the distorted wave 
approximation and this may arise from a variety of causes. 

Mg. 3 (a) refers to the probability of capture as a function of the energy 
of the incident particle; the dotted curve is that given by the distorted wave 
method for JS = 88 m V, Comparison with the analogous curves for excita¬ 
tion (fig. 1 (a)) shows that the broadening of the resonance by the strong 
interaction is not nearly so marked in this case. The reason for this appears 
to be that for the values of 4 concerned a second resonance effect is super¬ 
imposed as revealed in the inset of fig. 3 (a). In this figure the maximum 
capture probability (as a function of energy) is illustrated as a function of 4 
and is seen to be greater initially than that given by the distorted wave 
approximation (the dotted curve in the figure). In terms of the formula (99) 
the effect arises from the value of being in the neighbourhood of | 7 r 
for these values of 4, while at the same time the modified resonance con¬ 
dition relating the quantities x* A, A', ik and K which produces the maximum 
in the probability-energy curve is also satisfied. This shows clearly that the 
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redonanoe phexiomena caunot be tegarded in terms of the motion of a particle 
in a potential field but are determined by the virtual energy levels of the 
complex (core-f incident particle-f replaced particle) formed on collision. 
This is also clearly shown by the dependence of the position of the maximum 
in the probability-energy curve on the value of ^. 



Energy of incident a-particle in mV, 

Fio. 3—Effect of strong interaction on the probability of capture of a cliarged 
particle by a light nucleus with neutron emission, (a) Probability of capture as 
a function of the energy of the incident particles for various values of the interaction 
parsutneter (b) Corresponding curves for elastic scattering. Inset. Maximutn 
probability of capture as a fimotion of the interaction parameter. Dotted curve— 
Distorted wave approximation. Full curve—^Aoouratti calculation. 

An interesting feature of the results is that the probability of capture is 
always ooniriderably less than the upper limit of 0^25, a result predicted 
by Mott ( 1931 ) on gerneral grounds. 
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The elastic scattering is represented in fig. 3 (b). The general behavioar 
is exactly similar to that illustrated in fig. 1 (6) and the remarks made in 
§ 2 again apply; the sudden drop in the scattering as the energy inmeaaes 
through the position of the resonance maximum is a noteworthy feature 
of both cases. 


4—Capture of Low-Velocity Neutrons 


We now consider the case where the incident particle is moving very slowly 
and is uncharged while the ejected charged particle receives sufficient 
energy by the rearrangement to pass out over the potential barrier. The 
low-velocity limit of the elastic {Q^) and capture (Qf.) cross-sections can be 
written down somewhat more explicitly than for higher velocities. They are 


where 


Lt = 

Ai:~> 0 

G 

H 

2 

1 y 1*. say. 

(102) 

Lf < 3 o = y 

I 

H 

2 

|KI*.say, 

(103) 


H - 

0^{Jr,-P)B,-(Nr,-Q)B^, 

1 <>> £,{-!)• i,X,ta,nXsro, 

J 

N « r,(-l)*n,x,tan>i,»-o, 

P = r,(-l)«i,p,;((:,tan;^ro, 

Q ^ £,{-iYq,P,X,^6Xix,ro, 

»i • Xl(P» “Pa) + Xl(p4 “P*) + ^“(P*“Ps) t'a, ^ follow in cyclic order, 

»1 » P4Xi{Ps-P*)+PsAj(P2-p4)+P2Xl(Pl-P8). 

* ^2fan XtUiPz-Pi) + Xt fan X»H(Pt-P\) + A^4fanX aMPi-P s)* 

Pi. •••. Pa; a. -82 are as defined in ( 103 ). 

Near the low-velocity limit varies inversely as the velomty and so 
becomes very great. What interests us here is the behaviour of the multi- 
p)3dn8 factor [ ^ j* near the limit and also that of the ekustic scattering | y I* 
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Numerical oftlculations were first carried out for the following values of 
the constants, very roughly representative of the reaction: 

,BW + „ni-^aLi’ + *He«; (104) 

My = 1-5 X 10-“ g., = 2-SMy, < = 2 X 10"“ cm., 




C = 23 mV, 


k* 

»7^M, 


C = 6-6 mV, 


87r*Ma 


D == 2-2 mV, 




/r® = 2'7 mV, 


and various values of A. The results are illustrated in fig. 4 for three values 
of To- 



Interaction parameter B in mV. 

Fio. 4---Cr(M»-seotions for capture and elastic scattering of slow neutrons by light 
nuclei (accompanied by a-particle emission), as functions of the interaction para¬ 
meter B, Dotted curves refer to the distorted wave approximation, full-line curves 
to the accurate calculation. 

To facilitate comparison with experiment the captiure cross-sections 
ate given for neutrons with kinetic energies \kT, where k is Boltzmann’s 
constant and T is taken as 800® K., i.e. for “room temperature” neutrons. 
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m 

The dotted curves given by the method of distorted waves are of specially 
simple form. For capture they are parabolic, while for elastic scattering the 
cross-section is independent of A, The full-line curves, representing the 
results of our more accurate method, are by no means so simple, maxima 
appearing in both cross-sections for certain values of A while at other values 
the capture cross-section is comparatively small. These resonance effects 
(which are to be compared with that illustrated in the inset of fig. 3 ) can 
only be considered as arising from the multi-body nature of the phenomena, 
depending as they do on the interaction parameter A . The oscillatory nature 
of the probability of an inelaetic collision as a function of a parameter 
specifying the intensity of interaction, when this is strong, has been discussed 
qualitatively by Mott and Massey (1933, p, 104). 

The capture cross-section for the reaction ( 104 ) for room-temperature 
neutrons has been given by Chadwick and Goldhaber (1933) as about 
4 X cm.®, and that for the reaction 

as 4 X 10~®* cm.*. These values are comparable with those of fig. 4 , the first 
being in the neighbourhood of a resonance point, the second elsewhere. 

In fig. 5 the probability of capture is given as a function of the average 

energy of interaction —^C between the and nuclei. A resonance 

efifect of half-width 3 mY is oleariy marked, but both oross-seotions remain 
finite at the maximum whereas the distorted wave method gives infiinite 

values where Crg = {2 ti+ A similar resonance effect will appear if 

the probability is evaluated as a function of the energy of the incident 
neutrons, but the half-width will be much greater than that observed in 
experiments on radiative capture of slow neutrons by nuclei since we have 
only considered a two-body problem. An essential feature of the capture 
of slow neutrons by the heavier nuclei is that the nucleus capturing the 
neutron contains a large number of closely connected particles and the 
lifetime of the collision complex becomes very long. 

The effect of varying the width t of the potential barrier acting on the 
outgoing a-particle was examined and found to consist merely in an altera¬ 
tion of the magnitudes of the cross-sections but not of their form. 

5— CONCLtTDING REMARKS 

It is clear from the detailed calculations described in §§ 2 , 3 , 4 that the 
quantum theory of oolUsions when applied to nuclear phenomena must 
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b© worked out to a higher degree of approximation than cuatomary in 
application to other types of collision. The results we have obtained do 
contain some of the essential features of Bohr's theory, but cannot be applied 



Magnitude of interaction energy between and 56'” in niV. 

Fio. 6—Cross-sections for capture and elastic scattering of slow neutrons by light 
nuclei (aocomfmnied by a-partiole emission), as functions of the average interaction 
energy between the neutron and the nucleus. The parameters are adjusted to corre¬ 
spond roughly to the reaction 

Dotted curves refer to t^ distorted wave approximation, f\dl-line curves to the 
accurate calculation. 

to quantitative oompar^n with experiment as we have only dealt with 
problems of a two-body ^r rather three-body if the nuclear core is included) 
nature and the experimental results refer to multi-body phenomena. The 
qualitative features ate reproduced and it is hoped to extend the calculations 
to three-body (or fotir-body including the nuclear core) systems. It would 
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then be possible to investigate the effect of an increase in the number of 
particles concerned in the form of the resonance effects. 

We wish to express our indebtedness to the Government Grant Committee 
of the Royal Society for providing us with funds to employ the professional 
services of Mr. R. Campbell, B.Sc., for performing the numerical calculations. 


Sfmmary 

The quantum theory of collisions must be worked out to a higher degree 
of accuracy than hitherto if it is to be capable of describing the resonance 
phenomena which are a striking feature of collisions between nuclei. In 
particular it is essential that the assumption of predominance of elastic 
scattering be not involved. In this paper calculations have been carried 
out for excitation and capture phenomena without this assumption. The 
complica tion is so great that the work in this paper is confined to cases which 
are of a two-body nature (or three-body if the nuclear core is included), 
but the results provide qualitative and, in some oases, some quantitative 
information concerning the resonance effects to be expected. They also 
show that the resonance phenomena must be related to energy levels of 
the semi-stable complex formed in the intermediate stage of the collision 
and cannot be understood in terms of energy levels of a single particle moving 
in a static potential field. 
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The Inhibition by Nitric Oxide of the Decomposition 

of Ethane 

By L. a. K. Stavelby 

(Communicated by C. N. Hinahdtvood., F.R. 8 .—Receiiied 8 July 1937 ) 

Introduction 

The inhibiting effect of nitric oxide on the thermal decomposition of 
TOrtain organic compounds has been attributed to the ability of this 
substance to suppress reaction chains by removing free radicals from the 
system (Staveley and Hinshelwood 1936a, b, c; 1937). The inhibition has 
been observed with various ethers and with propionic and butyric aldehydes, 
but the decompositions of acetaldehyde, chloral, methyl alcohol and ketones 
are exempt. It has been inferred that in these latter reactions either free 
radicals are not produced, or else that they are incapable of effecting the 
further decomposition of their parent substance. 

The thermal decomposition of ethane has been found to be considerably 
retarded by nitric oxide, and in view of the comparative simplicity of the 
ethane molecule it seemed profitable to examine the inhibited reaction in 
some detail. 

The normal decomposition has been extensively investigated; a full 
list of references will be found in a paper by Sachsse (1936a). In a silica 
bulb the reaction is predominantly homogeneous. The primary products 
ai-e ethylene and hydrogen, but at temiieratures at which the rate of the 
reaction can be conveniently measured the decomposition is incomplete. 
The ethylene produced slowly undergoes further changes with the formation 
of methane and higher hydrocarbons, but Sachsse (1936a) has shown that 
in the early stages of the reaction the pressure increase gives an accurate 
measure of the extent to which the primary decomposition has proceeded. 
These reasons, and the facts that ethylene reacts with nitric oxide and 
moreover itself somewhat retards the decomposition, necessitated the 
determination of initial rates as giving the only true measure of the reaction 
velocity. 


Expemmental Method 

The apparatus used was essentially the same as that described in pre¬ 
vious papers, with the exception that when the pressure change was fairly 

[ 667 ] 
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alow it was followed by means of a Bourdon gauge. This was made of very 
thin soft glass and mounted in a cylindrical glass tube. It was connected 
to a mercury manometer and the reaction vessel, and fitted with a long 
pointer damjied in butyl phthalate. When ethane was admitted into the 
reaction bulb, dry air was let into the space outside the gauge at the same 
rate, so that at the beginning of the run the pointer was almost in its 
equilibrium position. Its movement was then followed by means of a 
micrometer eyepiece. The relation between the pressure difference between 
the inside and outside of the gauge and the displacement of the pointer 
proved to be an exactly linear one uj) to pressure differences of about 
3 mm. A pressure change of 1 mm. produced a displacement of the image 
of the pointer in the eyepiece of 16 scale divisions. Accurate values for 
the initial rate could be obtained in this way since it was only necessary 
to follow the reaction over the Rvut 2 or 3 % of the decomposition, in which 
range the plot of pressure increase against time was almost if not quite 
linear. The volume of the gauge was small compared with that of the 
reaction bulb. When the pressure change was too rapid to allow the Bourdon 
gauge to be used the decomposition was followed with a mercury mano¬ 
meter, with the aid, if necessary, of a cathetometer. A silica reaction-bulb 
was used. 

The temperature of the furnace in which the reaction vessel was heated 
was measured by means of a platinum platinum-rhodium thermocouple, 
the cold junction being kept in melting ice. The very high temperature 
coefficient of the inhibited decomposition made the minimization of tem¬ 
perature errors essential, and this was effected by observing the pyrometer 
needle through a micrometer eyepiece so that any temperature fluctuations 
could be checked before they became serious. Delicate control of the 
current heating the furnace was secured by connecting an adjustable 
resistance in parallel with the main rheostat in the circuit. In this way the 
temperature during a run could be kept constant to vithin ± 0*8° C. 

CJommercial ethane of at least 97 % purity was condensed in liquid air 
and the residual gases pumped off. It was then partially evaporated, 
recondensed, and the residue again pumped off. This process was repeated 
several times until the vapour pressure of the ethane at the temperature 
of liquid air was less than 0-6 mm. About two-thirds of the liquid was 
evaporated into reservoirs. In some preparations the ethane before being 
condensed was bubbled slowly through alkaline p3ax)gaUol to remove any 
traces of oxygen, but all samples gave the same results. A comparison of 
the rate of deoomixjsition with that given by Sachsse indicated a difference 
in the two temperature scales of about 1° C. 
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Expkhimental Rbsttlts 

The effect of nitric oxide on the initial rate of decomposition at 620 ® C. 
with an ethane pressure of 160 mm. is shown in fig. 1 and Table I. A 



Fio. 1—Inhibition of the decomposition of ethane. 

Table I—Variation of the Initial Rate of Decomposition 
OF Ethane with the Nitric Oxide Pressure 


Nitric oxide 
pressure 
(mxu.) 

0 

0'66 
0-79 
0*97 
1-25 
2*52 
6*1 
8-9 
120 
18 6 
26*0 
35-6 
606 


Velocity 
constant 
(aec.-^ X 10®) 

68-6 

3O‘0 

27-6 

22-8 

19>3 

131 

8-9 

7-66 

4-95 

4*76 

425 

6'0 

4*8 
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steady limit is reached, but the quantity of nitric oxide required to pioduoe 
the maximum inhibition is somewhat greater than with the ethers. If the 
reciprocal of the time for a 26 % pressure increase is taken as a measure of 
the reaction velocity, the curve obtained by plotting rate against nitric 
oxide pressure falls to a minimum, but then slowly rises. This effect must 
be due to some secondary action of the nitric oxide, and it demonstrates 
the advantage of the initial rate over measurements made when the 
decomposition has proceeded to a considerable extent. 

That the inhibition is a genuine effect and not due to vitiation of the 
pressure measurements by polymerization of the ethylene under the 
catalytic influence of nitric oxide is shown by two facts. The first, that when 
40 mm. of nitric oxide and 100 mm. of ethylene were left for 6 min. at 
660° C., no pressure decrease was observed, but, in fact, a slight increase. 
Secondly, the pressure change when equilibrium is reached is increased 
by 2 % at 660° C. for an initial ethane pressure of 160 mm. by adding 
40 mm. of nitric oxide. Although there is no sudden increase in rate such 
as is found with dimethyl ether, the inhibitor is slowly removed in the 
course of the reaction. This was shown by testing samples of the gas 
mixture withdrawn at various stages of the reaction with a saturated 
solution of ferrous sulphate. Even when equilibrium has been practically 
attained, however, the destruction of the nitric oxide is not oomi^late. 
Its removal was found by direct experiment to bo due largely ^ the 
ethylene formed in the decomposition. 

For 160 mm. of ethane at 620° C. the mean chain length, as given by 
the ratio of the rates of the uninhibited and fully inhibited reactions, is 
12‘2 units. The quantity of nitric oxide required to exert half the maximum 
inhibition is 0-62 mm. If we make the approximate assumption that at this 
stage a radical has an equal chance of being removed by nitric oxide or of 
continuing the chain, then if every collision between the inhibitor and a 
radical leads to the removal of the latter, only one collision in 250 between 
a radical and an ethane molecule is effective. This gives a value of about 
10,000 cal. for the activation energy of the chain-propagating process. 
A value of the same order has been found for the decomposition of ethers. 

The variation of the mean chain length with ethane pressure was studied 
at 600° C. in the unpacked reaction vessel, and also in a bulb packed with 
silica tubes with a surface/volume ratio 6-2 times greater. The results are 
given in Table U and are plotted in fig. 2. Each value of the mean nh«iin 
length is taken from several deteminations of the rates of the uninhibited 
and fully inhibited reactions. In the unpacked bulb the apparent length 
increases considerably as the pressure falls, but at low pressures reaches 
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a maximum and then decreases. In the packed bulb the apparent mean 
dhain length is everywhere less, and the maximum is displaced towards 



Fici. 2—Variation of the mean chain length with ethane pressure. 
O in unpacked reaction bulb; • in tube*paokod bulb. 


Table II— Variation of the Mean Chain Length 
WITH THE Ethane Pressure at dOO” C. 


In the luipacked reaction 

bulb In the tube-packed bulb 


Ethane 

Mean 

Ethane 

Mean 

pressure 

chain 

pressure 

chain 

(mm.) 

length 

(mm.) 

length 

26*5 

11*8 

26*6 

9*3 

61 

20*6 

49*7 

9*1 

101*5 

17*8 

100*2 

10*9 

202 

13*1 

246*5 

9*6 

321 

0*3 

601*6 

6*06 

501*6 

6*4 




h%ber pressures. A direct comparison of the rate of the fully inhibited 
reaction in the two bulbs showed that part of the decomposition is hetero¬ 
geneous. Thus, with 100 mm. of ethane, the velocity constant in 8ec.~^ x 10^< 
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in the unpacked bulb was 1-38, and in the packed vessel 1*78. At low pres¬ 
sures the order of both the inhibited and uninhibited reactions is consider¬ 
ably greater than unity. If we assume that the surfacp reaction depends 
on a lower power of the ethane concentration, and is moreover unaffected 
by nitric oxide, then it will form an increasing proportion of the total 
decomposition the lower the pressure, and more in the packed than in the 
unpacked bulb. In this way the difference between the two curves in fig. 2 
can be satisfactorily explained. It is concluded that if there were no 
heterogeneous reaction the mean chain length would increase continuously 
as the pressure falls, and that the variation would be slightly greater than 
that actually observed in the unpacked reaction vessel. With dimethyl 
and diethyl ether the mean chain length is independent of pressure. The 
possible significance of this difference between ethane and the ethers will 
be discussed later. 

For the normal decomposition of ethane Sachsse ( 1936 a) found that there 
was an approximately linear relation between the reciprocal of the velocity 
constant and the reciprocal of the pressure. Such a relation is to be expected 
if the decomposition probability of an activated ethane molecule is 
independent of its energy. The discovery of the variation of the mean chain 
length with pressure raised the possibility that the relation found by 
Sachsse might be fortuitous, and it was therefore considered profitable 
to study the pressure dependence of the rate of the chain-free reaction. 
This was done at 620° C. over a pressure range of nearly 600 mm. Two 
experiments were made at each pressure with sufficient nitric oxide to 
ensure maximum inhibition. The results are given in Table III and are 
plotted in fig. 3. It will be seen from the figure that the order of the 
reaction has scarcely become unity even at 600 mm. pressure, and over 
a considerable range it approximates to 1'5. Also, the plot of the reciprocal 
of the velocity constant against that of the pressure, far from being linear, 
bends over rapidly towards the pressure axis. The curvature of the line 
would certainly be less if it were possible to make allowance for the 
surface reaction, but it is doubtfril whether the linear relation found by 
Sachsse holds for the chain-free decomposition. 

The temperature coefficient of the inhibited reaction was found by 
measurements of the initial rate at six temperatures varying over a range 
of 100 ° C. At least two determinations were made at each temperature, 
care being taken to add sufficient nitric oxide to produce the mayimu"* 
possible inhibition. 600 mm. of ethane were used throughout. At tbia 
pressure the saine value for the mean chain length was found in the 
unpacked bulb, the tube-packed bulb previously referred to, and in a ball- 



Inhibition by Nitric Oxide of the Decomposition of Ethane 603 

paokcxl bulb with a surfaoe/volume ratio 11‘6 times that of the unpacked 
vessel. The surface reaction can therefore only make a very small contribu* 
tion to the total rate of the decomposition. The experimental results are 

Table III—Variation of the Rate of the Inhibited 
Reaction with Initial Ethane Pbbs.sxtbe 


Ethano 

Velocity 

prottHure 

constant 

(mm.) 

(sec.'“^ X 10®) 

10*7 

308 

20*7 

4-20 

43 2 

6-20 

80*7 

6-78 

141-2 

9*06 

199-6 

11-2 

306 

16-6 

400 

16*8 

601 

17-7 

596 

19-4 



Initial etliane pressure (mm.) 

Fig. 8—Variation of the initial rate of the inhibited reaction 
with the ethane pressure. 

given in Table IV, where they are compared with the values calculated 
fi*om the equation 

log^ifc = 33-21 - 74,600/ET. 

The energy of activation, 74,600 cal., seems to be the largest recorded for 


2 O 


Vol GLXU-’A. 
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the decomposition of an organic compound. At 620® C. and with an initial 
ethane pressure of 600 mm. the observed velocity constant of the chain-free 
reaction is 1*236 x 10 *-^ sec."^, which gives 6*67 x 10 ^^ for the number of 
molecules reacting per o.c. per sec. Taking the diameter of the ethane 
molecule as 4 x 10 ** cm. the value of is 9*0 x 10® (Z being the number 

of collisions per c.o. per sec.). The number of molecules actually reacting 
is therefore 7*4x10* times greater than this. Using the expression of 
Hinshelwood ( 1926 ) the number of square terms in which the activation 
energy must be assumed to be distributed in order to account for this 
factor is 14. This is perhaps large for such a relatively simple molecule, 
but not unreasonably so. 

Table IV— Tempebatube Coeeeioiknt of the 
Inhibited Reaction 


Temperature 

rc.) 

Log„(A!xlO») 

Observed 

— ---- \ 

Caloulati 

560 

0-88 

0-80 

580 

1-28 

1*27 

600 

1*69 

1-70 

620 

2-09 

213 

640 

2*63 

2*63 

660 

294 

2-91 


It was found that ethylene can appreciably reduce the initial rate of the 
decomposition, though the effect is not of the same order as that shown by 
nitric oxide. For an initial ethane pressure of 150 mm. at 660® C., the 
velocity constant of the normal decomposition is 3*66 x 10 *® see.”^. This 
is reduced to 2*02 x 10 *® by the addition of 68 mm. of ethylene, and to 
1*43 X 10 *® by 101 mm. Unpublished observations by Mitchell have shown 
that the radicals produced in the photolysis of acetaldehyde bring about 
the rapid polymerization of ethylene. Such a polymerization under the 
influence of the radicals liberated from the ethane may account for part 
of the effect. 


DrsoTjssioN 

Where the nitric-oxide test has revealed the presence of reaction chains 
in the thermal decompositions of organic compounds it has been concluded 
that only a small proportion of the activated molecules yield radicals, the 
great majority undergoing rearrangement processes. The chief reason for 
thinking this is that in all these cases the activation energy of the chain-free 
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reaction is considerably less than the energy required to break the carbon- 
carbon or carbon-oxygen bond. For ethane the activation energy of the 
chain-free reaction is 74,600 oaL, which is considerably higher than that 
for, say, any of the ethers. However, even though the carbon-carbon 
bond energy may be only 10 , 000 - 20,000 cal. greater than this, it does not 
follow that a relatively large fraction of activated ethane molecules decom¬ 
pose into radicals, since the activation energy is known to be widely dis¬ 
tributed in about 14 square terms, and the chance that it all migrates into 
the carbon-carbon link before the molecule is deactivated may be very 
small indeed. It seems useless to attempt any quantitative calculations 
of the fraction of activated molecules which yield radicals until more is 
known about the distribution of energy in molecules and of the exact 
values of bond strengths. By determining the rate at which the conversion 
of para to ortho hydrogen takes place in the presence of decomposing 
ethane, Sachsse { 19366 ) has concluded that only one in every 10 ^ to 10 ® 
activated ethane molecules gives radicals. With a mean chain length of 
the order of 10 units, the absolute chain length would be from 10 ® to 
10 ’ units. At least we can say that the evidence strongly indicates that 
the chains are few in number and long. 

According to Rice and Herzfeld ( 1934 ), the methyl radicals produced 
when the carbon-carbon bond in ethane is broken react with ethane to 
give methane and an ethyl radical. This decomposes into an ethylene 
molecule and a hydrogen atom, which brings about the further decom¬ 
position of ethane by the following chain cycle: 

If this mechanism is correct, then hydrogen atoms are the chain carriers, 
and their removal from the system may either take place on the walls of 
the reaction vessel or in the gas phase. The absence of marked wall effects 
in the uninhibited decomposition supports the second alternative. It is 
interesting to enquire how the mean chain length will vary with the ethane 
pressure according to whether one assumes that in the absence of nitric 
oxide the chain carriers are removed from the system by binary or by 
ternary oollisionB. Let a be the concentration of the activated molecules 
which yield radicals, n that of the ethane molecules, and R that of the 
radical or atom which propagates the chain. We may assume for simplicity 
that in the propagation of the chain radicals are regenerated as fast as they 
are removed. If the chains are terminated by the recombination of two 
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chain-propagating particles in the presence of a third body (an ethane 
jnoleonle), then for a stationary radical concentration we have 

dRjdt = kia - k^It^n 0 , 

whence R = ^l(k^alk^n)y 

where k^ and ^2 constants, a will depend on some function /i('W') of the 
ethane concentration, and can, in fact, be put proportional to a power of 
n between 1 and 2 . The rate of the rearrangement processes will also 
depend on some function of n, se-y/ 2 (^)* Hence the rate of the uninhibited 
reaction will be given by the expression 

k^^{n)-\-k^Rn 

^ kMn) + ^4 •/i(^)/^2)> 

and that of the inhibited reaction simply by k^^W* where ^3 and k^ 
are constants. The mean chain length, being the ratio of these two rates, 
will be 

where JC is a constant. If, however, the chain carriers recombine by binary 
collisions in the gas phase, this expression for the mean chain length becomes 

Over a considerable range of pressure the order of the inhibited reaction 
is approximately 1-5, so that we may put/ 2 (n) equal to Since fi(n) 
can be represented by w*, where x is between 1 and 2 , we see that if the 
chains end by binary recombination of radicals the mean chain length 
must either increase with increasing pressure or remain constant, whereas 
on the alternative assumption of ternary collisions a decrease with increasing 
pressure is possible. The chance that a molecule with sufficient energy 
dissociates into radicals before deactivation may well be very small indeed, 
as the energy must become localized in one bond. According to accepted 
views on the mechanism of activation in unimolecular reactions, when the 
decomposition probability of the activated molecule is very small, the 
decomposition process is of the first order except at extremely low pressures. 
It is not unlikely, therefore, that in the pressure region where the order of 
the rearrangement processes is about 1*6 the value of x is less than this, 
and perhaps almost unity. In the latter event the mean chain length if 
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ternary oollkionB are all-important would vary inversely as the square root 
of the ethane pressure. The observed dependence is roughly of this order. 

If methyl or ethyl radicals somehow propagate the chains, there is no 
reason why they should not recombine simply by binary collisions in the 
gas phase, and there is in fact evidence that when they are the chain 
carriers they are removed in this way. (See inter alia Mitchell and Hinshel- 
wood 1937; Allen and Siokman 1934; Fletcher and Rollefson 1936.) The 
presence of a third body, however, is essential for the recombination of 
hydrogen atoms. It is thus concluded tentatively that in this reaction 
hydrogen atoms are the chain carriers. It is of course possible that the 
chains are terminated by the recombination of hydrogen atoms and ethyl 
radicals. If it is assumed that the decomposition of ethyl radicals in the 
chain cycle into hydrogen atoms and ethylene results from their collision 
with ethane molecules, then a detailed analysis of the problem based on 
the scheme of Rice and Herzfeld (1934) shows that the decrease in the mean 
chain length with increasing pressure is again best explained if the presence 
of a third body is essential for the recombination. On general grounds 
a hydrogen atom and an ethyl radical are less likely to unite in a simple 
binary proc^ess than, say, two ethyl radicals. 

At least there seems to be a significant difterenoe between ethane and 
dimethyl and diethyl ethers. With ethane there is a pronounced decrease 
in the mean chain length with increasing pressure. Hydrogen atoms seem 
to be the most likely chain carriers. With the ethers the mean chain length 
is independent of pressure, and probably methyl or ethyl radicals propagate 
the chains. 

I am indebted to Professor C. N. Hinshelwood for his much valued advice 
in connexion with this work. 


Summary 

Nitric oxide reduces the initial rate of the thermal decomposition of 
ethane to a well-defined limit. This effect is attributed to the ability of 
nitric oxide to suppress reaction chains by combining with free radicals 
or atotxis, The values found for the mean chain length (the ratio of the rates 
of the uninhibited and fully inhibited reactions) vary between 6 and 21, 
according to the temperature and pressure. It seems probable that only 
a small proportion of activated ethane molecules yield radicals, the great 
majority undergoing direct rearrangement to give ethylene and hydrogen. 
The absolute chain length must therefor© be high. 
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The mean chain length decreases considerably as the initisl ethane 
pressure increases. This fact is discussed in the light of the possibility that 
hydrogen atoms are the chain carriers. The activation energy of the chain 
propagation process is about 10,(K»0 oal. 

The activation energy of the chain-free reaction has the very high value 
of 74,600 cal., and is distributed in about 14 square terms. 
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X-Ray Analysis of the Dibenzyl Series 
IV—Detailed Structure of Stilbene 

By j. Monteath Robertson, M.A., D.Sc., and I. Woodward, M.A. 

(Communicated by Sir William Bragg, O.M., P.R.8 .— 

Received 10 July 1937) 

A preliminary account of the crystal structure of stilbene in relation to 
other compounds in the dibenzyl series has already been given in Part III 
of this work (Robertson, Prasad and Woodward 1936). The general arrange¬ 
ment of the four molecules in the unit cell was deduced from certain absolute 
intensity measurements, the physical properties of the crystal, and a com¬ 
parison with the accurately known structure of dibenzyl (Robertson 1934, 
19350). Although the approximate structure was established beyond any 
doubt, the precise determination of the atomic positions has proved to be 
a matter of very great difficulty. This is due to the presence of four mole¬ 
cules in the unit cell and to the fact that it is impossible to temulate a 
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definite model of the molecule from the chemical structure owing to the 
possibility of free rotation about the single bonds. For the accurate 
analysis it was necessary to determine the phase constants of all the 
weaker reflexions, and in the course of this work over twenty trial structures 
were calculated and compared. In this connexion the mechanical sorting 
method of structure factor calculation previously described (Robertson 
1936 ) proved of great assistance. The repeated application of a double 
Fourier synthesis to the {hQl) set of structure factors then gradually refined 
the values for the atomic co-ordinates, and we believe that the final 
results given below are now comparable in accuracy to those obtained for 
the other structures in this series. It is unnecessary to describe in detail 
the various stages by which this structure has been reached, and the results 
of the final Fourier synthesis only are given in the following pages. 

The relative orientations of the molecules in the crystal now recorded 
should enable various physical properties of the crystal to be expressed 
as functions of the individual molecules. In particular, the results now 
obtained will justify more accurate meastirements being made on the 
magnetic susceptibilities and the refractive indices of the crystal than are 
available at present. 

The main results of the analysis are first discussed in relation to the 
structure of the molecule, while the X-ray work, co-ordinates of the atoms, 
etc., are given in a later section. 

The Stbootube of the Stilbenb Molecule 

Two separate molecules contribute to the asymmetric unit of the crystal, 
and their structures have been independently deduced from the intensity 
measurements. The final results are expressed by contour maj)s of the 
electron distribution in figs. 1, 2 and 3 which represent projections of the 
structure along the b crystal axis. It will be seen that the two molecules 
differ considerably in these projections. It is found, however, that this 
difference is due to relative orientation and not to any significant difference 
in the shape or dimensions of the molecules themselves. The actual dimen¬ 
sions can readily be deduced from these projections, and the results are 
shown in figs. 4 and 5. 

Owing to the complicated nature of the structure only the b axis pro¬ 
jections give any resolution of separate atoms. Consequently as only one 
projection is available for each molecule, some of the dimensions recorded 
in figs. 4 and 5 are only partially direct determinations. This applies 
particularly to th^ carbon-carbon double bond distance of 1*33 A and to 
























672 J, M. Robertson and I. Woodward 

the oorbon-oarbon distance in the ring of 1*39 A. These values were assumed 
in calculating the orientations of the molecules, and were later justified 
by the agreements obtained when other sets of structure factors were 
calculated. The double bond distance in particular is subject to a possible 
error of about ± 0-()4 A. The “single bond” distance between the benzene 
ring and the carbon atom A in & much more direct determination owing to 
the small inclination which this line makes with the plane of the projection* 
For this distance we obtain the value 1*44 A in one molecule and 1*45 A 



3—Showii^ on a smallar scale the arreuagement of a group of stilbene molecules 
in b axis projection. Each line approximately one electron per 4*. 
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in the other, figures which, however, are still subject to an error of at least 
± 0*02 A, so that we cannot attach any significance to the difference. 

With regard to shape and the angles between the bonds, a somewhat 
larger difference is obtained between the two molecules. They are both 
nearly flat. The divergence from a strictly planar model can be measured 
by the angle through which it is necessary to rotate the ring about the 
single bond AB, starting from the planar position. For molecule 1 this 
rotation is 10 ’^ and for molecule 2 only 3°. Further, the angle between the 
double bond and the single bond {A'AB) is 128° for molecule 1 and 133° 
for molecule 2 . It is doubtful, however, whether much significance can 
be attached to these observed differences. The short distance between the 
central atoms A and A' and their imperfect resolution in the projections 
make it difficult to define the exact direction of the line joining them, and 
all the above figures depend upon the orientation of this line. It seems 
possible that strictly planar models may apply to each molecule, within 
the limits of experimental error. 

In spite of these minor uncertainties definite conclusions can be drawn 
regarding the structure of the stilbene molecule. The length of the single 
bond from the benzene ring to the atom A has undergone a severe contrac¬ 
tion from the standard value of 1*54 A as in diamond. The value of 1*44 A 
which we find indicates about 40% of double bond character in this link, 
if use is made of the curve recently given by Penney ( 1937 ) which expresses 
the relation between the order of linkage and the internuclear distance 
between two linked carbon atoms (the “ionic diameter'’ of carbon). There 
is thus no doubt that the ordinary formula for stilbene ( 1 ) does not represent 
the molecule tK)mpIeteIy, but that excited structures of the form repre¬ 
sented by ( 2 ) must also contribute to the normal state. In ( 2 ) the dots m the 
para positions represent single electrons, which can formally be considered 
as paired. Such formulae have been discussed by Pauling and Sherman 
( 1933 ) relation to diphenyl and related compounds. 



The strongest evidence for the existence of ( 2 ), however, is to be found 
in the planar form of the molecule. In (1) free rotation of the rings is 
possible, and in the nearly isomorphous dibenzyl crystal the planes of the 
benzene rings are in fact practically at right angles to the plane of the central 
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zig-zag. (The rings are always parallel to each other, both in the dibenzyl 
and stilbene crystals, owing to the centre of symmetry in the molecule.) 
Thus as far as formula ( 1 ) is concerned wo might expect the plane of the 
rings to be at right angles to the plane of the central zig-zag, by analogy 
with the dibenzyl crystal, and especially as such a configuration would 
give a greater clearance between the ethylene hydrogen atoms and the 
ortho hydrogen atoms in the ring. But if formula ( 2 ) contributes to the 
structure, the molecule is necessarily planar, from general stereochemical 
considerations. 

We must conclude that in the actual structure there is resonance between 
these two forms, and their relative contributions may be estimated from 
the intemuclear distances given above. Further evidencie for the existence 
of such resonance in stiJbene has, been given by Pauling and Sherman 
( 1933 ) from a study of thermoohemical data. They find that the total 
resonance energy of stilbene is 4*09 e-volts, which is 0*07 e-voit more than 
the resonance energy for two benzene rings. This additional energy must 
be attributed to resonance between ( 1 ) and ( 2 ). 

With regard to the unusually large angle of 128-133° which we find in 
the central zig-zag of stilbene (compare figs, 4 and 5), we are indebted to 
Dr. Jahn for pointing out that this is probably a result of repulsion between 
the ortho hydrogen atoms in the ring and the ethylene hydrogen atoms. 
If a planar model is made, with the hydrogen atoms at 1*09 A from the 
carbon atoms and aU the angles 120 ° (as in ethylene), then the distance 
between the ortho hydrogen atom and the ethylene hydrogen atom is 
1*71 A on one side of the ring and 2*45 A on the other side. Increasing the 
zig-zag angle to 133° makes these distances 2*33 A and 2*07 A respectively. 
As the carbon-hydrogen bonds themselves must also react to the repulsive 
forces to some extent, it is probable that with a zig-zag angle of about 
130° the hydrogen-hydrogen distances are almost equalized. The increase 
in the angle might, however, also arise from a repulsion between the n 
electrons on non-neighbouring carbon atoms (atoms A and JS' or A' and B). 
This question could be settled from measurements on cpmpou(nds with 
longer conjugated chains, such as the diphenylpolyenes. 

Analysis of the Steuotuek 
Crystal Data 

Stilbene —melting point 124° C.; density, measured 1* 169 (Heng- 
stenberg), calculated M61; monoclinic prismatic, a« 12*36, 6«6*70, 
c ««16*92 A, fi « 114*0°. Space group Four molecules per unit 
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cell. Molecular symmetry, centre. Volume of the unit cell, 1023 A*. 
Absorption coefficient for X-rays, A « 1-64, /e = 6-97 i)er cm. Total number 
of electrons per unit cell « JP{000) 3 = 384. 

Fourier Synthesis 

The X-ray measurements on stilbene have been described in a previous 
paper (Robertson, Prasad and Woodward 1936 ). The absolute scale of the 
F values is difficult to determine accurately for crystals in this series of 
compounds owing to their volatile nature. This is particularly the case for 
azobenzene, the unprotected crystal rapidly losing weight at room tem¬ 
peratures. On the other hand, the use of sealed containers for the crystals 
tends to reduce the accuracy of the intensity measurements. Because of 
this the scale of the F values was finally decided by making a correlation 
with the final calculated values, which are based on an average atomic / 
curve for aromatic hydrocarbons (Robertson 19356 ). Direct measurements 
on stilbene gave results which tended to be rather lower than this scale. 

In the analysis of the structure one of the chief difficulties lay in deter¬ 
mining the direction of the central —CH— groups in the two mole¬ 
cules which contribute to the asymmetric unit. After a number of trial 
calculations, a preliminary Fourier synthesis was carried out, in which all 
terms whose sign depended upon the directions assigned to these groups 
were omitted. The result gave a rather ill-defined projection of the structure 
but indicated quite clearly the general direction of the central groups and 
the lie of the rings. It was then possible to calculate the phase constants 
of further terms in the series and gradually refine the structure. 

The coefficients in the double Fourier series used for the contour maps 
of figs. l'-3 are the measured values of F(A 0 /) given in Table I, divided 
by the area of the ( 010 ) face, with signs corresponding to the calculated 
values. From a total of a hundred possible terms six of the smaller ones, 
amounting to about 2 % of the total, were omitted from the final synthesis 
because of doubtful sign. The series was summed at 900 different points 
on the asymmetric unit (one-quarter of the unit cell); at intervals of O'" 
or 0*206 A on the a axis, and 6 ° or 0*266 A on the c axis. The numerical 
results are not reproduced in this paper, but the contour maps were drawn 
by graphical interpolation methods from the summation totals. 

Orier^ion of the Molecules, Co-ordinates 

In both molecules the benzene rings correspond fairly accurately to the 
projections of regular plane hexagons. In molecule 1 (fig. 1 ) two of the 
atoms, D and are quite clearly defined, but the atoms of the central 
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—CH—CH— group are not resolved. In molecule 2 (fig. 2) the atoms of 
the ring are more obscure, but the central group is partially resolved. 
The orientation of the molecules can best be calculated by measuring the 
angles which certain well-defined lines in the projections make with the 
crystal axes, and assuming certain known interatomic distances and 
valency angles. 

Table I— ^Values op F{hOl) 
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— 

— 

6 
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+ 19 
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— 

— 

— 

— 

5 



— 

— 

-15 

— 

— 

4 



-1-40 

+ 6 

+ 9 

— 

— 

B 

— 

-53 

+ 33 
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— 

— 

2 
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— 

- 4 

— 

1 j 

— 

-53 

— 

- 4 

+ 9 

— 

— 

0 I 
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-37 

— 

+ 14 

+ 6 

— 

— 

11 

— 

— 

-17 

+ 32 


— 

- 8 

2 

+ 24 

-36 

+ 18 
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+ 17 

- 6 

+ 11 

3 

— 

+ 50 

+ 20 

— 

— 
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— 

3 

-57 
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— 

+ 27 

+ 8 
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— 

S 

— 
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— 
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— 
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+ 14 
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— 
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— 

,— 
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II 

—. 
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— 

— 
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12 

— 
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— 

13 

TI 

— 
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o 

— 
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— 

— 

IS 

— 
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— V 
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— 
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— 

— 

IS 
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— 

— 

— 

— 


The quantities used are defined as follows; 

r * measured length of any line in the projection. 

R » assumed real length. 

11 => angle which projected line makes with o crystal axis. 

(X, w) * the angles which the line actually makes with the a, b and c' 
crystal axes, c' being perpendicular to a and b. 

L, M, and N, are three convenient axes in the molecule, mutually per¬ 
pendicular (compare fig. 4). 
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Th^n we have the relations 

(1) cos®;^;-f cos^jfr + cos®^) = 1, 

(2) sin^ ^ rlR, 

(3) cosw == co8;\;tan‘)/. 

For molecule 1 (comi>are figs. I and 6) the measured quantities are 
** 1*68, 0-76, r^i,= l-43A, 

ViHi — 84-8°, 3/^^- = 66'6°, 'fIxxAB) — 32‘0°. 

We further assume that Rjx, = 2-78 A, => 1-33 A (double bond distance 
in ethylene) and that the angle between L and DO in the benzene ring is 60°. 
The axis M is then taken to lie in the plane of L and DO. 

These figures give the following values for the orientation of molecule 1: 


Xl== 

33*4^ 

(^o%Xl == 0*8352 

Xm = 114*8° cosXm = 

-0*4190 


79*9^ 

= 0*1748 

35*<)° = 

0*8187 


68*5^ 

coftfWjr = 0*5219 

“ 66" 8° COSWjyr = 

0*3939 

Xn — 

o 

o 

-0*3563 

A:»o=86*9° cmxm 

= 0*0547 


123*2° 

oos^jv — “0*5469 

^DO ^ 37*2° cos\5^2jo 

= 0*7966 


40*8° 

co8 6i^> = 0*7667 

^tio “ 53*0° cos 

= 0*6021 



Xaa‘ * 76*3° 

008 Xj A' ~ 0*2362 




ir^A- = 34*9° 

cob^aa- — 0*8204 




= 68*6° 

cosw^^. = 0*6207 



The angles which the central —CH—CH— group (AA') makes with 
the L, M and N axes are 127'8°, 39°, and 98°. Thus the angle between AA' 
and the plane of the ring is 8'0°, and the angle through which the ring must 
be turned about AB or L, starting from a flat model, is 10'4°. The reduced 
dimensions of the molecule are shown in fig. 4. 

The rectangular co-ordinates of the atom A, referred to the o, 6 and c' 
crystal axes and centre of symmetry (mid point of AA') as origin, are 

0*157, = 0*646, z;;, = 0*346A, 

while the co-ordinates of the other atoms, referred to the molecular axes 
L and ilf with A as origin, are given in Table 11. 


Tabl® 11—Molboitlb 1 


Atom... 

A 

B 

c 

D 

E 

F 

G 

L ... 

0 

l*45i 

21^ 

3*53g 

4*23jt 

3-63, 

2*148 

M ... 

0 

0. 

l*20j 

1*20, 

0 

-1*208 

-1*208 
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It has already been shown (Robertson, Prasad and Woodward 1936 ) 
that molecxile 2 can be derived from molecule 1 approximately by a rototiion 
of 180° about the a axis and a translation of c/ 2 . Henoe in order to com¬ 
pare the relative orientations of the two molecules in the crystal the above 
movement is applied to molecule 2 before calculating its orientation. 
With this provision, the c-alculations are very similar to the above. The 
line DO, however, is not so clearly defined in molecule 2 , so the projection 
of a regular hexagon was first described on the ring to give the beet fit 
at all the corners, and the subsidiary line, PQ, parallel to M, was used. 

M 

i 


I C 1 39 D 



Fig. 4—^Dimensions of stilbene molecule 1. A A' is 
inclined at 8° to plane of ring. 


The measured quantities for molecule 2 are then 

fpQ « 1'33, = 1-02, rj,g =» 1-44 A, 

Vm(pq) — 123*8°, = 61*2°, Vixab) “ 3l’4°. 

It is further assumed that 1?^^ = 2x1*89 cos30° » 2*406 A, and that 
AA’ =» 1*33 A as before. 

. With these figures the following values are obtained for the orientation 
of molecule 2 : 


Xr. » 31*4° 

COSXi- 

0*8533 

» 107*9° 

oos ^jif ”« -0*3078 

- 88*4° 

cos » 

0*0278 

« 33*6° 

009^]^=* 0*8338 

« 58*6° 

cos = 

0*5208 

62*6° 

0OB<0ff = 0*4596 

II 

0 

oos;*;^ » 

-0*4212 

Xx^.-68*8° 

cobXaa' “ 0*3694 

fs “ 123*5° 

008 “ 

-0*6621 

- 60*1° 

hobiItjia' * 0*6417 

Wat- 44*0° 

COB (Off ** 

0*7194 

» 47*8° 

0080^4- » 0*6719 
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The angles which LA* makes with L, M and N for molecule 2 are thus 
133*1^, 43'1° and 91-6°, the angle between AA* and the plane of the ring, 
1*5°, and the angle through which the ring must be turned about L from 
the strictly planar model is 2-8°, Hence molecule 2 is almost exactly flat. 
The reduced dimensions are shown in flg. 5. 


M 

i 



Fig. 6—Dimenmona of stilbene molecule 2. A A' is inclined 
at 1 *5° to plane of ring. 


The rectangular co-ordinates of the atom A, referred to the a, b and c' 
crystal axes and the centre of symmetry of molecule 2 as origin, are 

« 0-246, y'^ = 0-427, = 0-447 A, 

while the co-ordinates of the other atoms, referred to the molecular axes 
L and M with A as origin, are given in Table III. 


Table III— Molbcitlb 2 


Atom... 

A 

B 

c 

D 

E 

F 

G 

L ... 

0 

1*44^ 

2-13, 

8 52^ 

4*22o 

3-62. 

2135 

M ... 

0 

0 

1-20, 

1*208 

0 

-1-20, 

-1-208 


The crystal co-ordinates of all the atoms in the asymmetric unit, which 
inoludes both molecules, are given in Table IV. These figures are referred 
to the monoolinio crystal axes and the centre of symmetry at (000) as origin. 
For molecule 1 they are derived from the preceding figures by the relations 

X » x' — z' ootfi, 

* « z'oosec^, 

3P 


V<rfl.CLXn—A. 
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and for molecule 2 , referred to the same origin, by 

x == x' + z'cot/J, 

y “ -y', 

z = c/ 2 -z'oo 8 eo/l?. 


where in both cases 

x' = Loo»xt + ^ 

y' = L 008 ^ 2 . +Mom f„+yA> 

z' = L cos + M cos Wjf+z^. 


Table IV— Co-oedinatks. Cbntbb or Symmbtey at (000) 
AS Origin. Monoclinic crystal axes 


Atom 

X 

^nxfa 

y 

2nylb 

2 


^x(CH) 

0*81 A 

9*r 

0*66 A 

34*6^ 

0*38 A 

8*6*^ 

B, (C) 

1*86 

64*2 

0*80 

60*5 

1*21 

27*3 

Cx (CH) 

2-31 

07*3 

1*91 

120*3 

2*12 

48*0 

Dj (CH) 

3*79 

110*6 

2*16 

136*7 

2*92 

66*9 

Ey (CH) 

4*83 

140*8 

1*28 

81*2 

2*79 

63*2 

Fi (CH) 

4*38 

127*7 

0*18 

11*3 

1*88 

42*6 

Ox (CH) 

2*89 

84*4 

-0*06 

- 4*0 

1*08 

24*5 

At (CH) 

0*05 

1*4 

-0*43 

-27*0 

7-47 

169*0 

B,(C) 

0*94 

27*6 

-0*47 

-29*5 

6-66 

150*3 

C, (CH) 

0*76 

22* 1 

-1*49 

-94*0 

6-66 

127*7 

A(CH) 

1*62 

47*2 

-1*63 

-96*4 

4*86 

109*8 

JE, (CH) 

2*67 

77*8 

-0*64 

-34*4 

6*07 

114*6 

Ft (CH) 

2*86 

83*2 

0*48 

30*1 

6*07 

137*2 

Ot (CH) 

1*99 

68*0 

0*62 

32*6 

6*86 

166*1 


The manner in which the co-ordinates finally assigned to the atoms fit 
the contour maps is shown by the plot in fig. 6 , which covers the asymmetric 
portion of the unit cell. 


Intermolecular Diatancea and Arrangement of Mateeuies 

The minimum distance of approach between atoms on adjoining mole¬ 
cules in the stilbene structure is of the order of 3-5 A, similar to or slightly 
less than the values found for dibenzyl (compare Robertson 1935 a). Only 
a few of these distances have been calculated for stilbene, but the shortest 
found is between A on molecule 1 and E on the reflected molecule I whOTe 
the value is 3*68 A. 

The centres of the four molecules in the unit cell of stilbene coincide 
with four crystal centres of symmetry at (000), (JJO), (OOJ) and (JfJ), 
(Structure I). It was pointed out in the previous paper (Robertson, Prasad 




Table V 


hkl 

F meaa. 

F calc. (I) 

F calc. (II) 

no 

43 

+ 61 

-29 

210 

26 

-29 

+ 27 

810 

< 7 

+ 1 

+ 17 

410 

29 

-27 

+ 13 

610 

36 

+ 33 

- 3 

610 

<10 

+ 6 

+ 9 

710 

13 

-12 

0 

810 

<10 

+ 16 

+ 9 

910 

<10 

+ 10 

- 2 

130 

<10 

-16 

-20 

230 

23 

+ 17 

- 7 

330 

16 

+ 9 

+ 1 

430 

<10 

+ 7 

+ 17 

630 

<10 

- 4 

+ 20 

630 

<10 

- 9 

+ 3 

730 

<10 

-10 

-17 

160 

14 

-20 

+ 2 

260 

17 

-16 

- 4 


2 P 2 
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and Woodward 1936 ) that a possible alternative arrangement would be 
( 000 ), (iJO), (OJIf) and (^Oj), (Structure II). In the second arrangement, 
the b axis projection and consequently the intensities of the (& 0 i) reflexions 
would be identical, the a axis projection and some of the {OH) reflexions 
would be slightly changed, but the c axis projection and the (hkO) reflexions 
when k is odd would be considerably changed. The measured structure 
factors for these planes are compared with values calculated from the two 
alternative structures in Table V, and it will be seen that the first alter* 
native is correct, the total discrepancies in the second case being nearly 
four times as great. 

In conclusion, we wish to record our thanks to Sir William Bragg, O.M., 
P.R.S., for his continued interest in this work. 


Summary 

The detailed structure of stilbene has been deduced from intensity 
measurements on the crystal by successive approximations involving 
double Fourier syntheses of the (AOZ) zone of structure factors. The mole¬ 
cules are shown to be nearly planar and may be exactly planar within the 
limits of experimental error. This planar form is in striking contrast to 
the shape of the dibenzyl molecule in the crystal, where the benzene rings 
are almost at right angles to the plane of the central zig-zag. The planar 
form of the stilbene molecule is explained by the conjugation of the central 
double bond with the benzene rings, and the consequent contribution which 
an alternative excited structure makes to the normal state. The resonance 
involved is also shown by the thermocheraioal data and by the inter- 
nuclear carbon-carbon distances obtained from the analysis, the “single 
bonds” emerging from the benzene rings having a length of only about 
1*44 A. The length of the double bond is about 1*33 A, although this is 
not a very direct determination owing to difficulties in the analysis. 

Two stilbene molecules contribute to the asymmetric unit of the crystal, 
and although these molecules have different appearances in the electron 
density maps the differences are shown to be due to the relative orientation 
of the molecules and not to any appreciable differences in their shape or 
dimensions. The precise orientation of each molecule is given, with the 
co-ordinates of the atoms. The minimum intermolecular approach distances 
are of the order of 3*6 A, similar to the distances found in othw aromatic 
hydrocarbons. 
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The Suspension of Solids in a Turbulent Stream 

By E. G. Riohardsok, B.A., D.Sc., King’s CoUege, 
Newcasth-upon-Tyne 

{Communicated by W. E. Curtis, F.R.S.—Received \AJ%dy 1037) 

A considerable amount of research has been done recently on the 
mechanism by which grains of sand, etc., may be picked up by a river or by a 
gale of wind and carried to some distance. In particular Jefireys ( 1929 ) has 
considered the theoretical aspects of the action while the writer ( 1934 ) and 
Bagnold ( 1936 ) have published experimental data on the action by which the 
grains are picked up in water and air respectively. Another problem of con¬ 
siderable practical importance is that of the quantity—or, more strictly, the 
time average of the quantity—of solid material carried at different levels 
above the bed or ground. Up to the present, data on this question have all 
been collected in relation to a special case, i.e. that in which the particles 
have the same size and density. Thus, Hurst ( 1929 ) collected samples of 
uniformly graded sand at different depths in a turbo-cylinder containing a 
vigorously stirred mixture of sieved sand in water, and showed that, in the 
body of the cylinder, an exponential relation between “weight” of sample 
and height above the bottom of the vessel existed. 

The present paper is mainly concerned with measurements of the con¬ 
centration of the suspended material near the uniformly graded bed of an 
artificial channel and the application of these results to the conditions in a 
.natural stream. 
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Theoretical Aspects op the Problem 

A substance in finely divided form which would in still water Ml to 
the bottom of the channel may remain in suspension when the water is in 
turbulent motion. The equilibrium for a level y where the silt density is 
maintained at a value a by the motion, has been formulated by Schmidt ( 1925 ) 
as follows, viz. 

Cs+Adajdy^O, (1) 

where C is the velocity of free fall of the particles (given by Stokes’s law or 
its recent modifications), and A is the auatauach coefficient, and has the same 
dimensions as the diffusion coefficient. If A is independent of y, as it would be 
in a completely turbulent stream remote from a solid boundary, the solution 
of ( 1 ) is 

^[iog«o-iog»] = (2) 

In the vicinity of the bed of the stream however, A will not remain constant, 
but will bear a close relation to the rate of diffusion of turbulence, as will 
appear in what follows. A is related to the friction drop by the equation of 
Prandtl ( 1933 ) and O’Brien ( 1933 ), 

v%^rlp^A\dnjdy\, (3) 

where Vi, has the dimensions of a velocity and is set equal to the geometric 
mean of the velocity fluctuations in the x and y directions, viz. to ^j{u'v'). 
Prandtl in a well-known hypothesis makes both of these fluctuations depend 
oh the velocity gradient, so that in isotropic turbulence 

%’ ^v' ^l\dUldy\, (4) 

where I is the factor of proportionality called the miacJmngaweg and V is the 
velocity of the stream at this point. 

K&rm&n ( 1930 ) develops f/ as a Taylorian series to three terms. The only 
quantity having the dimensions of length which can be constructed from the 

second and third terms of his series involves — /t-?, so he writes 

dyj dy* ' 

, \dV ld*U\ 

Various attempts have been made to investigate the variation of I across a 
wind channel by plotting the velocity distribution transverse to the axis, 
but the anemometers available are not really sensitive enough to enable 006 . 
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to measure the quotient of velocity gradient and curvature with sufficient 
precision for use in this formula. Beside the method of correlation of 
fluotuations of velocity developed by G. I. Taylor ( 1935 -^ 6 ) the present 
method of measurement of simultaneous silt concentration and velocity 
gradient enables one to calculate the variation of I across the stream. Thus 
from ( 2 ), the aiistausch coefficient 

but this, from (3) and (4), is also equal to 



( 6 ) 


Comparison of the velocity and concentration gradients at different depths 
in the stream will therefore enable one to determine the variation of I across 
a vertical section. 


Expeeimbkts in an Aetifioial Channkl 

The determination of velocity is made by a hot-wire anemometer. The 
concentration of suspended material is measured photoelectrioally by the 
light absorbed from a limited beam crossing the chaimel horizontally at 
right angles to the walls. Some preliminary experiments to test the applica¬ 
tion of these instruments to silt problems have already been made by the 
writer ( 1934 ). These established the use of the method but were made in a 
miniature channel and at speeds scarcely attaining the critical value for 
turbulence so that they could not be applied to the problem now under dis¬ 
cussion. 

The new channel was constructed with plate glass sides 6 ft. long extending 
between two reservoirs of lOcu. ft. capacity. The experimental portion was 
1 ft. wide and allowed a maximum water depth of the same value. The two 
reservoirs were connected through a Sin. pipe and a 2 h.p. centrifugal pump, 
so that the water after spilling over a weir in the downstream reservoir was 
oiroulated to the upstreaun one, where it again passed over an suljuBtable weir 
before re-entering the channel. Level gauges could be adjusted to touch the 
water surface at intervals. 

For the mounting of the photoelectric cell and its associated beam of light 
it was essential that adjustment in both the horizontal (*) and vertical (y) 
direotionB should be possible without relative motion of the lamp and the 
obll. Fig. 1 shows a transverse section of the large channel with the apparatus 
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for measuring silt concentration. Light from the 100W lamp, A, passes 
through the circular and cylindrical lenses, LL, and the adjustable slit, 
and is so converted to a narrow beam which drosses the channel, passes 
through a second slit, , and falls on the photoelectric cell. was adjustable 

for width of beam in the direction Ox-, 8^ in both Ox and Oy. The vertical 
width of the l)eam was generally 2-0 mm.; the horizontal width 1 cm. By 
means of wheels W W rolling on rails, BB, the whole apparatus could be run 
along parallel to the axis of the channel. A handle rotating the long screw, 
HH, served to raise or lower the pillars, PPPP, through worm gears and so 
change the level of the whole apparatus relative to the channel without loss 
of relative location of the beam and the cell. 

The apparatus was calibrated in the sense of establishing a relation 
between the concentration of the solid matter intercepting the beam of light 
and the defect of photoelectric current produced thereby. It was first 
established, by setting a Pointolite lamp at various distances from the cell 
(of the photronic type) and assuming the inverse square law, that the cell 
gave a linear response to the intensity of illumination over the range which 
it was contemplated to employ. It was then shown, by introducing a tank of 
water containing suspensions of solid particles of uniform size and at various 
concentrations into the path of the beam of light, that the extinction of light 
and hence the defect of photoelectric current was proportional (1) directly 
to the numbers of particles present, as between suspensions of particles of 
the same size but differing concentrations, (2) directly as the total projected 
area, i.e. to iTnd* when suspensions of particles of various but uniform 
diameters d were being compared. This law was verified for particles of 
diameters from 12/^ to 2 mm. Before each set of silt readings, it was of course 
necessary to take a reading in clear water as "zero”. 

The hot wire for velocity measurements was of nickel, 0*002 in. diameter 
and 2 in. long. It was likewise calibrated by being mounted on a whirling 
arm working in a trough of water. It was mounted on a fork in the channel 
in such a way that it could be given vertical adjustment through a micro¬ 
meter screw, while the whole anemometer could be moved along horizontally 
like the photoelectric apparatus. To save trouble in converting readings the 
voltage across the nickel wire due to the heating current was taken to the 
grid of a variable-/^ valve, the corresponding current in the plate cirouit 
being read on a sensitive galvanometer. With suitable grid bias it is then 
possible to secure a linear relationship between velocity and galvanometer 
reading. Both galvanometers employed in the measurements were damped 
in order that the readings obtained should represent a good average mde- 
pendent of casual fluctuations in concentration or velocity. 



687 


Suspermon of Soiida in a Twimlent SWeam 








588 E. G. Eiehiurdaoii 

Wind-blown sand was sieved into three saaes oompriaed witl^ the 
foUowing diameters: (1) 0.2<0-26mm., (2) 0 . 26 - 0 - 8 mm.. (8) ^8-0.86mm. 
By sedimentation further fractionation was carried out, and 
analysis of the resulting sands (for method vide *«/«*) 
standard deviation from the mean diameter was about ™ 

pseudo mono-disperse sands had mean velocities of free fall m the charnel 

water of 6, 7 and lOom./seo. respectively. Each specimen was eveidy^dm 

turn to a depth of 3 ram. along the central portion of the flwr of l^e 
for a length of 60 cm. The velocity gradient varied a good deal with * at toe 
beginning of the artificial bed but both it and the sand distobution m the 
water were well established between 15 and 25 cm. from the head of toe sand 


Fine sand 



Fio. 2 


bed, and measurements of the vertical distribution of concentration and 
velocity were made over this region for two values of the mean channel 
speed. A set of measurements had to be completed within a few minutes as 
ripples would begin to form in time and spoU the readings. The method 
adopted was to get an assistant to raise the instruments through the water 
step by step while one noted the readings of the galvanometers. The need 
for such expedition set a limit to the damping which could be applied to the 
galvanometers, owing to the time taken for them to reach a steady reading. 
This ripple trouble was more blatant in the case of the finest sand. Results 
for these three sands at a mean channel speed of iSom./seo. are shoira on 
figs. 2, 3 and 4. The velocity distributions (crosses) follow a logaritinnie law 
down to a level a little above the top of the original bed where there isa point 



Suspension of SoUde in a Turbulent Stream 589 

of inversion. The suspension is very concentrated here and exhibits the 
anomalous viscosity common to colloids. It behaves like a semi-solid, a fact 
which is an impediment to the comparison of a hydrodynamic theory with 
experiment in this region. 

Medium sand 



V 

Fia. 3 
Coarse sand 



Fio. 4 

The same three figures sliow as circles on continuous lines the solid con¬ 
centration 8 and also that, as broken lines, of AjC from equation (2), i.e. of 
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a^dajdy)-^ with height above the channel floor. In each case after a small 
and nearly constant value through the mobile portion of the bed the 
aualauach, rises to reach a constant value a few centimetres above the bed. 
Multiplying by the appropriate value of C and dividing by the velocity 
gradient, we obtain the value of P in accordance with equation (6). The 
values of the mixing length so obtained are plotted against the height above 
the channel floor on a logarithmic scale on fig. 6. It has been found impossible 
by logarithmic plotting or other means to cover the whole range of or I by a 
power law. It seems best to group the results under three regions. 



Fio. 0 —• Coarwj; x medium; O fine. 

1— Within the Bed —^Motion takes place to a limited extent under condi¬ 
tions approaching the laws of friction of solid bodies. The extent of the 
motion and its transmission depend on the permeability of the bed to water 
and the extent to which the particles are interlocked, i.e. on the compactness 
of the bed. 

2— In the Boundary Layer —^The system moves with intnieasing velocity 
and diflFusion of the turbulence so engendered, following the Motional 
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behaviour of colloidal and quasi-solid bodies in relative motion. Over this 
region, the following approximate relations betiveen the factors hold: 

?7alog{y-t-l); «ocy"*; Accy, Iccy. 

The factor of proportionality between I and y will be a function of the relative 
“strength ” of the turbulence in the stream and so, among other things, of 
the mean channel speed. In the present instance I » 0*3^ approx, for all 
three grain sizes. 

3 —In the Open Stream —Velocity and mixing length are fully established 
and, if the absolute concentration of silt carried in suspension is not too great, 
the system flows like a true liquid. The relations are now 

JJ, A and I constant; | logs | oc y. 

It will be noticed on flg. 5 that the steady value of I in the body of the stream 
is not the same for all three sands, being lower for the larger grains. This may 
indicate a diminution in the scale of the turbulence when the larger particles 
are carried, but it must be borne in mind that the value assigned to I in this 
region depends on that of C. It is well known to mining engineers in con¬ 
nexion with coal-washing processes that it does not do to assume that the 
velocity of fall of a particle in a maintained suspension of other particles Avill 
be the same as in unadulterated water. Actually, as mentioned earlier, we 
have determined the velocity of fall of a dond of these particles in still water, 
but that does not resolve the doubt whether this is the correct value for the 
equilibrium of the system envisaged in equation ( 1 ), since we are not 
therein considering the equilibrium of particles in still water, but in turbulent 
streaming. A similar difficulty arises in predicting what size of particle will 
be held in suspension by an upward current of turbulent water in the 
elutriation process for separating minerals. Fortunately our imperfect 
knowledge of the value of C does not invalidate our deduction of the 
variation of A with depth, provided only that C can be considered constant 
for a given grain under the given degree of turbulence. 


River Mbastjrbments 

When we seek to apply the above theory and the results obtained in the 
artifioial channel to natural streams, we must bear in mind that the solid 
matter carried in suspension by rivers differs from that which we have used 
up to the piesmit in three respects: (1) it may consist of living as well as 
inorganio matter, (2)itisnon>tmiformin density, (8) it is non-uniform in size. 
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On the distribution of micro-plankton in the sea and in river estuaries much 
work has been done by Russell ( 1933 ). 

It is well known that the intensity of the light from the sky which pene¬ 
trates the water has a considerable effect on the vertical distribution of 
plankton, so that although this follows roughly the error law, the position of 
the maximum is liable to shift from day to day and from day to night. It is 
obvious then that any attempt to correlate the previous work with measure¬ 
ments in a natural stream cannot embrace the plankton and it is expedient 
to choose one in which the matter carried in suspension is mainly silt or 
detritus. 

From this point of view, the River Tyne is admirable. Owing to pollution 
the estuary is markedly deficient in plankton (Jorgensen 1930 ) as compared 
with others which have not become so heavily industrialized. At the Swing 
Bridge, Newcastle, the river is restricted to a channel some 100 ft. wide and 
the bed is alluvium. Samples of the water with its silt content were taken at 
half-tide from one of the piers of the bridge where the deck overhung the 
water. The depth of the water is then about 20 ft., the tide is running out 
very fast and to visual appearance is very turbulent. There is also sufficient 
matter carried in suspension to render submerged objects invisible from 
above if they are more than a yard below the free surface. 

The sampling was done by means of an apparatus kindly lent to the author 
by Dr. H. 0. Bull of the Dove Marine Laboratory at Cullercoats. It consists 
of a lead-weighted copper container, the lid of which can be tightly sealed 
and has an inlet tube which runs down inside a specimen bottle within the 
container. The Ud also has a vent to let out the air when the water enters by 
this tube. The vent was corked up until the container had been lowered to 
the desired depth, when the cork was removed by a string and the water with 
its solid matter entered the bottle with the minimum of commotion. This 
took about half a minute. Then the container was hauled up and the bottle 
removed. Samples were tsiken every 3 ft. down to the bed. 

The velocity of the stream was measured at the same stations with an 
Ambler meter. This is a screw device, rotated by the water and ringing a bell 
every few revolutions, and had been previously calibrated in a water 
channel. 

The river samples were first passed through a sieve to remove all objects 
larger than 2 mm. in diameter, and the remainingsilt submitted to mechanical 
analysis in the author’s own apparatus. This has been described in detail 
elsewhere (Richardson 1936 ), but the principles underlying the analysis 
may be recapitulated here. The idea of the apparatus is t^t after complete 
dispersion in water, the particles ate allowed to settle in accordance with 
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Stokes’s law and so becsome sorted out in such a fiuihion that a sample taken 
at a given depth after a given time will include in their original concentrations 
all those whose size is associated with a velocity insufficient to carry them 
beyond this depth within the time concerned. The sampling is not done 
literally but by measuring the amount of light absorbed from a narrow beam 
passing athwart the tank at the fixed level and falling on a photoelectric cell. 



0 .5 10 15 intns 


t 

Fio. 6—V 19ft.: A y= H’6ft.; x ya 10 ft.; O y=6‘6ft.; • 1 ft. 

For the coarser particles such as we are here concerned with, the absorption 
of light is proportional to the total surface they present, i.e. to 

1 Nd», 

d-O 

where N is the number of particles having a diameter d, k is the appropriate 
value of the factor relating the velocity of free fall with d* in Stokes’s law, 
while y is the fixed depth and t the time. As the time goes on a curve of the 
light absorbed against the time can be constructed which is in fact the sum¬ 
mation curve for the suspension. Such curves are given for the river samples 
on fig. 6. For given values of t (i.e. of d*) the slopes of these curves will be 
proportional to Nid\, where Ni represents the number of particles for which 
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rff =» yjH. Such slopes are plotted in iogarithmio form against depth in 
fig. 7 and justify by their straightness over the greater portion of the stream 
the assumption of nearly constant ausbmsch (cf. equation (1)). Of course 
these measurements do not reach to the boundary layer above the bed. 



V 

Fro. 7—• d = %0fii X d=xl2/i; O dsSO/t; + d=:20/(; A d=16/tj V 


From the point of view of the river engineer it is the total quantity of 
material carried in suspension that matters, since this represents the 
destructive action of the river on its bed. The total silt content between 
y s 0 and y = h (level of the free surface) can be estimated with sufficient 
approximation for practical purposes if the quantity carried by unit volume 
at two levels and the mean speed of the stream are known. Thus if we kitow 
the values (r^ and (Tg of log 8 at y^ and y^ respectively and postulate constant 
austauseh over the mass of the stream, the total quantity of solid matter 
carried in a column of unit cross-sectipn is given in logarithmic form by 

fif «= f logady -I iM<ro+(rji). 

f 0 


But 
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and 

«r,—<r«,- 

<ri. = o-j - - --—-- ill - w.), 


whence 


(6) 


This, multiplied by the mean speed of the stream, F, gives the amount 
transported in unit time across a rectangle perf>endicular to the flow having 
unit base and height equal to the depth of the river. Hence the mean value 
of the erosion per unit area of the bed in the vicinity per unit time is SVEjP, 
where E is the hydraulic mean radius and P the wetted ijerimeter. 

To facilitate the carrying out of routine experiments of this nature, the 
author has constructed a nephelometer of a type suitable for measuring 
relative silt concentrations in the stream itself. The instrument consists of a 
12 V lamp at the focus of a lens in a watertight tube shining a beam on to a 
rectifier photoelectric cell, as used in the other experiments, at a distance of 
some 6 in. The space between is o[)en to the water but the cell is shielded 
from the direct light of the sky. These two units are mounted in fixed 
positions on the cross-bar of a wooden T-piece, the other arm of which is 
loaded to keep the cross-bar horizontal in the water when the apparatus is 
submerged. The instrument was used in the Tyne on the same occasion that 
the samples wei*e taken for analysis, in order to compare results. The 
observations of photoelectric defect / (on a portable microainmeter) for 
various depths together with the velocity distribution are given on fig. 8. 
Except near the surface where scattered daylight was obviously penetrating 
the instrument the logarithmic distribution of the solid matter in suspension 
was confirmed. Two such instruments mounted at depths of about one- and 
two-thirds respectively of the total depth, with a velocity meter fixed half¬ 
way between, serve as a convenient permanent indicator of the hourly and 
diurnal silt content of the river, calculated in accordance with equation (6). 

Finally, there is another problem of technical importance to which this 
work can lend evidence, i.e. that of reducing erosion whether it is caused by 
wind or by water. We have found that the absolute value of the amtuuach 
and therefore the extent of the erosion is a function of the scale of turbulence 
and so of the velocity gradient in the boundary layer. If this can be kept low 
without impeding the free passage of the main stream, our observations point 
to the planting of a sturdy vegetation which will grow to the height of a few 
inches above the soil as the obvidus remedy. Such a crop will also resist 
©rosion by consolidating the soil and making the individual grains less 
susceptible to removal. 
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StTMMA-RY 

It is shown how the concept of an "auatauach coefficient” in problems 
involving the diffusion of turbulence may be applied to the study of the 
distribution of solid material in a turbulent stream. A technique is developed 
by means of which the relative quantities of solid carried in suspension at 
different levels in a water channel having a bed of graded sand can be 
measured, and the results applied to predict how the auatauach varies in the 
vicinity of the bed. The factor in question is found to increase in direct pro¬ 
portion to height at first but rapidly reaches a constant value in the main 
stream. Measurements in a natural river also indicate an approximately 
constant value, and, making this assumption of constant austauach, it is 
shown that a simple apparatus enables one to make observations of the total 
silt content of a river from time to time. 
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